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PREFACE TO THE TWENTY FIFTH EDITION
I am very happy to present this twenty fifth edition of the book – "Unit Operations – I"
to all students of diploma course in chemical engineering (entirely in SI units).
The salient features of this revised and enlarged edition include simplified figures,
SI units, addition of required new matter wherever necessary to make the book more
complete, a simple and lucid language, proper approach to the presentation of the subject
matter and a fairly large number of solved examples.
I am very thankful to all staff members and students of Chemical Engineering for giving
a warm welcome to my book right from the first edition.
I hope and believe that students and staff members will find this edition very useful and
helpful.

K. A. GAVHANE Mob.
No.

9850242440

kagavhane @ yahoo.in
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CHAPTER ONE

INTRODUCTION
•

Chemical Engineering is the branch of engineering which is concerned with the
design and operation of industrial chemical plants. A chemical or process plant is
required to carry out transformation of raw materials into desired products
efficiently, economically and safely.

•

Chemical Engineering is that branch of engineering which deals with the production
of bulk materials from basic raw materials in a most economical way by chemical
means.

•

A chemical engineer is the one who develops, designs, constructs, operates and
controls any physical and/or chemical or biochemical changing process.

A chemical engineer plays a vital role in the production and processing of food, in the
manufacture of fertilizers, insecticides, herbicides, pesticides, plastics, synthetic fibres,
elastomers, drugs, pharmaceuticals, pulp, paper, etc. He is also engaged in the processing of
petroleum crude, the production of synthetic fuels, the utilisation of bio-mass and wind
energy. He has to devise methods and equipments to control the release of harmful
substances to protect the environment.
Chemical engineers work in four main segments of the chemical process industries research and development, design, production and sales.
UNIT OPERATIONS
The operations carried out in the chemical process industry involving physical changes in
the materials handled/in the system under consideration are regarded as unit operations.
Features of unit operations :
(i)

They are physical in nature. (A physical change results in a change in property of
matter and it requires some sort of driving force.)

(ii)

They are common to all types of diverse industries (with no change in concept,
merely change in conditions).

(iii) Individual operations have common techniques and are based on the same
scientific principles irrespective of/regardless of the materials being processed.
(iv) Practical methods of carrying them out/conducting them may be more or less
different in different industries.
(v)

They are independent of industries in which they are carried out.
(1.1)
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The operations involving physical changes are termed as unit operations to indicate that
each single operation, such as distillation, is used in a wide range of industries and normally
under varying operating conditions (temperature, pressure).
The unit operation distillation is employed to separate or purify alcohol in the beverage
industry and hydrocarbons in the petroleum industry. Therefore, distillation of hydrocarbons
in the petroleum industry is similar to distillation in the beverage industry. Evaporation of
salt solutions in the chemical industry is similar to evaporation of sugar solutions in the food
industry.
Broadly, unit operations are : (i) Mechanical operations e.g., size reduction, conveying,
filtration, etc. (ii) Fluid flow operations in which the pressure difference acts as a driving
force, (iii) Heat transfer (operations) in which the temperature difference acts as a driving
force e.g., evaporation and (iv) Mass transfer operations in which the concentration
difference acts as a driving force e.g., distillation.
Usually a large number of unit operations of chemical engineering are directed towards
separating a substance into its component parts. For heterogeneous mixtures, such
separations may be entirely mechanical, e.g., the separation of solid particles according to
their size or the filtration of a solid from a suspension in a liquid.
Many unit operations involve particulate solids as well as fluids. In many cases, the
solids are an integral part of the material being processed/treated. For example, feeding
pulverised coal (in air) to a burner.
Mechanical operations involving particulate solids are :
(1)

Size reduction-crushing and grinding.

(2)

Mixing-solid-solid and liquid-liquid, etc.

(3)

Classification-screening, froth flotation, magnetic separation, jigging, tabling and
electrostatic separation (classification - it comprises of techniques of classifying a
solid mixture into fractions, which differ from each other in some property) and
wet classification.

(4)

Solid-fluid separations - filtration, sedimentation and centrifugal separation.

(5)

Gas-solid separations - dust collection, bag filtration, electrostatic precipitation.

(6)

Solid handling - storage, feeding and conveying.

(7)

Size enlargement - pelletization, agglomeration, granulation and extrusion.

MECHANICAL SEPARATIONS
These separation techniques are applicable to heterogeneous mixtures and grouped into
five headings as : (i) separation of solids from solids, (ii) separation of solids from solids in
liquids, (iii) separation of solids from liquids, (iv) separation of solids or liquid drops from
gases and (v) separation of liquids from liquids.
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Solids are separated in the dry state by screening, electrostatic separation and magnetic
separation.
Solids are separated from gases by gravity settling, centrifugal separation/settling
filtration and electrostatic precipitation.
Solids are separated from liquids by filtration and sedimentation.
Various methods that are used for the separation of solids from solids in liquids include
jigging, flotation, classification and tabling.
Immiscible liquids are separated from one another by using either a gravity decanter or a
centrifugal decanter.

FLUID TRANSPORTATION
A fluid is a substance which is capable of flowing if allowed to do so.
A fluid is a substance which undergoes continuous deformation when subjected to shear
force.
Gases, vapours and liquids possessing the above characteristics are referred to as fluids.
Handling fluids is much simpler, cheaper and less difficult than handling of solids.
Therefore, whenever possible, it is desirable to handle everything in the form of liquids,
solutions or suspensions.
In every chemical process industry, pumps, fans, blowers and compressors, pipelines,
ducts, valves and fittings are the essential components of a system used for transportation of
fluids from one location to another.
A pump is a machine used for handling liquids, solutions, and slurries, while fan,
blower, and compressor are used for handling gases. In these machines, mechanical work is
transformed into fluid energy and energy input to a fluid by means of these machines causes
the fluid to be transported through piping systems from one location to another. The
machines commonly used in the chemical process industries include centrifugal pumps,
rotary pumps (e.g. gear pumps), and reciprocating pumps (e.g. piston pump etc.) for liquids
and corresponding fans, blowers, and compressors for gases.
Centrifugal pumps are used for handling thin liquids and suspension of solids in liquids,
gear pumps are used for handling high viscosity liquids, diaphragm pumps are used for
handling corrosive liquids, and screw pumps are used for handling slurries containing higher
proportions of solids. Fans are used for moving gases when pressure heads of less than
30 kPa are involved. Fans are commonly employed for ventilation works, supplying air to
dryers, removal of fumes, etc. Blowers are used for conveying a gas stream upto pressure of
about 250 kPa and compressors are used for pressures as high as 240 MPa.
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UNITS AND DIMENSIONS
The student of chemical engineering will find that data which he uses are expressed in a
great variety of different units. Thus, a thorough knowledge of all the four systems of units
and conversion factors is must to convert these quantities into a single system of units before
proceeding with his calculations.
A unit is an arbitrarily selected standard of measure for a physical quantity. Therefore,
volume may be measured in litres, cubic metres, etc.
Any physical quantity that can be measured or counted is always expressed as a product
of its numerical value and units thereof. For example, when the distance between two
stations is expressed as 100 m, 100 is a numerical value and the metre is the unit of distance
(length).
Physical quantities are divided into two types. Certain quantities are regarded as basic
quantities, such as length, mass, time, etc. and others are regarded as derived quantities, such
as area, velocity, acceleration, etc. The derived quantities are obtained from the basic
quantities. The derived units are formed from the base units. For example, velocity is defined
as distance per unit time. Therefore, the unit of velocity is m/s. Acceleration is velocity per
unit time, so the unit of acceleration is m/s2 (in the SI system).
Various systems of units and the basic/fundamental quantities associated with them are
given below :
Basic Quantity
Length
Mass
Temperature
Time

System of Units

Dimension

CGS

MKS

FPS

SI

Centimetre

Metre

Foot

Metre

(cm)

(m)

(ft)

(m)

Gram

Kilogram

Pound

Kilogram

(gm)

(kg)

(lb)

(kg)

Celsius

Celsius

Fahrenheit

Kelvin

(oC)

(oC)

(oF)

(K)

Second

Second

Second

Second

(s)

(s)

(s)

(s)

Symbolic abbreviations of units are given in brackets.
°C

⇒

degree Celsius

oF

⇒

degree Fahrenheit

K

⇒ degree Kelvin

SI

⇒ International system of units

MKS

⇒ Metric system

L
M
T
θ
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Basic SI Units :
Mass

:

kilogram (kg)

Length

:

meter (m)

Time

:

second (s)

Temperature

:

kelvin (K)

Mole

:

kilogram mole (kmol)

Force

:

newton (N)

Pressure

:

newtons per square meter [N/m2] … Pa (pascals)

Energy

:

newtons meter [(N.m) = 1 N.m = 1 J] or joules

Power

:

newton meter per second [(N.m)/s = J/s = W]

Considering the increasing adoption of the International System of Units,
abbreviated as SI units in India, particularly in the field of engineering and technology,
this system of units will be adopted in this text book.
Derived Quantities :
Derived Quantity

Units in SI system

Abbreviated units Dimension

Area

square meters

m2

L2

Volume

cubic meters

m3

L3

Density

kilograms per cubic meter

kg/m3

ML–3

Linear velocity

meters per second

m/s

Lθ–1

Linear acceleration

meters per second per second

m/s2

Lθ–2

Capacity

cubic meters

m3

L3

Force

newtons

N

MLθ–2

Pressure

newtons
(pascal)

N/m2 (Pa)

ML–1θ–2

Mass flow rate

kilograms per hour

kg/h

Mθ–1

m3/h

L3θ–1

per

square

meter

Volumetric flow rate cubic meters per hour
Work/energy

joules

J

ML2θ–2

Heat/Enthalpy

joules

J

ML2θ–2

Power

kilowatts

kW

ML2θ–3

Viscosity

newtons second per square meter
[kilograms per meter per second]

(N⋅s)/m2 or Pa·s

ML–1θ–1

[kg/(m⋅s)]
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FORCE
The SI unit of force is newton (abbreviated as N). This unit is derived from Newton's
second law of motion. The law states that force (F) is proportional to the product of mass
(m) and acceleration (a).
F ∝ m×a
F = kma
where k is a proportionality constant.
In the SI system, the constant k is fixed at or taken as unity and we have
F = m×a

or ma

Velocity, v, is defined as dL/dt, where L is the length (distance) and t is the time. The
unit of velocity is m/s. The acceleration (a) is defined as a = dv/dt, so the unit of acceleration
is m/s2.
When a body of mass 1 kg is accelerated by 1 m/s2, the force on the body is 1 (kg.m)/s2,
which is denoted as 1 newton (N).
Newton is the force which when applied to a body of mass 1 kg gives it an acceleration
of 1 m/s2. The unit of force, newton (N) has been named after Newton.
1 N = 1 (kg.m)/s2
Dyne is the force which when applied to a body of mass 1 kg gives it an acceleration of
1 cm/s2. The unit of force in the CGS system is dyne (dyn).
1 N = 105 dyn

PRESSURE
Pressure is defined as the force per unit area.
Therefore, the pressure of a fluid (gas or liquid) on a surface is the force (normal) exerted
by the fluid on the surface.
The unit of pressure in the SI system is newton per square meter, N/m2 (when force is
measured in N and area in m2).
The MKS unit of pressure is kilogram-force per square centimeter (kgf/cm2).
The FPS unit of pressure is pound-force per square inch (lbf/in2) (it is commonly known
as psi-pound-force or poundal per square inch.)
In the SI system, the unit N/m2 is called the pascal, symbol Pa (in honour of the scientist
Pascal). As the unit of pressure Pa is small in magnitude, the pressure is usually expressed in
SI in kilopascal (kPa). A multiple of pascal is called the bar and it is also used as a unit of
pressure.
1 bar = 105 Pa = 105 N/m2
The air of the atmosphere exerts pressure on all bodies that are exposed to it. At the mean
sea level, the pressure exerted by the air is 101325 N/m2 (101325 Pa = 101.325 kPa). This
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pressure is known as the standard or normal atmospheric pressure. One standard atmosphere
(1 atm) balances a column of 760 mm of mercury at 0°C.
1 atm = 760 mm Hg
= 101325 Pa or N/m2
= 101.325 kPa or kN/m2
= 1.103 bar = 760 torr
= 10.33 m H2O
= 1.033 kgf/cm2
= 14.7 psi
Sub-atmospheric pressure (pressure below the actual/normal atmospheric pressure) is
expressed in torr (in honour of the scientist Torricelli). This unit is used for systems under
vacuum.
Normally, pressure is measured with the help of a pressure gauge. The pressure gauge
registers the difference between the pressure prevailing in the vessel (actual pressure) and the
local atmospheric pressure. The pressure registered by the pressure gauge is called the gauge
pressure and therefore the letter 'g' follows the unit of pressure [1.2 (kgf/cm2) g, 2 atmg,
300 kPag, 30 psig].
The gauge pressure does not indicate the true total pressure (absolute pressure). For
obtaining the prevailing true pressure or pressure above reference zero, we have to add the
local atmospheric or barometric pressure in consistent units to the gauge pressure. If no letter
follows the pressure units, it is taken as absolute pressure.
The relationship between absolute and gauge pressure is
Absolute pressure = gauge pressure + atmospheric pressure
Vacuum refers to sub-atmospheric pressure (pressure below the atmospheric pressure).
The relationship between absolute pressure and vacuum is
Absolute pressure = atmospheric pressure – vacuum
Vacuum is generally expressed in torr or mmHg (1 torr = 1 mmHg).
WORK / ENERGY
Work (energy) is defined as the product of the force acting on a body and the distance
travelled by the body in the direction of the applied force.
If force F acting on a body moves it through a distance L, then the work done on the body
is given by
W = F × L ⇒ newton × metre ⇒ N.m ⇒ joule (J)
The unit of work (energy) in the SI system is newton-metre (N.m) or joule
(abbreviated as J).
The MKS unit of work is meters kilogram force (m.kgf).
The CGS unit of work is erg.
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When the point of application of one newton force moves a distance of one meter in the
direction of the applied force, then the work done is one joule.
When the point of application of one dyne force moves a distance of one centimeter in
the direction of the applied force, then the work done is one erg.
1 J = 107 erg
Energy is defined as the capacity of a body for doing work.
Mechanical work can produce a property of the matter called energy, e.g., when a body is
forced upward it results in an increase in its potential energy.
Energy is present in a system in different forms, e.g., mechanical-potential, kinetic,
chemical, thermal and electrical.
Any form of energy can be converted into work. For example, electrical energy
(electricity) is utilised to run mechanical machinery, potential energy can be utilised to run
hydraulic turbine, etc. So the units of work and energy are the same.
The energy possessed by a body by virtue of its motion is called kinetic energy. If a body
of mass m is moving at a velocity v, then the kinetic energy of the body is
1
Kinetic energy = 2 mv2
In the SI system with mass in kg and velocity in m/s, kinetic energy has the units of
(kg.m2)/s2.
As the newton is the composite unit (kg.m)/s2, kinetic energy is measured in newtonmeters or joules.
Units of K.E. ⇒ kg (m2/s2) ⇒ (kg.m/s2) · m
⇒ N.m ⇒ J
The unit of energy in the SI system is joule (J) … it may be mechanical/thermal/
chemical energy.

POWER
Power is defined as the work done per unit time or the rate at which work is done.
W
joule
P = t ⇒ second ⇒ watt
The SI unit of power is watt, abbreviated as W.
Watt is the power that gives rise to the production of energy at the rate of one joule per
second.
1 W = 1 J/s
1 Metric horse power (hp) = 75 (m.kgf)/s = 735.5 W
1 British horse power = 745.7 W = 550 (ft.lbf)/s.
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HEAT
It is defined as a form of energy which is in transit between a hot source to a cold
receiver. It flows from higher temperature to lower temperature, so the temperature
difference acts as a driving force for the transfer of energy as heat. It cannot be stored as such
within the system. The exchange of energy occurs either as heat or as work. The unit of heat
in the SI system is joule (J).
The unit of heat in the CGS system is calorie (cal).
The unit of heat in the MKS system is kilocalorie (kcal).
1 cal = 4.1868 J
For each kind of quantity there is one and only one unit in the SI system. For example,
the joule [J ≡ N.m ≡ (kg.m2)/s2] is the derived unit of energy whether it is kinetic, potential,
chemical or in transition (i.e., energy in transit) as work and heat.

VOLUME
The SI unit of volume is cubic meter (m3).
The MKS unit of volume is litre (l).
Volume V is a quantity that represents the product of three lengths and it depends on the
amount or quantity of the material.
A litre is the volume occupied by pure air free water of mass 1 kg at the temperature of
its maximum density and under normal atmospheric pressure.
1 m3 = 1000 l
Specific volume is defined as the volume per unit mass. It is the reciprocal of density.
Molar volume is defined as volume per mole. The SI unit of specific volume is m3/kg and
that of molar volume is m3/kmol.

TEMPERATURE
It is a measure of the degree of hotness or coldness of a body (the degree of heat present
in a body or substance). The SI unit for temperature is kelvin (abbreviated as K, the unit of
temperature has been named as kelvin in the honour of the scientist Kelvin).

CONVERSION FACTORS
It is often necessary to convert the units of a particular quantity from one system to some
other system. For doing this we have to make use of the appropriate conversion factors. The
conversion factors are simply the ratio of the magnitude of the unit in one system to the
magnitude of the same unit in the other system. The following table gives the conversion
factors to the SI units.
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Conversion factors to SI units :
To convert from

To

Multiply by

lb

kg

0.4536

t

kg

1000

g

kg

10–3

ft

m

0.3048

cm

m

0.01

in

mm

25.4

in

m

6.0254

ft2

m2

0.0929

cm2

m2

10–4

in2

m2

6.0452 × 10–4

ft3

m3

0.02832

cm3

m3

10–6

l

m3

10–3

in3

m3

16387.1

lb/ft3

kg/m3

16.019

g/cm3

kg/m3 = g/l

1000

kg/m3

1000

P [poise] ≡ g/(cm.s)

kg/(m.s) = (N.s)/m2

0.10

cP

kg/(m.s) = (N.s)/m2

0.001

1. Mass, M :

2. Length, L :

3. Area, L2 :

4. Volume, L3

5. Density, M/L3 :

kg/l
6. Viscosity, M/Lθ :

= Pa.s
lb/(ft.s)

kg/(m.s)

1.488

lb/(ft.h)

(mN.s)/m2

0.414

1 stoke

m /s

104

2

… Contd.
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7. Force, F or ML/θ2 :
lbf

N

4.448

kgf

N

9.807 (9.81)

dyn

N

10–5

ft/s

m/s

0.3048

ft/h

m/s

8.467 × 10–5

ft3/s

m3/s

0.02832

ft3/h

m3/s

7.867 × 10–6

l/h

m3/s

2 × 10–7

l/s

m3/s

10–3

lbf/ft2

N/m2 = Pa

47.88

std.atm

N/m2 = Pa

1.01325 × 105

std.atm

kPa

101.325

in Hg

N/m2 = Pa

3.386 × 103

torr (mm Hg)

N/m2 = Pa

133.3

kgf/cm2

N/m2 = Pa

9.808 × 104

dyn/cm2

N/m2 = Pa

10–1

bar

N/m2 = Pa

105

lbf/in2

N/m2 = Pa

6894.76

m H2O

2

N/m = Pa

9806.65

lb/s

kg/s

0.4536

lb/h

kg/s

1.26 × 10–4

lb/(ft2.h)

kg/(m2.s)

1.356 × 10–3

g/(cm2.s)

kg/(m2.s)

10

8. Velocity, L/θ :

9. Volumetric flow rate, L3/θ :

10. Pressure F/L2 or ML–1 θ–2 :

11. Mass flow rate, M/θ :

12. Mass velocity, M/L2θ :

… Contd.
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13. Power, FL/θ or ML2 θ–3 :
(ft.lbf)/s

(N.m)/s = W

1.356

hp (British)

(N.m)/s = W

745.7

kcal/h

(N.m)/s = W

1.163

hp (metric)

(N.m)/s = W

735.5

cal

N.m = J

4.187

kcal

N.m = J

4187

erg

N.m = J

10–7

kW.h

N.m = J

3.6 × 106

Btu

N.m = J

1055

14. Energy, Work, Heat, FL or
ML2 θ–2 :

Some of the Prefixes for SI units :
Prefix
tera
giga
mega
kilo
deci
centi
milli
micro
nano
pico

Symbol
T
G
M
k
d
c
m
µ
n
p

Factor (Multiply by)
1012
109
106
103
10–1
10–2
10–3
10–6
10–9
10–12

While writing the units of a fundamental or derived quantity, please remember the
following :
1. Correct : 20 N.m
Incorrect : 20 Nm
The unit symbol should be written in lower case letters but when the unit is named after a
scientist the first letter of the unit is written in the upper case (capital letter). For example,
meter ⇒ m, newton ⇒ N, pascal ⇒ Pa.
2. Correct : 100 kg
Incorrect : 200 kgs
3. Correct : 10 cm
Incorrect : 10 cm.
2
4. Correct : 10000 W/(m .K) Incorrect : 10000 W/m2.K or W/m2/K
5. Correct : 10 kW
Incorrect : 10 k W
6. Correct : 1 mg

Incorrect : 1 µkg
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For 1 :

There should be a space or dot between N and m. The unit symbols should be
separated by a gap or a dot (⋅).

For 2 :

The unit symbols should not be written in the plural form. kgs – incorrect s should not be written.

For 3 :

The unit symbols should not be followed by a full stop (period) unless it is at
the end of a sentence.

For 4 :

Oblique stroke must be repeated on the same line unless ambiguity is avoided
by parantheses.

For 5 :

There should not be any space between the prefix symbol and the unit
symbol.
MATERIAL BALANCES
The basis for material balance calculations of any unit process or unit operation is the
law of conservation of mass.
•

The law of conservation of mass states that matter can neither be created nor
destroyed. Therefore, the material entering in any process must either leave or
accumulate within it.

•

The law of conservation of mass states that the total mass of various components
taking part in any unit operation or unit process is constant. Thus, for any unit
operation,
Input = Output + Accumulation

For steady-state operations where accumulation is constant or nil, the law of conservation
of mass takes the simple form as
Input = Ouput
i.e., for any operation carried out under steady-state conditions (conditions that do not
vary with time), the mass of the material entering is equal to the mass of the material leaving.
The material balances must hold over the entire process, or process equipment or over any
part of it. Material balances must apply to all the material that enters and leaves the process
or to any one material.

ENERGY BALANCES
The energy balance of a particular process can be achieved from the first law of
thermodynamics.
It states that energy can neither be created nor destroyed during a process, although it
may change from one form to another.
The energy balance must include all types of energy.
The energy balance equation for a steady-state flow process is
Input energy = Output energy.
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MOLECULAR UNITS (MOLAR UNITS)
In problems of material balances involving chemical reactions, molecular/molar units are
often used instead of weight units for simplification of calculations.
A mole is defined as the amount of substance that is numerically equal to its molecular
weight.
A gram mole of a substance is defined as the mass in grams of the substance that is equal
numerically to its molecular weight.
Thus, one gram mole of methanol is equivalent to 32 grams of methanol. The number of
moles of any substance are calculated by knowing its mass or weight using
WA
NA = M
A

… (1.1)

where NA = number of moles (either mole or kmol) of A
WA = weight of A in g or kg
MA = molecular weight of A
In this book, gram mole and kilogram mole are specified as mol and kmol respectively.

WEIGHT FRACTION
In a mixture of substances, the composition may be expressed in terms of weight fraction
or weight percent.
The weight fraction of a component in a mixture is defined as the ratio of the weight of
the individual component to the total weight of the mixture.
Weight of A
∴ Weight fraction of A = Weight of the mixture
WA
= W +W +W +…
A
B
C

… (1.2)
… (1.3)

where WA, WB, WC are the weights of A, B, C …… respectively.
The weight percent of a component in a mixture is defined as the weight of the
component expressed as a percentage of the total weight of the mixture.
∴

WA


Weight % A = W + W + W + …  × 100
B
C
 A


… (1.4)

From Equations (1.3) and (1.4), we get,
Weight % of A = (Weight fraction of A) × 100

… (1.5)

Note that : The sum of the weight fractions of all the components present in the mixture is
equal to unity.
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MOLE FRACTION
The composition of a mixture of substances can also be expressed in terms of mole
fraction or mole percent.
The mole fraction of a component in a mixture is defined as the ratio of the moles of the
individual component to the total moles of the mixture.
NA
… (1.6)
∴
Mole fraction of A = N + N + N + …
A
B
C
where NA, NB, NC …… are the moles of substances A, B, C …… respectively.
The mole percent of a component in a mixture is defined as the moles of the component
expressed as a percentage of the total moles of the mixture.
NA


Mole % of A = N + N + N + …  × 100
B
C
 A


… (1.7)

From Equations (1.6) and (1.7), we get,
Mole % of A = Mole fraction of A × 100

… (1.8)

Note that : The sum of the mole fractions of all the components present in the mixture is
equal to unity.
GAS LAWS
(a) Ideal gas law : An ideal gas law is a relationship of considerable utility in the
engineering practice since it is sufficiently accurate for a great majority of gases and vapours
at ordinary temperatures and pressures. Mathematically, the ideal gas law for 'n' moles of gas
is given by
PV = nRT

… (1.9)

where P = absolute pressure in kPa in SI
V = volume (m3)
n = number of moles of gas (kmol)
T = absolute temperature in Kelvin (K)
R = universal gas constant
R = 8.31451 m3.kPa/(kmol.K)
= 8.31451 J/(mol.K)
= 0.08206 l.atm/(mol.K) or m3.atm/(kmol.K)
This law states three facts : (i) the volume of a gas is directly proportional to the number
of moles of the gas, (ii) the volume of a gas directly proportional to the absolute temperature,
and (iii) the volume of a gas inversely proportional to the pressure.
When the mass of a gas is not known and if we know the volume occupied by the gas at a
specified temperature and pressure, and conditions are changed and if we know two of three

Unit Operations-I

1.16

Introduction

variables in the final state, then the third one can be calculated by means of the
proportionality indicated by the ideal gas law.
Let V1, T1 and P1 be the volume, temperature and pressure respectively of 'n' moles of gas
at state 1.
Let V2, T2 and P2 be the volume, temperature and pressure respectively of 'n' moles of gas
at state 2.
… (1.10)
Then,
P1V1 = n RT1
and

P2V2 = n RT2

Combining the above two equations, we get,
P1V1
P2V2
=
T1
T2

… (1.11)

… (1.12)

Molar volume : It is clear from the equation (1.9) that a mole of an ideal gas under
definite conditions of temperature and pressure always occupies a definite volume regardless
of the nature of the gas. This volume occupied by one mole of gas is called molar volume.
At 273 K (0 oC) and 101.325 kPa pressure, one kmol (kilogram mole) of an ideal gas
occupies a volume of 22.41 cubic metres. The concept of the molar volume can be applied to
the mixture of gases just as to a pure gas.
(b) Dalton's Law : It states that the total pressure exerted by a gas mixture is equal to
the sum of the partial pressures of the component gases present in the mixture.
Mathematically,
P = pA + pB + pC

… (1.13)

where P is the total pressure and pA, pB, pC … are the partial pressures of the component
gases A, B, C …… respectively.
This law expresses the additive nature of partial pressures.
Partial Pressure : The partial pressure of a component gas that is present in a mixture of
gases is the pressure that would be exerted by that component in the same volume and at the
same temperature.
(c) Amagat's Law : It states that the total volume occupied by a gas mixture is equal to
the sum of the pure component volumes of the component gases present in the mixture.
Mathematically,
V = VA + VB + VC + ……

… (1.14)

where V is the total volume and VA, VB, VC are pure component volumes of the component
gases A, B, C …… respectively.
For gases behaving ideally (i.e., gases following the ideal gas equation), we have
Volume % = Mole % = Pressure % (for any component)

… (1.15)
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MECHANICAL LAWS
The basic mechanical equation is Newton's second law of motion. This law may be
given as
F = k m.a

… (1.16)

It states that force is proportional to the product of mass and acceleration.
where

F = resultant of all forces acting on a body.
m = mass of body
a = acceleration of body in the direction of resultant force
k = proportionality constant

By using a = du/dt in equation (1.16), an equivalent statement of the law is
d
F = k ⋅ dt (mu)

… (1.17)

where 'u' is the velocity of the body and 't' is the time. Equation (1.17) states that the resultant
of all forces acting on a body of mass 'm' is proportional to the time rate of momentum
change of the body in the direction of the resultant force.
DIMENSIONAL FORMULAE
The dimensional formula of a physical quantity measured in derived units expresses the
way in which the basic units enter into the operation, by which the quantity is measured.
Thus, acceleration is defined as the velocity per unit time, and velocity is defined as the
distance per unit time. Therefore, the dimensional formula of acceleration is
L
[a] = 2 = Lθ–2
… (1.18)
θ
The dimensional formula of the quantity 'a' is denoted by the symbol [a].
The dimensional formula of any secondary quantity has the form Mα Lβ θγ …… where
M, L, θ …… are dimensions of mass, length, time, etc. The exponents α, β, γ …… of the
dimensions may be positive or negative integers (whole numbers), fractions, or zero.
DIMENSIONLESS EQUATIONS
Equations derived directly from the basic laws of the physical sciences consist of terms
that have the same dimensions because of the fact that the basic laws themselves are used to
define secondary/derived quantities. An equation in which all terms have the same
dimensions is called a dimensionally homogeneous equation. If a dimensionally
homogeneous equation is divided by any one of its terms, then the dimensions of each term
cancel and only numerical magnitudes remain. Such an equation is called a dimensionless
equation.
A dimensionally homogeneous equation can be used with any set of basic units, provided
that the same basic units of mass, length, time, force and temperature are used throughout.
Units meeting this requirement are referred to as consistent units.
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… (1.19)

If the dimensions are substituted for the variables in terms of dimensions of mass, length
etc., it will be seen that the dimension of each term is length.
1
(L) = (L θ–1) (θ) + 2 (Lθ–2) (θ)2
… (1.20)
or dividing Equation (1.19) by Z, we get

1  (gt2)
uo t
2 
1 = Z +
Z

… (1.21)

If we check the dimensions of each term of Equation (1.21) we see that the dimensions of
each term cancel, and thus, each term is dimensionless. A combination of variables which is
dimensionless is called a dimensionless group. The terms on the right hand side of
Equation (1.21) are dimensionless groups.
DIMENSIONAL EQUATIONS
An equation containing terms of varying dimensions is called a dimensional equation or
dimensionally non-homogeneous equation. In case of such equations there is no point in
using consistent units, and two or more time units, such as hours and minutes or two or more
length units, such as metres and centimetres may appear in the same equation.
For example, an empirical relation to find the rate of heat loss by conduction and
convection from a horizontal pipe to the surrounding atmosphere is
Q
(∆T)1.25
=
0.055
A
(Do)0.25
where

… (1.22)

Q is the rate of heat loss, Btu/h
A is the area of heat transfer, ft2
∆T is the temperature difference between pipe wall and atmosphere, oF
Do is the outside diameter of pipe, in

In the above equation, the dimensions of Q/A are different from those of the RHS of
Equation (1.22) and hence, Equation (1.22) is dimensional.
DIMENSIONAL ANALYSIS
Many physical problems that are important in chemical engineering in the area of fluid
flow, heat transfer, and mass transfer, which cannot be completely solved by theoretical or
mathematical methods, can be handled by dimensional analysis.
Dimensional analysis is a method of correlating the number of variables into a single
equation stating clearly an effect. When the value of a given physical quantity is
influenced/affected by a number of variables, then it is not possible to determine their

Unit Operations-I

1.19

Introduction

individual effects by experimental methods. In such cases, the problem can be made more
easily handled by making use of the method of dimensional analysis wherein the variables
are arranged in dimensionless groups which are considerably less than the number of
variables.
This method is based on the fact that, if a theoretical equation does exist among the
variables affecting a physical quantity, then the equation must be dimensionally
homogeneous. Due to this a large number of variables can be grouped into a smaller number
of dimensionless groups of variables. It does not provide a numerical equation and
experiment is required to complete the solution of the problem.
DIMENSIONLESS GROUP
Several important dimensionless groups have been found by using a method of
CPµ
Duρ
= Reynolds number, NPr = k = Prandtl
dimensional analysis. For example, NRe =
µ
number, etc.
Each of the above mentioned groups of variables is having no dimensions, i.e., is
dimensionless. The numerical value of a dimensionless group is the same for any consistent
set of units used for the variables within the groups. The units chosen for one group need not
be consistent with those for another groups.
THE RAYLEIGH METHOD
If Q1, Q2, …, Qn are 'n' dimensional variables, out of which Q1 is the dependent variable
and Q2, Q3, …, Qn are the independent variables, then according to this method of
dimensional analysis :
a

b

Q1 varies as Q2 Q3 …… The dimensionless groups are obtained by evaluating the
powers/exponents so that the relationship among the variables is dimensionally
homogeneous. Similar/like powers or exponents of the quantities are grouped together in
order to get dimensionless groups.
The following problem will give a clear idea regarding the Rayleigh method.
APPLICATION OF DIMENSIONAL ANALYSIS TO FLUID FLOW
Statement of a problem : The pressure drop/loss due to friction for the flow of a fluid
through a pipe depends on the following variables.
(i) Diameter of the pipe (D),
(ii) Length of the pipe (L),
(iii) Velocity of the fluid (u),
(iv) Density of the fluid (ρ),
(v) Viscosity of the fluid (µ).
Using Rayleigh method of dimensional analysis, obtain a relation between the pressure
drop (∆P) and the given variables.
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Solution : The relationship between the frictional pressure drop and variables on which it
depends may be written as
∆P = f (D u ρ µ L)

… (1.23)

∆P = k Da ub ρc µd Le

… (1.24)

where k is a dimensionless constant.
The dimensions of the variables in terms of M, L and θ are :
Parameter

Units

Dimensions

N/m2, kg/(m.s2)

ML–1 θ–2

Diameter, D

m

L

Length, L

m

L

Density, ρ

kg/m3

ML–3

Viscosity, µ

kg/(m.s)

ML–1 θ–1

Velocity, u

m/s

Lθ–1

Pressure drop, ∆P

According to Rayleigh's method, for the relationship to be dimensionally homogeneous,
D ub ρc µd Le must have the same dimensions as ∆P.
a

Substituting the dimensions of each term in Equation (1.24) gives
[ML–1 θ–2] = k [L]a [Lθ–1]b [ML–3]c [ML–1 θ–1]d [L]e
… (1.25)
As Equation (1.23) is assumed to be dimensionally homogeneous, the
exponents/power/indices of the individual primary/basis units on the left hand side of
Equation (1.25) must be equal to those on the right hand side.
∴ Equating the powers/indices of M, L, and θ, we get following set of equations :
Exponents/powers of M
:
1=c+d
… (1.26)
Exponents of L
: – 1 = a + b – 3c – d + e
… (1.27)
Exponents of θ
: –2=–b–d
… (1.28)
Here, there are five unknowns, but we have only three equations. Three of these
unknowns may be found in terms of the remaining two. Therefore, let us express the
exponents a, b and c in terms of d and e.
From Equation (1.26), c = 1 – d
… (1.29)
From Equation (1.28), b = 2 – d
… (1.30)
From Equation (1.27),
– 1 = a + b – 3c + e
– 1 = a + 2 – d – 3 + 3d – d + e
∴
a = – d – e = – (d + e)
… (1.31)
Substituting for a, b and c from Equations (1.29), (1.30) and (1.31) in equation (1.24),
we get
∆P = k [D]– d – e [u]2 – d [ρ]1 – d [µ]d [L]e
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Collecting the terms into groups having the same exponents, we get
∆P
 µ d  L e
=
k


ρu2
Duρ  D 

… (1.32)

The dimensions of each of the bracketed groups in Equation (1.32) are zero and thus all
the groups are dimensionless.
The group Duρ/µ is known as the Reynold's number. It will occur frequently in the study
of fluid flow and it gives idea regarding the type of flow in a given geometry. Equation (1.32)
involves the reciprocal of the Reynolds number and thus Equation (1.32) can be rewritten as :
∆P
Duρ –d  L e
= k

2
ρu
 µ  D 

… (1.33)

∆P
Duρ L 
= φ 
‚ D
2
ρu
 µ


… (1.34)

and more generally as,

∆P
is the Euler number, NEu and Duρ/µ is the Reynolds number, NRe.
ρu2
(II) Statement of a problem : The power required P for an agitator depends upon the
propeller diameter D, the rotational speed N of the agitator, the liquid density ρ, the viscosity
µ and the gravitational acceleration g. Find, by a dimensional analysis, the correct
representation for the power requirement in terms of dimensionless groups.
Solution : The relationship between the power, P and the variables on which it depends
is given as :
P = f (D, N, P, µ, g)

… (1.35)

P = kD N ρ µ g
a

b

c

d

… (1.36)

e

The dimensions of the parameters/variables in terms of M, L, and θ are :
Parameter

Units

Dimensions

(N.m)/s = (kg.m2)/s2

ML2 θ–3

Diameter, D

m

L

Speed, N

1/s

θ–1

kg/(m.s)

ML–1 θ–1

kg/m3

ML–3

m/s2

Lθ–2

Power, P

Viscosity, µ
Density, ρ
Gravitational
acceleration, g

In terms of dimensions, Equation (1.36) can be written as
[ML2 θ–3] = k [L]a [θ–1]b [ML–3]c [ML–1 θ–1]d [Lθ–2]e

… (1.37)
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Equating the exponents / indices of M, L and θ, we get
Exponents of M : 1 = c + d

… (1.38)

Exponents of L : 2 = a – 3c – d + e

… (1.39)

Exponents of θ : – 3 = – b – d – 2e

… (1.40)

There are three equations and five unknowns. Three of the unknowns may be found in
terms of the remaining two. Therefore, express the exponents a, b and c in terms of d and e.
From Equation (1.38) : c = 1 – d

… (1.41)

From Equation (1.40) : b = 3 – d – 2e

… (1.42)

From Equation (1.39),
2 = a – 3c – d + e
2 = a – 3 (1 – d) – d + e
2 = a – 3 + 3d – d + e
∴
a = 5 – 2d – e
… (1.43)
Substituting the values of a, b and c in terms of d and e in Equation (1.35) gives
5 – 2d – e

3 – d – 2e

1–d

(N)
(ρ)
(µ)d (g)
P = k (D)
Collecting the terms, into groups, having the same exponents, we get
P
D2 N ρ– d  g e
=
k


D5 N3 ρ
 µ  N2D 

e

… (1.44)

… (1.45)

P
is the Power number, NNp
D N3 ρ
5

D2 N ρ
is the Reynolds number for agitator, NRe
µ
DN2
g is the Froude number, NFr
Equation (1.45) is the required relationship.

BUCKINGHAM'S π THEOREM
Buckingham's π theorem states that the number of dimensionless groups is equal to the
number of variables minus the number of fundamental dimensions.
If there are 'n' variables, Q1, Q2 …… Qn affecting a given physical process, the functional
relationship between them can be written as
f (Q1, Q2, ……, Qn) = 0
… (1.46)
If there are 'm' fundamental dimensions (such as M, L, θ, etc.) required to
define the dimensions of Q1, Q2, …… , Qn, then there will be n – m dimensionless groups
(π1, π2, …… , πn – m). The functional relationship between them can be written as
f (π1, π2, …… , πn – m) = 0

… (1.47)
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The groups π1, π2, etc. must be independent of each other.
With the help of Buckingham's π theorem, it is possible to obtain the dimensionless
groups more easily than by solving the simultaneous equations for the exponents/indices.
Procedure :
(a) Select m of the original variables in order to form what is called a recurring set.
(b) The dependent variable, that is, the variable that depends upon (or gets affected by)
the other variables, should not be included in the recurring set.
(c) Any set m of the variables may be selected with the following provisions.
(i) Each of the fundamental/basic dimensions must appear in at least one of the
m variables.
(ii) Some or all of the variables within the recurring set must not form a dimensionless
group.
(d) Take each of the remaining n – m variables on its own and form it into a
dimensionless group by combining it with one or more members of the recurring set.
In this manner, the n – m dimensionless groups are formed.
The following problem will give a clear idea regarding the procedure of obtaining
dimensionless groups with the help of the Buckingham's π theorem.
USE OF BUCKINGHAM'S π THEOREM FOR DIMENSIONAL ANALYSIS
The relationship between the variables affecting the pressure drop for flow of a fluid in a
pipe may be written as :
f (∆P, d, l, u, ρ, µ) = 0

… (1.48)

In Equation (1.48), there are six variables and three fundamental dimensions (mass,
length and time).
Therefore, number of dimensionless groups = 6 – 3 = 3.
The recurring set must contain three variables that cannot themselves form a
dimensionless group.
(i) l and d cannot be selected as they can be themselves formed into the dimensionless
group l/d.
(ii) ∆P, ρ and u cannot be selected as they can be formed into the dimensionless group
∆P/ρu2.
(iii) ∆P is the affected variable. Therefore, it cannot be included in the recurring set.
If we select the variables d, u, ρ as the recurring set, then this set fulfils all the above
conditions.
Dimensionally : d = L
u = Lθ–1
ρ = ML–3
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Each of the dimensions M, L and θ can then be obtained in terms of the variables
d, u and ρ. Therefore,
L = D
M = ρ D3
θ = Du–1
Thus, the three dimensionless groups are formed by taking each of the remaining
variables ∆P, l and µ in turn.
(i) Taking ∆P to form one dimensionless group :
∆P has dimensions ML–1 θ–2.
∆P M–1 L θ2 is therefore dimensionless.
Therefore, group π1 is
π1 = ∆P (ρD3)–1 (D) (Du–1)2
= ∆P/ρu2 … first group
(ii) Taking l :
l has dimension L.
l .L–1 is therefore dimensionless.
Therefore, group π2 is
π2 = l (D)–1 = l/D … second group
(iii) Taking µ :
µ has dimensions ML–1 θ–1.
µ M–1 L T is therefore dimensionless.
Therefore, group π3 is
π3 = µ (ρ D3)–1 (D) (Du–1) = µ / Duρ … third group
Hence,

µ 
 ∆P l
f  2‚D‚
 = 0
Duρ
ρ u

… (1.49)

∆P
 l Duρ 
= f D ‚
… (1.50)

2
ρu
µ 

µ/Duρ is an arbitrarily inverted group since the Reynolds number is usually expressed in
the form Duρ/µ.
or

USEFUL MATHEMATICAL METHODS
The mathematical procedure of the calculations needed for the theory of unit operations
involves the use of the most elementary parts of the calculus. Two simple mathematical
techniques that are useful in the treatment of unit operations are :
1.

Graphic methods of integration.

2.

Graphical treatment of exponential functions.
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Graphical Integration
x2
The value of a definite integral ⌠
⌡ f(x) . dx, where f(x) is a function of x, from the first
x1
principles of integral calculus is the area bounded by the curve of f (x) v/s x, the ordinates
x = x1 and x = x2 and the x-axis. Any definite integral can therefore be evaluated numerically
by plotting f(x) v/s x, drawing the verticals/vertical lines through the given limits (i.e.,
through the values of x) and measuring the area under the curve, between the vertical lines
through the given limits and the x-axis. Thus, in Fig. 1.1, the curve ABCD represents the plot
of f(x) v/s x, and vertical lines BE and CF correspond to the values of x1 and x2, respectively
and the area bounded by the points B, E, F and C is the desired integral.

Fig. 1.1 : Principles of graphical integration
If the area under the curve is Z cm2 (measured), the scale of x-axis is 1 cm = 2 units and
that of y-axis is 1 cm = 0.1 units, then the value of the integral is obtained as
x2
⌠
⌡ f (x) dx = Area under the curve × (Scale of x-axis) × (Scale of y-axis) … (1.51)
x1
2
0.1
… (1.52)
= Z cm2 × 1 cm 1 cm

 

Exponential equations and log-log plots
In many cases, experimental data involving the variables x and y fit an expression of the
type
y = m xn
… (1.53)
where m and n are constants.
Taking the logarithms of both sides of Equation (1.51), we get
log y = log m + n log x
… (1.54)
It is clear from the equation (1.54) that a plot of log y against log x yields a straight line
with a slope equal to 'n' and an intercept equal to log m.
In order to plot a set of data by this method we need the logarithms of the numerical
values of the two variables but instead of following this procedure it is more convenient to
use a log-log paper for the same.
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Log-log paper is a coordinate paper on which the scales are logarithmic instead of being
uniform. In other words, the intervals marked 1, 2, 3, etc. are not equidistant but are in
proportion to the logarithms of the numbers 1, 2, 3, etc. One such a plot is drawn in
Chapter 7.
Disadvantage of the log-log plot is that the scales normally used cannot be read too
closely or linear interpolation cannot be used to read the scales.
['log' is used to represent logarithms to be base 10 and 'ln' is used to represent logarithms
to the base e.]
Fig. 1.2 shows a log-log paper.

Fig. 1.2 : Log-Log Paper
From Fig. 1.2, it can be seen that the scales on x-axis and y-axis are not linear. Let us
take point O as the origin. It must be kept in mind that the origin on the log-log paper is
never zero on x-axis or y-axis as log (zero) is equal to (–∞). Suppose that the origin is chosen
such that its x co-ordinate is 1, then point M on the x-axis is 10 and point N is 100. The
distance OM is one cycle. Thus, the x-axis has two cycles, if we choose origin as x = 10.
Then point M on the x-axis is 100 and point N is 1000. Thus, the span on the x-axis is 102 as
there are two cycles. Similarly, there are two cycles on y-axis. The log-log paper is indicated
by the number of cycles on the x-axis and y-axis. If one of the axes is logarithmic and the
other is having an ordinary scale, then the graph paper is called semilogarithmic. The
semilogarithmic papers are useful if experimental data fit to an equation of the type
y = m (a)nx i.e. log y = log m + nx log a
i.e., log y = n'x + c where c = log m and n' = n log a
where m, a, n, c, n' are constants.

… (1.55)
… (1.56)
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SOLVED EXAMPLES
Example 1.1 : The power (P) required by an agitator in a tank is a function of the
following variables :
(i) Diameter of the impeller (D).
(ii) Number of rotations of impeller per unit time (N).
(iii) Viscosity of the liquid (µ).
(iv) Density of the liquid (ρ).
From dimensional analysis, obtain a relation between the power and the given variables.
Solution : We have
P = f (D Nρ µ)
P = k Da Nb ρc µd

∴

… (1.57)

where k is a dimensionless constant.
The dimensions of each parameter/variable in terms of M, L and θ are :
Parameter

Units

Dimensions

(N.m)/s = (kg.m2)/s3

ML2 θ–3

Diameter, D

m

L

Speed of rotation

l/s

θ–1

kg/(m.s)

ML–1 θ–1

kg/m3

ML–3

Power, P

Viscosity, µ
Density, ρ

In terms of dimensions, Equation (1.58) can be written as
ML2 θ–3 = k (L)a (θ–1)b (ML–3)c (ML–1 θ–1)d
Equating the indices, we get
Exponents of M : 1 = c + d
Exponents of L : 2 = a – 3c – d
Exponents of θ : –3 = – b – d
Solving in terms of d :
1 = c+d

∴

c=1–d

–3 = –b–d

∴

b=3–d

∴

a = 5 – 2d

2 = a – 3c – d
2 = a – 3 (1 – d) – d

… (1.58)
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Substituting for c, b and d, Equation (1.57) becomes
P = k(D)5 – 2d (N)3 – d (ρ)1 – d (µ)d
 D5 N3 ρ

P = k D2d . Nd . d . µd 
ρ


Collecting the terms into groups, we get
P / D5 N3 ρ = k (D2 N ρ / µ)–d
or
Np = P / D5 N3 ρ = power number
NRe = D2 N ρ / µ = Impeller Reynolds number.
Therefore, the power number is a function of the Impeller Reynolds number to the
power m. In fact Np is also a function of the Froude number, DN2/g.
(a) The power consumption is found experimentally to be proportional to the square of
the speed of rotation of the impeller. By what factor the power would increase if the diameter
of the impeller were doubled ?
The above equation may be written as :
P / D5 N3 ρ = k (D2 N ρ / µ)B
From the above equation : P ∝ NB N3
Experimentally, P ∝ N2
B+3=2

∴

and B = – 1

Therefore, for the same fluid, that is for the same density and viscosity,
5

3

2

5

3

2

P1 / D1 N1 ρ = k (D1 N1 ρ/µ)–1
P2/D2 N2 ρ = k (D2 N2 ρ/µ)–1
5

3

5

3

2

2

(P2/P1) (D1 N1 / D2 N2 ) = (D2 N2/D1 N1)–1
2

3

2

3

(P2/P1) = N2 D2 / N1 D1
In this case, N1 = N2 and D2 = 2D1
∴

3

3

(P2/P1) = 8 D1 /D1 = 8
P2 = 8 P1

∴ The power would increase by the factor of eight (i.e., the power consumption would
increase by eight times by doubling the impeller diameter).
Example 1.2 : Convert a viscosity of 1 poise to SI units.
Solution :
Viscosity = 1 P
We have :
1 P = 0.1 (N.s)/m2
0.1 (N.s)/m2
∴
Viscosity = 1 P ×
1P
= 0.10 (N.s)/m2 or 0.10 Pa.s

… Ans.
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Example 1.3 : Convert a volumetric flow rate of 2000 l/s to m3/s.
Solution : We have : 1000 l = 1 m3
1
m3
2000 l × 1000  l 
2000 l

 
= 2 m3/s
Volumetric flow rate = 2000 l/s = 1s =
1s

… Ans.

Example 1.4 : A pressure gauge on a tank reads 50 psig on a day when the barometer
reads a pressure of 28 in Hg (28 inches of mercury). Find the absolute pressure in the tank
in psi.
Solution : Given : Pressure recorded by the pressure gauge = 50 psig.
(as the letter g follows the unit, it is a gauge pressure, i.e., pressure recorded by the
pressure gauge)
P = 50 psig
We know that :
Atmospheric pressure = Barometric pressure ⇒ Pressure recorded by the
barometer
= 28 in Hg
Let us convert the atmospheric pressure from Hg to psi.
We have for pressure :
29.92 in Hg = 1 atm
1 atm = 14.7 psi
∴

1 atm
14.7 psi
Atmospheric pressure = 28 in Hg × 29.92 in Hg × 1 atm
= 13.75668 ~
– 13.76 psi

The relationship between absolute pressure and gauge pressure is
Absolute pressure = Gauge pressure + Atmospheric pressure = 50 + 13.76
Absolute pressure in the tank = 63.76 psi

… Ans.

Example 1.5 : A pressure gauge on a tower indicates a vacuum of 3.53 in Hg. The
barometric pressure is 29.31 in Hg. Find the absolute pressure in the tower in mmHg.
Solution :
Vacuum = 3.53 in Hg
We know that :
Atmospheric pressure = Barometric pressure
= 29.31 in Hg
The relationship between absolute pressure and vacuum is
Absolute pressure = Atmospheric pressure – Vacuum
= 29.31 – 3.53 = 25.78 in Hg
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We have for pressure :

∴

29.92 in Hg = 760 mmHg
Absolute pressure = 25.78 in Hg × 760 mmHg
29.92 in Hg
in the tower

= 654.84 ≈ 655 mmHg

… Ans.

Practice Questions
1.

Define (i) Weight fraction, (ii) Mole fraction, (iii) Weight percent.

2.

State Ideal gas law, Amagat's law and Dalton's law.

3.

Explain briefly the Buckingham's π theorem.

4.

Convert a pressure of 1.5 atm into kPa.

❐❐❐

CHAPTER TWO

SIZE REDUCTION OF SOLIDS
CONCEPT OF SIZE REDUCTION
• Size reduction refers to an operation wherein particles of solids are cut or broken
into smaller pieces.
• Size reduction is a mechanical process of breakdown of solids into smaller size
particles without altering the state of aggregation of solids. It is also called
comminution.
• Solids are reduced in size by compression, impact, attrition and cutting.
IMPORTANCE OF SIZE REDUCTION
In the process industries, this operation is usually carried out in order –
(i) to increase the surface in order to increase the rate of a physical or chemical
process. In most reactions and unit operations (e.g., leaching) involving solid
particles, the rate increases by increasing the area of contact between solid and
second phase since the rate is proportional to the area of contact between the
phases involved.
In combustion process, the rate of combustion is proportional to the area presented
to the gas. Thus, the rate of combustion of solid particles is high if the particles are
of small size.
In leaching, the rate of extraction increases because of the increased area of contact
between the solid and the solvent.
(ii) to effect the separation of two constituents in cases where one is dispersed in small
isolated pockets.
(iii) to meet stringent specifications regarding the size of commercial products.
(iv) to accomplish intimate mixing of solids in a solid-solid operation since the mixing
is more complete if the particle size is small.
(v) to improve dissolution rate, solubility, binding strength and dispersion properties.
(vi) Many solid materials exist/present in sizes that are too large to be used directly.
Thus, such materials must be reduced in size before use.
Size reduction machines more commonly reduce the size of solids by (a) compression,
(b) impact, (c) attrition, or rubbing, and (d) cutting. In general, compression is used for the
coarse reduction of hard solids (to yield relatively few fines), impact gives coarse, medium,
or fine products, attrition gives very fine products from soft, non-abrasive materials and
cutting produces a product of a definite particle size and sometimes a definite shape, with
few or no fines.
(2.1)
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Applications of Size Reduction (Examples) :
• Size reduction operation is carried out in coal washeries, ore processing industries,
chemical industry, paint industry, cement industry and food processing industry.

ENERGY & POWER REQUIREMENT FOR SIZE REDUCTION EQUIPMENTS
• The cost of power is a major expense in the crushing and grinding operations. Thus,
an accurate estimation of the energy required is important in the design and selection
of size reduction equipment.
• During size reduction, the solid particles are first distorted and strained, work
required to strain them is stored temporarily in the solid particles as mechanical
energy of stress. By applying additional force, the stressed particles are distorted
beyond their ultimate strength and suddenly break into smaller particles. Thus, new
surface is generated.
• As a unit area of solid has a definite amount of surface energy, the generation of new
surface requires work, which is provided by the release of energy of stress when the
particles break. The energy of stress in excess of the new surface energy created
appears as heat.
• It is not possible to estimate accurately the power requirement of crushing and
grinding equipments to effect the size reduction of a given material, but a number of
empirical laws have been put forward, such as Rittinger's law, Kick's law and Bond's
law.
Rittinger's Law
• It states that the work required for the crushing operation is directly proportional to
the new surface created. Mathematically, the law can be written as
P
1 – 1
…(2.1)
• = Kr 
–
–
m
D
D
sa
 sb
where
P = power required by machine
m• = feed rate to machine
Kr is constant (known as Rittinger's constant)
– –
Dsa, Dsb = volume-surface mean diameter of the feed and product
respectively.
Kick's Law
• It states that the work required for crushing a given material is proportional to the
logarithm of the ratio between the initial and final diameters.
P
= KK ln (D/d)
… (2.2)
m•
where KK is a constant (known as Kick's constant) and D and d are the initial and
final sizes respectively.
• Since the energy required is directly related to the reduction ratio (D/d), the energy
required to crush a given quantity of material from a 100 mm size to a 50 mm size is
the same as that required to reduce the particle size from 12 mm to 6 mm.
• Kick's law is more accurate than Rittinger's law for coarse crushing where the
amount of surface produced is considerably less.
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Bond's Law and Work Index
• Bond has proposed a law intermediate between Rittinger's and Kick's law for
estimating the power required for crushing and grinding operations.
• It states that the work required to form particles of size Dp from very large feed
is proportional to the square root of the surface-to-volume ratio of the product
(Sp/vp), Sp/vp = 6/φsDp.
Kb
P
=
… (2.3)
Thus,
·
Dp
m

•
•

•

•

•

where Dp is the particle size and Kb is a constant that depends on the type of machine
and the material being crushed.
The Bond's law is somewhat more realistic in estimating the power requirements of
commercial size reduction machines.
For using Equation (2.3), a work index Wi is defined as the amount of energy in
kilowatt-hours per ton of feed material, required to reduce a very large feed to such
a size that 80 percent of the product passes through a 100 µm screen.
·
If Dp is in mm, P in kW, and m in tons per hour, then the relationship between Kb
and Wi based on the definition of work index is
Kb = 100 × 10–3 Wi = 0.3162 Wi
… (2.4)
If 80 percent of the feed passes through a mesh of size Dpa mm and 80 percent of the
product passes through a mesh of size Dpb, then from Equations (2.3) and (2.4)
we get
P
1 
 1
… (2.5)
· = 0.3162 Wi  Dpb – Dpa
m
where Dpa and Dpb are the particle size of the feed and product in mm respectively.
Since the work index include the friction in the crusher, the power given by
Equation (2.5) is the gross power. Typical work indices for some common materials
are given in Table 2.1.
Table 2.1 : Work indices for dry crushing* or wet grinding
Sr. No.
Material
Working Index (Wi)
1.
Clay
6.30
2.
Gypsum rock
6.37
3.
Bauxite
8.78
4.
Phosphate rock
9.92
5.
Cement raw material
10.51
6.
Limestone
12.74
7.
Coal
13
8.
Quartz
13.57
9.
Coke
15.13
10.
Gravel
16.06
* For dry grinding, multiply by 4/3.
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Crushing Efficiency

•

It is defined as the ratio of the surface energy created by crushing to the energy
absorbed by the solid.
es (Ab – Aa)
ηc =
… (2.6)
Wn
where

•

•

•

ηc
Wn
es
Ab
Aa

=
=
=
=
=

crushing efficiency
energy absorbed by material, J/kg
surface energy per unit area, J/m2
area of product, m2
area of feed, m2.

The surface energy created by fracture is very small as compared to the mechanical
energy stored in the material at the time of its rupture. Most of the mechanical energy
stored in the material is converted into heat and thus crushing efficiencies are low.
The energy absorbed by the solid (Wn) is less than the energy supplied to the machine
(W). Part of the total energy input to the machine is utilised to overcome the friction
in the bearings and other moving parts, and the remaining part is available for
crushing. The mechanical efficiency is the ratio of the energy absorbed to the energy
input.
Wn
… (2.7)
ηm = W
where
ηm = mechanical efficiency
W = energy input to the machine
Wn = energy absorbed by the solid
From Equations (2.6) and (2.7), we get
Wn
es (Ab – Aa)
W =
=
… (2.8)
ηm.ηc
ηm
If m• is the feed rate of solids to a machine, then the power required by the machine
is given by
m• es (Ab – Aa)
P = W. m• =
… (2.9)
ηm.ηc
where Aa, Ab are the specific surface area per unit mass of feed and product
respectively.
The specific surface is given by
–
A = 6/φ Ds ρp
–
where φ = sphericity, ρp = density, Ds = volume-surface mean diameter. Volumesurface mean diameter is used to specify particle size for a mixture of particles.
A number of empirical laws that are mentioned earlier have been put forward to
estimate the energy required for size reduction.
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Types of Size-Reduction Equipments
• Size-reduction equipments are divided into four principal types as given in Table 2.2.
• Crushers are employed for breaking large pieces of solid materials into small lumps.
• A primary crusher is the one which crushes very large lumps to yield a product 150 to
250 mm in size. A secondary crusher is the one which takes the product from a
primary crusher and reduces it to particles of about 6 mm size.
• Grinders are the machines which reduce crushed feed to powder. An intermediate
grinder yield a product that might pass a 40 mesh screen. A fine grinder gives a
product most of which would pass a 200 mesh screen. Ultrafine grinders are the
machines which accept feed particles having a size less than 6 mm and yield a
product of size 1 to 50 µm.
• Cutters are size-reduction machines which give particles of definite size and shape,
usually 2 to 10 mm in length.
Table 2.2 : Principal types of size-reduction machines
1.

Crushers (coarse and fine)
(a) Jaw crusher
(b) Gyratory crusher
(c) Crushing rolls

2.

3.

Grinders (Intermediate and fine)
(a) Hammer mills
(b) Rolling-compression mills
(i) Bowl mills
(ii) Rolling mills
(c) Attrition mills
(d) Revolving mills
(i) Rod mills
(ii) Ball mills; pebble mills
(iii) Tube mills
Ultrafine grinders
(a) Hammer mills with internal classification
(b) Fluid-energy mills
(c) Agitated mills

4.

Cutting machines
(a) Knife cutters, dicers, slitters.
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The size reduction machines perform their work in distinctly different ways. Crushers
employ compression while grinders employ impact and attrition. Ultrafine grinders
employ attrition. A cutting action is the characteristic of knife cutters, dicers and
slitters.
• The factors to be considered while selecting the equipment for size reduction are :
(i) Properties of the feed to be handled such as hardness, crushing strength, etc.
(ii) Nature of the product required.
(iii) Quantity of the material to be handled.
(iv) Size of the material to be handled.
(v) Speed of the size reduction equipment.
CRUSHERS
•

•

Crushers are slow-speed machines employed for the coarse reduction of large
quantities of solids. Jaw crushers, gyratory crushers and smooth-roll crushers are
different types of crushers. They operate by compression and can break large lumps
of hard materials. They find application in rockary and mining industries.

Jaw Crushers
•

Jaw crushers compress the feed between a stationary jaw and a movable jaw.

Types of jaw crushers :
1. Blake jaw crusher.
2. Dodge jaw crusher.
•

In the Blake jaw crusher, the movable jaw is pivoted at the top, thus giving greatest
movement at the bottom.

•

In the Dodge jaw crusher, the movable jaw is pivoted at the bottom, thus giving
greatest/maximum movement at the top.

•

The Dodge crusher is less widely used because of its tendency to choke due to the
minimum movement of the jaw at the bottom.

Difference between Blake Jaw Crusher and Dodge Jaw Crusher :
(i) Blake Jaw Crusher : (i) movable jaw is pivoted at the top, (ii) maximum
movement is at the bottom, (iii) no tendency to choke/clog (freedom from choking),
(iv) suitable for high production rates, (v) large reduction ratio is not possible,
(vi) low maintenance, (vii) comparatively made in large sizes, (viii) does not give
uniform product, (ix) commonly/widely used.
(ii) Dodge Jaw Crusher : (i) movable jaw is pivoted at the bottom, (ii) maximum
movement is at the top, (iii) tendency to choke (no freedom from choking),
(iv) suitable for low production rates, (v) large reduction ratio is possible, (vi) high
maintenance, (vii) comparatively made in smaller sizes, (viii) gives uniform
product, (ix) seldom/less widely used.
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The Blake Jaw Crusher
Principle :
• It works on the principle of compression. It reduces size by compressive force.
Construction :
• A schematic diagram of the Blake jaw crusher is shown in Fig. 2.1. It has a fixed jaw
and a movable jaw. The movable jaw is pivoted at the top. The jaws are set to form a
V open at the top. The swinging jaw (movable jaw) which reciprocates in a
horizontal plane usually makes an angle of 20 to 30o with the fixed jaw (which is
nearly vertical).
Flywheel
Shaft
Eccentric

Movable jaw

Pitman
Fixed jaw
Toggle

Tie rod

•

Spring

Fig. 2.1 : Blake Jaw Crusher
The jaws are usually made of manganese steel or some other material that will
withstand abrasion. The faces of the crushing jaws are usually corrugated for
concentrating the pressure on relatively small areas.

•

In addition to the jaws, crusher consists of a pitman, toggles, flywheel, eccentric
shaft, drawback rod and springs and frame. In this machine, an eccentric causes the
pitman to oscillate in a vertical direction, and this vertical movement is
communicated horizontally (reciprocating motion) to the movable jaw by the toggles.

•

The speed of operation should not be high or otherwise a large quantity of fines is
produced as the material cannot escape quickly and gets repeatedly crushed. Since
the crushing action is intermittent, the loading on the machine is uneven and due to
this the crusher incorporates a heavy flywheel.

•

Since the maximum movement of the jaw is at the bottom (discharge), there will be
little tendency for the crusher to choke.

Protection of Machine :
•

The machine is usually protected so that it is not damaged if accidental pieces of iron
such as hammer heads, stray bolts, etc. enter into the crusher, by making one of the
toggles in the driving mechanism relatively weak. That is, one particular toggle is
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made into two pieces which are held together with bolts that are purposely made the
weakest part in the crusher so that, if stresses are set up, these bolts shear first.
•

Thus, the failure is made at a point that can be easily and quickly repaired, instead of
breaking some vital part of the machine.

Working :
•

The material to be crushed is admitted between two jaws from the top. The material
caught between the upper part of the jaws is crushed to a smaller size during forward
motion by compression. The crushed material then drops/falls into the narrower
space below during the backward motion and is recrushed as the jaws close next
time. After sufficient reduction, the crushed material drops out the bottom of the
machine.

•

The jaws usually open and close 250 to 400 times per minute.

Gyratory Crusher
Feed
Crushing head

Casing

Maximum
opening

Minimum
opening

Discharge To eccentric

Fig. 2.2 : Gyratory Crusher
Principle :
•

It works on the principle of compression.

Construction :
•

It consists of a funnel shaped casing, open at the top. A conical crushing head, in the
form of a truncated cone, gyrates inside a casing. The crushing head is mounted on a
heavy shaft pivoted at the top of the machine.

•

The upper end of the shaft is held in a flexible bearing and the lower end of the shaft
is driven by an eccentric so as to trace a circle.

•

Thus, at any point on the periphery of the casing the bottom of the crushing head
moves towards, and then away from the stationary wall. The crushing action takes
place around the whole of the cone.
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Working :
•

The material to be crushed is charged from the top. The conical head gyrates inside
the casing. At any point on the periphery of the casing, the bottom of the crushing
head moves towards and then away from the stationary wall.

•

The solids caught in the V-shaped space between the head and the casing are broken
and rebroken until they drop out from the bottom of the machine. The speed of the
crushing head usually lies between 125 to 425 gyrations per minute.

•

Since some part of the crushing head is working at all times, the discharge from this
crusher is continuous instead of intermittent as in a Blake crusher.

Features :
•

1. continuous in action 2. fluctuations in stresses are smaller 3. load on the motor is
nearly uniform 4. power consumption per ton of material crushed is smaller and
5. requires less maintenance than a jaw crusher.

•

Since the capital cost of this crusher is high, it is suitable only where large quantities
of materials are to be handled.
Jaw Crusher

Gyratory Crusher

(i)

It is a reciprocating machine.

(i)

(ii)

Intermittent in action, i.e., discharge (ii)
is discontinuous.

It is a gyratory machine.
Continuous in action, i.e., discharge is
continuous.

(iii) It is a primary crusher. It takes a feed (iii) It is a secondary crusher. It takes a feed
of larger size.
of smaller size.
(iv) The load on the motor is not uniform. (iv) The load on the motor is nearly
uniform.
(v)

More maintenance is required.

(vi) Power consumption per
material crushed is more.

ton

(vii) Capital cost is relatively low.

(v)

Less maintenance is required.

of (vi) Power consumption per ton of material
crushed is lower.
(vii) Capital cost is high.

(viii) It has smaller capacity when used to (viii) It has large capacity when used to
produce/effect
a
small
size
produce/effect a small size reduction.
reduction.

Crushing Rolls / Roll Crushers
Smooth Roll Crusher :
Principle :
Size reduction is achieved by compression (i.e., it employs compressive force for size
reduction).
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Construction :
Feed
Flywheel

Roll

Roll

Frame

Discharge

Spring

Fig. 2.3 : Smooth roll crusher
•

Smooth-roll crusher consists of two heavy metal rolls (Fig. 2.3) of the same diameter
placed side by side each other in the horizontal position. The rolls, mounted on
shafts, are rotated towards each other at the same speed. One of the shafts moves in
the fixed bearings while other moves in the movable bearings.

•

The clearance between the rolls can be adjusted according to the size of feed and the
size of product required. One of the rolls is driven directly and the other by friction
with the solids being crushed. The rolls have relatively narrow faces and are large in
diameter, therefore they can nip moderately large lumps. The material fed to the
machine is reduced in size by compression and discharged from the bottom.

•

The machine is protected by spring loading (i.e., by mounting the bearings of one of
the roll shafts against coiled springs) against damage due to tramp and very hard
material.

•

The speed of rolls varies from 50 to 300 rev/min. Crushing rolls are secondary
crushers accepting feed 12 to 75 mm in size and yielding products-12 mm to about
20 mesh.

Working :
•

The material to be crushed is fed from the top. As the rolls rotate, the material gets
caught between them and gets reduced in size by compression and discharged from
the bottom.

Selection of Crushing rolls (Derivation of the angle of nip)
•

In selecting the rolls for a certain duty, it is necessary to know the size of the feed and
the size of the product.
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Consider a system as shown in Fig. 2.4 wherein the spherical particle B of a material
is just being caught between the rolls. A and A' are the centres of two crushing rolls
of radius r.
T
T cos a a

E
D R
B

C

R+

a

r

N a

N sin a
A

a
r

o

r+d

A

d
d

Fig. 2.4 : Action of crushing rolls
•

•

•

The line AB passes through the centre of the left-hand roll, through the centre of
particle, and through point C where the particle is in contact with the roll. Let the
angle between line AB and the horizontal i.e. line joining two centres of rolls be 'α'.
The line OD is tangent to the roll at point 'C'. As the line OD is perpendicular to line
AB, it makes the same angle α with the vertical. Neglecting the gravity force, the two
forces acting at point C are : the tangential frictional force T having a vertical
component T cos α, and the radial force 'N', having a vertical component N sin α.
The force T is related to the force N through the coefficient of friction µ, so T = µN.
The vertical components of the forces T and N are opposed. Force N sin α
(a resolved component of the force N) tends to expel the particle from the rolls, while
force T cos α tends to draw the particle between the rolls. If the particle is to be
drawn between the rolls and crushed,
T cos α ≥ N sin α
… (2.10)
T and N are related through
T = µN
… (2.11)
∴
µ N cos α ≥ N sin α
… (2.12)
µ ≥ tan α
… (2.13)
That is, the tangent of angle 'α' must be less than the coefficient of friction. The value
of µ varies from material to material, but for all practical purposes, the value of the
angle α is usually taken about 16o. The angle DOE, which is twice the angle α,
is called the angle of nip.
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•

Angle of nip is the angle formed by the tangents to the roll faces at a point of contact
with a particle to be crushed.

•

Let R be the radius of the feed particle, r be the radius of the roll and 2d be the
distance/gap between the rolls (the diameter of the largest particle in the product).
a

R B
r

a
G

A

A'

d

Fig. 2.5 : Capacity of crushing rolls
Then, in the triangle ABG (Fig. 2.5), the angle BAG is 'α' (half the angle of nip),
AG is r + d, and AB is r + R. Then, from the simple geometry of the figure, the angle
of nip is given by
AG
r+d
cos α = AB = r + R

… (2.14)

•

Equation (2.14) gives the relationship between the size of the feed, radius of rolls,
gap between the rolls, and the angle of nip. With this equation, the roll diameter can
be determined by knowing values of the size of feed, size of product and angle of nip.

•

If α = 16o, then cos α = 0.961 and we have
0.961 = (r + d)/(r + R)

•

… (2.15)

Crushing rolls are widely used for crushing of oil seeds and in the gun powder
industry.

GRINDERS
•

Grinding means sub-dividing the solids to a finer product than crushing. The size
reduction machines employed for an intermediate duty are referred to as grinders.
A grinder is often charged with the product from a crusher which it reduces to
powder. The commercial grinders described in this section are hammer mills and
revolving mills.
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Hammer Mill
Principle :
Size reduction is achieved by impact and attrition.
Construction :
Feed

Casing

Rotor

Hammer

Screen
Discharge

Fig. 2.6 : Hammer Mill
•

The hammer mill consists essentially of a high speed rotor turning inside a
cylindrical casing. The rotor is mounted on a shaft which is usually horizontal. The
swing hammers are pinned to a rotor disk. The hammers are rectangular bars of metal
with plain or enlarged ends. In this mill, the particles are broken by the sets of swing
hammers. The product falls through a grate or screen which forms the lower portion
of the casing.

•

Several rotor disks each carrying four to eight swing hammers are often mounted on
a single shaft. The rotor disk diameter ranges from 150 mm to 250 mm. As the
hammers are hinged, the presence of any hard material does not cause damage to the
equipment. The hammers can be readily replaced when they worn out.
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Working :
•

The material to be crushed is fed from the top of the casing. The shaft is rotated at a
high speed and centrifugal force causes the hammers to swing out radially. The
material is beaten by the hammers around inside of the casing and by impact against
the breaker plates (located on inside of the casing) or the screen is crushed until it is
small enough to fall through the screen.

•

Hammer mills are employed to grind tough fibrous solids like bark or leather, steel
turnings, hard rock, sticky clay, etc.

Revolving Mills / Tumbling Mills
• A revolving/tumbling mill is a cylindrical shell slowly rotating on a horizontal axis
and charged with a grinding medium to about half its volume. The shell is usually
made of steel and lined with abrasion resistant materials such as manganese steel,
ceramic or rubber. The grinding medium is usually made of flint, ceramic or metal.
Ball, pebble, tube and rod mills are the various types of revolving mills. The ball mill
differs from the tube mill in that it is short in length; the length is approximately
equal to its diameter.
• The grinding medium more commonly used in the ball mill is steel balls.
• The tube mill is usually long in comparison with its diameter; the length being twice
the diameter or more. It employs smaller balls, and produces a finer product. The
pebble mill is a tube mill employing flint or ceramic pebble as a grinding medium.
• The rod mill employs metal rods (steel rods) as a grinding medium and delivers more
uniform product than any other revolving mills. In a ball mill, or pebble mill, much
of the reduction is effected by impact, while in a rod mill, much of the reduction is
effected by rolling, compression and attrition. The ball mill and pebble mill are very
easy to operate and versatile in use.
• Revolving mills may be operated batchwise or continuously. In a batch machine,
a known quantity of the material to be ground is charged into the mill through an
opening in the shell. The opening is then closed and the mill is rotated for a certain
time, and finally the product is discharged. In continuous mill, the material flows
steadily through the revolving shell, entering and leaving through hollow trunions at
opposite ends of the mill.
Ball Mill
Principle :
• It works on the principle of impact, i.e., size reduction is done by impact as the balls
drop from near the top of the shell.
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Construction :
•

A ball mill consists of a hollow cylindrical shell rotating about its axis. The axis of
the shell may be either horizontal or at a small angle to the horizontal. It is partially
filled with balls. The grinding medium is the balls which may be made of steel,
stainless steel or rubber.

•

The inner surface of the cylindrical shell is usually lined with an abrasion-resistant
material such as manganese steel or rubber. The length of the mill is approximately
equal to its diameter.
Drive gear

Product outlet
with screen
Liner
Feed

Product

Feed
inlet
Large
balls

Small balls

Shell

Fig. 2.7 : Conical Ball Mill
•

The balls occupy about 30 to 50 percent of the volume of the mill. The diameter of
ball used is/lies in between 12 mm and 125 mm. The optimum diameter is
approximately proportional to the square root of the size of the feed. The shell is
rotated at low speed through a drive gear (60-100 rpm) and in a large ball mill, the
shell might be 3 m in diameter and 4.25 m in length.

•

The ball mill may be operated in a batch or continuous fashion, wet or dry. In a
continuously operated mill as shown in Fig. 2.7, the outlet is normally covered with a
coarse screen to prevent the escape of the balls.

Unit Operations-I

2.16

Size Reduction of Solids

Cylindrical shell
Cover/
closure

Bearing housing

Gear box
and motor

Ball

Charge

Liner

Support

Fig. 2.8 : Batch operated Ball mill (Lab. scale)
Working :
• In case of continuously operated ball mill, the material to be ground is fed from the
left through a 60o cone and the product is discharged through a 30o cone to the right.
As the shell rotates, the balls are lifted up on the rising side of the shell and then they
cascade down (or drop down on to the feed), from near the top of the shell. In doing
so, the solid particles in between the balls are ground and reduced in size by impact.
• The mill contains balls of various ages and sizes since the balls continually wear by
attrition and are replaced by new ones. As the shell rotates, the large balls segregate
near the feed end and small balls segregate near the product end/discharge. The
initial breaking of the feed particles is done by the largest balls dropping from the
largest distance and small particles are ground by small balls dropping from a much
smaller distance. If the rate of feed is increased, a coarser product will be obtained
and if the speed of rotation is increased (less than critical speed), the fineness for a
given capacity increases.
• During grinding, balls themselves wear and are constantly replaced by new ones
so that mill contains balls of various ages and thus of various sizes.
• In case of batch operated mill, a known quantity of material to be ground is charged
into the mill through the opening in the shell. The opening is then closed and the mill
is rotated for a predecided time. It is then stopped and the product is discharged.
Applications : The ball mill is used for grinding materials such as coal, pigments, and
felspar for pottery.
Grinding can be carried out either wet or dry but the former is carried at low speeds.
The advantages of wet grinding include lower power consumption (20-30% less than it
for dry grinding), increased capacity, reduction in the formation of fines/dust, facilitates the
removal of the product and no dust formation.
The disadvantages of wet grinding include necessity to dry the product and high wear
on the grinding medium (about 20% higher as compared to dry grinding).
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Factors influencing the size of the product :
(a) Feed rate : With a high feed rate, less size reduction is resulted since in this case
the material is in the mill for a shorter time.
(b) Properties of the feed material : With a hard material, a smaller size reduction is
achieved.
(c) Weight of balls : With a heavy charge of balls, we get a fine product. We can
increase the weight of the charge by increasing the number of balls or by using a
ball material of higher density. Optimum grinding conditions are obtained when the
volume of the balls is equal to 50% that of the mill. So the variation in the weight of
balls is done by using materials of different densities.
(d) Speed of rotation of the mill : At low speeds, the balls simply roll over oneanother and little grinding is obtained, while at very high speeds, the balls are
simply carried along the walls of the shell and little or no grinding takes place. So
for an effective grinding, the ball mill should be operated at a speed (optimum
speed) equal to 50 to 75 percent of the critical speed.
(e) Level of the material in the mill : A low level of material in the mill results into a
reduction in the power consumption. If the level of material is increased, the
cushioning action increases and power is wasted by the production of undersize
material in an excessive quantity.
Advantages of the Ball Mill :
(i)

The cost of installation is low.

(ii)

The cost of power required is low.

(iii) It is suitable for materials of all degrees of hardness.
(iv) It is suitable for batch as well as continuous operation.
(v)

It can be used for grinding of certain explosive materials since it can be used with
an inert atmosphere.

(vi) It is suitable for open as well as closed circuit grinding.
(vii) The grinding medium is cheap.
Action in Revolving / Tumbling mills
• When the revolving mill is in operation, the balls are picked up by the mill wall and
are carried near the top of the mill. The balls then break contact with the wall and
drop down to the bottom. During the upward movement of the balls, centrifugal force
keeps the balls in contact with the wall and with each other. The balls when in
contact with the wall surface, perform some grinding by slipping and rolling over
each other, but most of the grinding takes place when free falling balls strike the
bottom of the mill (by impact).
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• The balls are projected across the mill depending upon the speed of rotation. At low
speeds of operation, the balls simply roll over each other resulting into little crushing
action. If the mill is operated at slightly higher speeds, the balls will be carried up
further inside the mill and greater will be the power consumption. But at the same
time, as the balls fall down from higher distances, greater will be the impact at the
bottom, and larger will be the capacity of the mill.
• If the mill is operated at very high speeds, the balls are carried right round in contact
with the sides of the mill and the mill is said to be centrifuging.
• The minimum speed at which centrifuging occurs is called the critical speed of the
mill, and under these conditions, centrifugal force will be exactly balanced by the
weight of the ball. Little or no grinding takes place when the mill is centrifuging.
• If the mill is to operate practically, the operating speed must be less than the critical
speed.
Derivation of the critical speed of a ball mill
• The speed at which the outermost balls break contact with the wall depends on the
balance between centrifugal force and gravitational force. This can be shown with the
help of Fig. 2.9. Consider the ball at point B on the periphery of the ball mill. Let R
be the radius of the mill and r be the radius of the ball. R–r represents the distance
between the centre of the ball and the axis of the mill. Let 'α' be the angle between
OB and vertical through the point O. The forces acting on the ball are :
1. The force of gravity, mg where 'm' is the mass of the ball and
2. The centrifugal force, mv2/(R – r), where 'v' is the peripheral speed.
• The component of gravity opposing the centrifugal force (centripetal component) is
(mg) cos α. As long as the centrifugal force exceeds the centripetal component of the
force of gravity, the particle will not lose contact with the wall. As the angle α
decreases, the centripetal force increases. Unless the speed crosses the critical value,
a stage is reached where the above opposing forces are equal and the ball is ready to
fall away from the wall. The angle at which the said phenomenon occurs is found out
by equating the two opposing forces. Thus,
mv2
mg cos α = (R – r)
v2
cos α = (R – r) g

… (2.16)
… (2.17)
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The relationship between the peripheral speed and the speed of rotation is given by
v = 2π N (R – r)

… (2.18)

Substituting the value of v from equation (2.18) into equation (2.16), we get
cos α =

4π2 N2(R – r)
g

… (2.19)

2

mv
(R-r)

B
m

s
co
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r
R-

r

g

mg

a
O

R

Fig. 2.9 : Forces on ball in Ball mill
At the critical speed : α = 0, and thus cos α = 1 and N becomes the critical speed Nc.
2

∴

4π2 Nc (R – r)
cos α = 1 =
g

… (2.20)

Nc =

g
4π (R – r)

… (2.21)

Nc =

1
2π

… (2.22)

2

2

g
R–r

The operating speed/optimum speed of the ball mill is between 50 and 75 percent of
the critical speed.
Comparison of Crushing and Grinding Operation :
Crushing as well as grinding are aimed at size reduction. But there are certain
differences in these operations which are cited below.

Unit Operations-I

2.20

Crushing

Size Reduction of Solids

Grinding

1.

The solid particles are reduced in size by 1.
compression.

The solid particles are reduced in size
by impact and attrition.

2.

It is aimed at breaking large pieces of 2.
solid material into small lumps.

It is aimed at reducing crushed feed to
powders.

3.

Mostly crushing equipments
operated in open-circuit.

Grinding equipments are
operated in closed-circuit.

4.

When crushers are operated in closed- 4.
circuit, dry screens are used as a size
separation unit.

In grinders operated in closed-circuit,
some sort of classifier is used as a size
separation unit.

5.

This operation is performed on dry feed 5.
material.

This operation can be performed on
dry as well as wet feed.

6.

In crushing operation, the reduction ratio 6.
seldom exceeds 6 to 8.

In grinding operation, the reduction
ratio as high as 100 is possible.

7.

Crushing is usually one shift operation as 7.
residence time in the crusher is less and
throughput is large.

Grinding is carried out in all shifts as
in the grinding machines the residence
time is larger and throughput is
smaller.

8.

Crushers are of two types, e.g., primary 8.
crushers and secondary crushers.

Grinders are of two types, e.g., fine
grinders and ultrafine grinders.

9.

Crushers are heavy duty, low speed 9.
machines.

Grinders are relatively light duty, high
speed machines.

are 3.

always

10. In coarse crushing, the feed size is 1500 10. In fine grinding, the size of feed is 5 to
to 40 mm and product size is 50 to
2 mm and product size is 0.1 mm
5 mm.
(about 200 mesh).
11. Energy consumption per unit mass of 11. Energy consumption per unit mass of
product is low due to coarse particle
product is high due to fine particle
production.
production.

Ultrafine Grinders
• Many commercial powders must contain particles averaging 1 to 20 µm in size. Mills
which reduce solids to such fine particles are called as ultrafine grinders.
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Fluid Energy Mill
•

Grinding takes place by attrition.

•

A fluid energy mill is a size reduction unit in which size reduction results from
attrition between rapidly moving particles of the material being ground. A source of
compressed air or gas or high pressure superheated steam that enters the grinding
chamber through nozzles in the periphery at high speed provides energy to the
particles to achieve high velocities.
In fluid energy mill there is no moving parts and no grinding media.
It consists of a flat horizontal cylindrical chamber provided with tangentially
arranged jet nozzles in the inner wall. The energy for milling (grinding) is supplied
by a compressed air or nitrogen gas. The compressed air/gas issuing through the
nozzles forms a very high velocity tangential circle within the grinding chamber.
The material to be ground is fed into the same tangential circle through a venturi
feeder. The material in the circle gets rapidly accelerated, causing it to impact
against itself, hence breaking the particles to the low micron range. The particles
that are larger in size are held towards the outer periphery of the chamber by
centrifugal force, while the particle smaller in size travel in a spiral movement
towards the central outlet from where they exit into a cyclone below for bottom
discharge.
The fluid energy mill can handle powders having an initial size ranging from
150 microns and can grind materials upto one micron. Usually powders from
pulverizers are handled in it. The materials that can be processed include food
products, antibiotics, pigments, dyes, cosmetics, etc.

•
•

•

Open-Circuit and Closed-Circuit Grinding
• In many machines, the feed material is reduced to satisfactory size by passing it
once through the machine.
• If the material is passed only once through the machine (crushing or grinding), and
no attempt is made to return the oversize material to it for further reduction, the
process is known as open-circuit grinding.
• If the partially ground material from the machine is sent to a size separation unit,
from where the undersize is withdrawn as the product and the oversize material is
returned to the machine for reground, the process is known as closed-circuit
grinding.
• In case of coarse particles, the size separation unit is a screen or grizzly while it is
some form of classifier in case of fine powders. Closed-circuit grinding though
useful for any crusher, it is commonly employed to machines yielding a fine
product.
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Open Circuit Grinding
•

Open circuit grinding consists of one or more grinding mills arranged in series or
parallel without classification equipment. This method discharges a final ground as
it comes from a mill and there is no return of coarse discharge back to the mill.

•

Some examples of open circuit grinding are : (i) Ball mill, (ii) Rod mill and
(iii) Combination of ball mill and rod mill.
Ball mill

Feed

Product

Rod mill

Feed

(a)
Feed

Product

(b)
Rod mill

Ball mill

Product

(c)
Fig. 2.10 : Open circuit grinding systems
•

Some conditions that favour open circuit grinding are : (i) Small reduction ratios and
(ii) Coarse reduction of particles.

•

Advantages of open circuit grinding are : (i) Simplicity of operation, (ii) Minimum
equipment requirements.

Closed Circuit Grinding
•

Closed circuit grinding consists of one or more grinding mills with classification
equipment. The mills discharge ground product to classifier which returns the coarse
product from it to the mill for further grinding.

•

Some examples of closed circuit grinding are : (i) Ball mill and classifier, (ii) Rod
mill and classifier and (iii) Rod mill, ball mill and classifier.
Oversize
recycle
Feed

Ball mill

Classifier

Product

(a)
Oversize
recycle
Feed

Rod mill

Ball mill

Classifier

Product

(b)
Fig. 2.11 : Closed circuit grinding systems
•

Some advantages of closed circuit grinding are : (i) higher capacity, (ii) lower power
consumption per ton of product, (iii) suitable for reduction to fine and ultrafine
sizes, (iv) avoids coarse material in the final ground product by returning it to the
mill, (v) eliminate overgrinding by removing fines early.
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Some conditions that favour closed circuit grinding are : (i) larger reduction ratios
and (ii) fine reduction of particles.
The equipments which are used in industry are :
1.
Jaw crusher in Cement Industry.
2.
Ball mill in Paint Industry.
3.
Ultrafine grinders in Cosmetic and Pharmaceutical Industries.
4.
Cutters in Leather Tanning Industry.
5.
Hammer mill in Food Industry.
Size reduction operation is carried out in coal washeries, ore processing, cement
industry, paint industry, chemical industry and food processing industry.
•

SOLVED EXAMPLES
Example 2.1 : A certain crusher accepts a feed material having a volume-surface mean
diameter of 19 mm and gives a product of volume-surface mean diameter of 5 mm. The
power required to crush 15 tonnes per hour is 7.5 kW. What will be the power consumption if
the capacity is reduced to 12 tonnes per hour ?
Solution : We have,
P
1 – 1 
• = Kr 
– 
–
m
Dsb Dsa 
– –
•
where P is the power consumption in kW, m is the feed rate in t/h and Dsb, Dsa is the
surface-volume mean diameters of product and feed respectively.
–
–
•
Case I : P = 7.5 kW, m = 15 t/h, Dsb = 5 mm = 0.005 m , Dsa = 19 mm = 0.019 m
7.5
 1 – 1 
=
K
r
15
0.005 0.019
Kr = 3.4 × 10–3
•

Case II : m = 12 t/h, P = ?, Kr = 3.4 × 10–3
P
1 
1
–3 
12 = 3.4 × 10 0.005 – 0.019 
P = 6 kW
… Ans.
Example 2.2 : What will be the power required to crush 150 tonnes per hour of
limestone if 80 percent of the feed passes 50 mm screen and 80 percent of the product a
3.125 mm screen ?
Work index of limestone = 12.74.
Solution : We have,
P
 1 – 1 
• = 0.3162 Wi 
Dpd
m
 Dpb
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In this equation, P is in kW and Dp is in mm.
•

m = 150 t/h, Wi = 12.74
Dpb = product size = 3.125 mm
Dpa = feed size = 50 mm
P
 1
150 = 0.3162 × 12.74  3.125 –

1 

50

P = 256.4 kW

… Ans.

Example 2.3 : Find out the critical speed of the ball mill by using the following data :
Diameter of ball mill = 450 mm
Diameter of ball = 25 mm
Solution : Data : Diameter of ball mill = 450 mm
Diameter of ball = 25 mm
The critical speed of a ball mill is given by Nc =

∴

∴

D
D = 450 mm
R
Diameter of ball

=
=
=
=
=
r =
g =

1
2π

g
R – r , in r.p.s.

diameter of ball mill in m
0.45 m
0.225 m
25 mm
0.025 m
0.0125 m
9.81 m/s2

9.81
1
0.225 – 0.0125 = 1.08 r.p.s.
2π
= 1.08 × 60 = 64.88 r.p.m. ≈ 65 r.p.m.
Critical speed = 65 r.p.m.
Nc =

… Ans.

Example 2.4 : A pair of rolls is to take a feed equivalent to sphere 38 mm in diameter
and crush them to sphere having a diameter of 12.7 mm. If the co-efficient of friction is 0.29,
what should be the diameter of the rolls ?
Solution : µ = co-efficient of friction = 0.29.
For particles to be drawn between the rolls and crushed µ > tan α, where α is half the
angle of nip. Hence α should be less than tan–1 (0.29) or 16o 17'. So for margin of safety, take
angle of nip to be 16o.
For crushing rolls, we have
r+d
cos α = r + R
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r = radius of roll
d = radius of largest possible particle in the product
12.7
d = 2 mm = 6.35 mm
R = radius of feed particle
= 38/2 = 19 mm

Substituting the values of R, d and α in above equation
r + 6.35
cos (16) = r + 19
0.96126 (r + 19) = r + 6.35
r = 307.5 mm

∴

Diameter of rolls = 2r = 2 × 307.5 = 615 mm
These odd size rolls are not made. Therefore, the diameter of rolls is 600 mm. … Ans.
Example 2.5 : Calculate the operating speed of the ball mill from the following data :
(i)

Diameter of ball mill = 500 mm

(ii)

Diameter of ball = 40 mm

(iii) Operating speed is 50% of the critical speed of the mill.
Solution : The critical speed of the ball mill in revolutions per second is given by,
Nc =
where

1
2π

g
R–r

g = 9.81 m/s2

Diameter of ball mill = 500 mm = 0.5 m
∴

R = radius of ball mill = 0.25 m
Diameter of ball = 40 mm = 0.04 m

∴

r = radius of ball = 0.02 m
Nc =

1
2π

9.81
0.25 – 0.02

= 1.04 r.p.s.
= 1.04 × 60 = 62.4 r.p.m. ≅ 62 rpm
The operating speed of ball mill = 0.5 Nc
= 0.5 × 62
= 31 r.p.m.

… Ans.
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Example 2.6 : What rotational speed, in revolutions per minute, would you recommend
for a ball mill 1200 mm in diameter charged with 75 mm balls ?
Solution : The critical speed of ball mill is given by
Nc =
where

∴

g
R
Diameter of ball mill
R
r

=
=
=
=
=

1
2π

g
R – r , in r.p.s.

9.81 m/s2
radius of the ball mill
1200 mm
1200 / 2 = 600 mm = 0.60 m
radius of the ball

Diameter of the ball = 75 mm
∴

r = 75/2 = 37.5 mm = 0.0375 m
Nc =

1
2π

9.81
0.60 – 0.0375

= 0.665 r.p.m.
= 39.90 r.p.m. ≈ 40 r.p.m.
Operating speed of the ball mill is 50 to 75% of the critical speed.
Operating speed = 50 to 75% of 40 r.p.m.
= 20 to 30 r.p.m.
The rotational speed that can be recommended is between 20 to 30 r.p.m.

… Ans.

Example 2.7 : A certain set of crushing rolls has rolls of 1000 mm diameter and
375 mm width face. They are set so that the crushing faces are 12.5 mm apart. The
manufacturer recommends their speed to be 50 to 100 r.p.m. They are employed to crush a
rock having specific gravity 2.35 and the angle of nip is 31o 30'. What is the maximum
permissible size of the feed and maximum actual capacity of rolls in tonnes per hour if the
actual capacity is 12% of the theoretical ?
Theoretical capacity in t/h, Q = 4.352 × 10–7 N.D.w.d.s
where N in r.p.m., D (roll diameter) in mm, w (width) in mm, d (half the gap/width between
roll surface) in mm and s (specific gravity).
Solution : For crushing rolls, we have :
r+d
cos α = r + R
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r = radius of roll = 1000/2 = 500 mm
d = (gap between the rolls)/2 = 12.5/2 = 6.25 mm
R = radius of feed particle in mm

For a margin of safety, take 2α = 31o
∴

α = 15o
cos α = 0.9659
500 + 6.25
0.9659 = 500 + R

∴

R = 24.12 mm

Diameter of the feed particle = 48.24 mm ≈ 48 mm.
Theoretical capacity of the rolls is given by
for N = 50 r.p.m.
= 4.352 × 10–7 × N × D × w × d × s
where
= 1000 mm
= 375 mm
= 6.25 mm
= 2.35
= 4.352 × 10–7 × 50 × 1000 × 375 × 6.25 × 2.35
= 119.85 t/h
Actual capacity at 50 r.p.m. = 12% of theoretical
= 0.12 (119.85)
= 14.38 t/h
For N = 100 r.p.m.
Q theoretical = 2 × 119.85 = 239.7 t/h
Actual capacity at 100 r.p.m. = 0.12 (239.7)
= 28.76 t/h
Maximum capacity (at speed of 100 r.p.m.) = 28.76 t/h.

… Ans.

Q
D
w
d
s
Q

… Ans.

Example 2.8 : Calculate the operating speed of the ball mill from the data given
below :
Diameter of ball mill = 800 mm, diameter of ball = 60 mm
If (I) operating speed is 55% less than the critical speed.
(II) critical speed is 40% more than the operating speed.
Solution : The critical speed of a ball mill is given by
Nc =

1
2π

g
R – r , in r.p.s.

where R is radius of a ball mill and r is the radius of ball.
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g = 9.81 m/s2
R = 800/2 = 400 mm = 0.40 m
r = 60/2 = 30 mm = 0.03 m
Nc =

1
2π

9.81
0.40 – 0.03

= 0.82 r.p.s.
(I)

Operating speed is 55% less than the critical speed.
55% of the critical speed = 0.55 × 0.82 = 0.45 r.p.s.

∴

Operating speed = 0.82 – 0.45 = 0.37 rps (22 r.p.m.)

OR :

Operating speed = (1 – 0.55) × Critical speed
= (1 – 0.55) × 0.82) = 0.37 r.p.s.

… Ans.

… Ans.

(II) Critical speed is 40% more than the operating speed.
Critical speed = 1.40 (operating speed)

∴

Operating speed = 0.82/1.40

∴

= 0.586 r.p.s. (35 r.p.m.)

… Ans.

Example 2.9 : A certain set of crushing rolls has rolls of 1000 mm diameter by 375 mm
width of face. They are set so that the crushing surfaces are 12 mm apart at the narrowest
point. The angle of nip is 30o. What is the maximum permissible size of feed ?
Solution :

r = radius of roll = 1000/2 = 500 mm
R = radius of feed particle = ?
d = gap between the rolls / 2 = 12/2 = 6 mm
α = angle of nip/2 = 30/2 = 15o

For crushing rolls, we have :
r+d
cos α = r + R
500 + 6
cos (15) = 500 + R
500 + 6
0.9659 = 500 + R
∴

R = 23.86 mm
Size of feed particle = 2R = 2 × 23.86 = 47.72 mm ≈ 48 mm

… Ans.
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Example 2.10 : What should be the diameter of a set of rolls to take feed of size
equivalent to 38 mm spheres and crush to 12.7 mm ?
The co-efficient of friction is 0.35.
Solution :
µ = tan α
∴
tan α = 0.35
∴
α = tan–1 0.35 = 19.29o
cos α = 0.944
For crushing rolls, we have :
r+d
cos α = r + R
where

r = radius of roll = ?
38
R = radius of feed particle = 2 = 19 mm
12.7
d = gap between rolls / 2 = 2 = 6.35 mm.
r + 6.35
0.944 = r + 19

r = 206.9 mm
Diameter of the rolls = 2r = 2 (206.9) = 413 mm
Diameter of the rolls = 413 mm.
Such odd sizes are not available, so 400 mm rolls should be used.
Diameter of rolls = 400 mm
… Ans.
For µ > tan d, the problem may be solved by taking a value of α slightly lower.
∴

Important Points
•
•
•
•
•

•

Size reduction refers to an operation wherein particles of solids are cut or broken
into smaller pieces.
Crushing efficiency : It is defined as the ratio of the surface energy created by
crushing to the energy absorbed by the solid.
Rittinger's law : It states that the work required for reduction of particle size is
directly proportional to the new surface created.
Kick's law : It states that the work required for crushing a given material is
proportional to the logarithm of the ratio between the initial and final diameters.
Bond' law : It states that the work required to form particles of size Dp from very
large feed is proportional to the square root of the surface-to-volume ratio of the
product (Sp/vp), Sp/vp = 6/φsDp.
Crushers are slow-speed machines employed for coarse reduction of large quantities
of solids.
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•

Angle of nip is the angle formed by the tangents to the roll faces at a point of contact
with a particle to be crushed.

•

A revolving mill is a cylindrical shell slowly rotating on a horizontal axis and
charged with a grinding medium to about half its volume.

•

The minimum speed at which centrifuging occurs in a ball mill is called the critical
speed of the ball mill.

•

Open-circuit grinding consists of one or more grinding mills arranged in series or
parallel without classification equipment, whereas closed-circuit grinding consists of
one or more grinding mills with classification equipment.

Practice Questions
1.

Give the classification of size-reduction machines.

2.

Name the four common ways of breaking solids in size-reduction machines.

3.

Describe the construction of Blake jaw crusher.

4.

Write in brief the construction and operation of ball mill.

5.

What do you mean by closed-circuit grinding and open-circuit grinding ?

6.

State why centrifuging is not desirable in a ball mill.

7.

Define critical speed and give the formula for calculating the critical speed.

8.

Define angle of nip and give the relationship between angle of nip, feed size, gap
between rolls and diameter of rolls.

9.

Draw a neat diagram of jaw crusher and name its parts.

10. State Rittinger's and Kick's law.
11. What should be the diameter of set of rolls which accepts feed equivalent to
spheres of 50 mm in diameter and crush them to spheres having a diameter of
15 mm ? The co-efficient of friction is 0.30.
(Ans. 750 mm)
12. Differentiate between crushing and grinding operation.
13. Differentiate between jaw crusher and gyratory crusher.
14. Draw a neat diagram of conical ball mill and name its parts.
15. Differentiate between Blake jaw crusher and Dodge jaw crusher.

❐❐❐

CHAPTER THREE

SIZE SEPARATION OF SOLIDS
INTRODUCTION
• Solids may be separated from solids in the dry state by methods such as screening
(size separation-separation according to size), magnetic separation and electrostatic
separation. In this chapter, we will deal with screening.
• In chemical industry, the problem of separating solid particles that is encountered is
that of separation of a single solid material into a number of size fractions or to
obtain an uniform material for incorporation in a system wherein a certain chemical
reaction is occurring.
CONCEPT AND IMPORTANCE OF SCREENING OPERATION
Screening :
(i) A method of separating solid particles according to size alone is called screening.
(ii) Screening is an operation for separating solids on the basis of size alone.
(iii) It refers to the separation of solid materials on the basis of size using screens of
known openings.
(iv) Screening is the separation of a mixture of solid particles of various sizes into two or
more fractions by means of a screening surface.
• In screening, a mixture of solid particles of various sizes is dropped on a screening
surface/screen (a surface provided with suitable openings) which acts as a multiple
go and no-go gage. The material that passes through a given screen/screening surface
is called the undersize or minus (–) material while the material that remains on the
screen/screening surface is called the oversize or plus (+) material.
• A single screen can make a single separation of the material charged into two
fractions. These are called unsized fractions as only the upper or lower limit of the
particle sizes they contain is known and the other limit is not known. The material
can be separated into sized fractions i.e. the fractions in which both the maximum
and minimum particle sizes are known, by passing it through a series of screens of
different sizes. Screening is much more commonly adopted for dry particulate solids
and occasionally for wet particulate solids. In this topic, we will limit our discussion
to screening of dry particulate solids.
Materials for Screens :
Industrial screens are made from metal bars, woven wire cloth, silk bolting cloth,
perforated or slotted metal plates. Many varieties and types of screens are available for
different purposes but we will discuss few representative types.
(3.1)
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Necessity of or reasons for carrying out screening operation/importance of screening
operation :
The screening operation is industrially carried out in order to
(i) remove the fines from a feed material before a reduction equipment such as jaw
crusher, ball mill or rod mill,
(ii) prevent an incompletely crushed material (oversize) from entering into other unit
operations,
(iii) produce a commercial or process-grade material to meet specific particle size limits,
(iv) remove the fines from a finished product prior to shipping.
CLASSIFICATION OF SCREENS ON THE BASIS OF PERFORMANCE
Comparison of Ideal and Actual screens
• The objective of a screen is to accept a mixture of various sizes of grains and separate
it into two fractions, namely an underflow and overflow. The underflow is the one
that is passed through the screen and the overflow is the one that is rejected by the
screen.
• An ideal screen is the one which sharply separates the feed mixture in such a way
that the smallest particle in the overflow is just larger than the largest particle in the
underflow. The ideal separation defines a cut diameter Dpc (a typical particle
dimension) which makes the point of separation between the undersize and oversize
fractions and is nearly equal to the mesh opening of the screen.
• Fig. 3.1 (a) shows the performance of an ideal screen in terms of the screen analysis
of the feed. The point 'C' in the curve is a cut point. The fraction A consists of all
particles larger than cut diameter (Dpc) while the fraction B consists of all particles
smaller than cut diameter.
1.0

1.0
B

f

Oversize
=A

C
f
Undersize
=B

A

Dpc

Dpc

0

0

Dp
c = cut point

Dp

(a) Ideal screening

(b) Screen analysis of products from ideal screening
Overlap
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XD

0

Ov

e
Fe

d

Un

ize
ers
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f

Dpc
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(c) Actual screening
Fig. 3.1 : Ideal versus actual screening
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Material A is the overflow and material B is the underflow. Fig. 3.1 (b) shows the
screen analysis of the ideal fractions A and B. The first point on the curve for B and
the last point on the curve for A have the same abscissa, and there is no overlap of
these curves.
• Actual screens do not yield a sharp separation. With actual screens, the screen
analysis of the overflow and underflow are similar to those shown in Fig. 3.1 (c). The
overflow is found to contain the particles smaller than the cut diameter, and the
underflow is found to contain particles larger than the cut diameter. The curves for A
and B overlap.
• With standard testing screens, it is possible to get the closest separations in case of
spherical particles. In this case also there is some overlap. In case of needlelike,
fibrous particles or particles which have tendency to aggregate into clusters, the
overlap is of a higher magnitude. Commercial screens usually give poorer
performance than testing screens of the same mesh handling the same feed mixture.
Comparison of Ideal screen and Actual screen :
Ideal screen
Actual screen
1. Yields sharp separation.
1. Does not yield sharp separation.
2. Efficiency of the screen is 100%.
2. Efficiency of the screen is less than
100%.
3. Such screens do not found in practice / 3. Such screens are available in practice.
reality.
4. The overflow will contain only particles 4. The overflow may also contain particles
large than the cut diameter.
small than the cut diameter.
5. Underflow will contain only particles 5. Underflow may also contain particles
smaller than the cut diameter.
larger than the cut diameter.
•

TYPES OF STANDARD SCREEN SERIES
• Most particulate systems which are of practical interest consist of particles of a wide
range of sizes. A number of methods of particle-size determination are available but
most particle-size determinations are made by the screen analysis when the particles
are within the size range that can be measured by screens.
• Usually, for carrying out the analysis, standard screens of either the Tyler standard
screen series, U.S. sieve series or Indian standard sieves are used. The testing sieves
with square openings are constructed of woven wire screens, the mesh and
dimensions of which are standardised. Every screen is identified in meshes per inch.
• In coarse screens, the term mesh refers to the distance between adjacent wires or
rods. While in fine screens, the mesh is the number of openings per linear inch
counting from the centre of any wire to a point exactly one inch distant (e.g., a 200mesh screen will have 200 openings per linear inch).
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•

The minimum clear space between the edges of the opening in the screening surface
is termed as screen aperture or screen-size opening.

•

The Tyler standard screen series is based on a 200-mesh screen with a wire
0.0053 mm (0.0021 in) in diameter, giving a clear opening of 0.074 mm
(1/200 – 0.0021 = 0.0029 in).

•

The screens coarser than a 200-mesh screen have their mesh and wire diameter so
adjusted that the area of opening in any one screen is approximately twice the area of
the opening in the next finer screen. This means that the ratio of the linear size of the
openings in any screen to that in the next finer screen is 2 (1.41) . Therefore, a
150-mesh screen will have an opening of 0.104 mm ( 2 × 0.0029 = 0.0041 in) with a
wire of 0.064 mm (1/150 – 0.0041 = 0.0026 in) diameter.

•

Testing sieves of the Tyler standard sieve series are used to determine the efficiencies
of screening equipments and work of crushing and grinding machinery.

•

The Indian Standard test sieves satisfy requirements of IS : 460 (Part-I) for the wire
cloth test sieves and IS : 460 (Part-II) for the perforated plate test sieves with respect
to widths of aperture, wire diameter and screening areas. The sieves from 22 micron
to 5.6 mm size have woven wire cloth fixed in spun brass frames. The sieves of size
5.6 mm to 125 mm are of woven wire cloth or perforated sheet in GI frames.

Type of Screen Analysis
There are two methods of reporting screen analysis : (1) Differential analysis,
(2) Cumulative analysis.
•

Differential Analysis : The screen analysis in which the weight fraction of the
material retained on each screen is reported in a tabular or a graphical form as a
function of the mesh size/screen opening is called differential analysis.

•

Cumulative Analysis : The screen analysis in which the cumulative weight fraction
of the material retained (cumulative oversize) or passing through (cumulative
undersize) each screen is reported in a tabular or a graphical form as a function of
the screen opening is called cumulative analysis.

•

The fine particles are generally specified according to their screen analysis. A screen
analysis of a material is carried out by using testing sieves. A set of standard screens
is arranged serially in a stack in such a way that the coarsest of the screens is at the
top and the finest of the screens is at the bottom.
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•

An analysis is carried out by placing the sample on the top screen and shaking the
stack in a definite manner, either, manually or mechanically, for a definite length of
time. The material retained on each screen is removed and weighed.

•

For reporting the screen analysis, the amount of material retained on each screen is
expressed as the weight fraction of the total sample.

•

The screen analysis of a sample is reported either in a tabular form or as graphs. The
results of a screen analysis can be reported in a tabular form to show the weight
fraction of the material retained on each screen as a function of the mesh size. As the
particles retained on any one screen are passed through the screen immediately above
it, two numbers are needed to specify the size, one for the screen through which the
fraction passes and the other for the screen on which that fraction is retained. Hence,
the notation 10/14 means through 10 mesh and on 14 mesh (i.e., the material is such
that it passes through the screen of mesh number 10 and collects on the screen of
mesh number 14). An analysis reported in a tabular form in this manner is called a
differential analysis.

•

The material that is retained on the screen is the oversize or plus (+) of that screen
and the material that passes it is the undersize or minus (–). Thus, a – 10 + 14
fraction means the fraction of the material that passes through a 10-mesh screen but
is retained on a 14-mesh screen.
Table 3.1 shows a typical differential screen analysis.
Table 3.1
Mesh
6/8

Screen opening
microns
2362

Avg. particle
size microns
2845

Weight fraction
retained
0.017

8/10

1651

2006

0.235

10/14

1168

1410

0.298

14/20

833

1000

0.217

20/28

589

711

0.105

28/35

417

503

0.062

35/48

295

356

0.028

48/65

208

252

0.017

65/100

147

178

0.010

100/150

104

126

0.005

150/200

74

89

0.002

Pan

0.004
1.0
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The average particle size of the material retained on any particular screen (cited in
Table 3.1) is calculated as the arithmetic mean of two screen openings used to obtain
the fraction.
The second method of reporting screen analysis is a cumulative analysis. The
cumulative analysis is obtained from the differential analysis by adding cumulatively,
the individual weight fractions of material retained on each screen, starting with that
retained on the largest mesh, and tabulating or plotting the cumulative sums against
the screen opening of the retaining screen under consideration.
If we define φ by the equation of the form :
NT

φ = ∆φ1 + ∆φ2 + …… + ∆φN

•

T

=

∑

∆φN

… (3.1)

N=1

where ∆φ1, ∆φ2 …… are the weight fractions of material retained on screens 1, 2,
……… numbered serially from top of the deck.
Then, the cumulative analysis is the relation between φ and screen opening. The
quantity φ is the weight fraction of the sample that consists of particles larger than the
screen opening. For the entire sample, the value of φ is unity. The cumulative
analysis corresponding to the differential analysis of Table 3.1 is shown in Table 3.2.
Mesh
6
8
10
14
20
28
35
48
65
100
150
200
Pan

Table 3.2 : Cumulative screen analysis
Screen opening in
Cumulative fraction retained
micron
(φ
φ) (oversize)
3327
0.0
2362
0.017
1651
0.252
(0 + 0.017 + 0.235)
1168
0.55
(0 + 0.07 + 0.235 + 0.298)
833
0.767
589
0.872
417
0.934
295
0.962
208
0.979
147
0.989
104
0.994
74
0.996
–
1.0
φ = cumulative fraction retained on the screen

∴

1 – φ = cumulative fraction passing through the screen.
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The cumulative analysis is also reported by incorporating a cumulative fraction
passing through the screen as shown below :
Mesh

Screen
opening

Cumulative fraction
retained

Cumulative fraction
passing through screen

(oversize)

(undersize)

6

3327

0.0

1.0

8

2367

0.017

0.983

:

:

:

:

:

:

:

:

Pan

–

1.0

0.00

•

A graphical presentation of the screen analysis can be done on ordinary graph papers
but more conveniently on semilogarithmic papers where the size is plotted on a
logarithmic scale. A semilogarithmic plot avoids the crowding of most of the data
into small section of the diagram. The results of screen analysis represented as
fractional or cumulative distribution curves are shown in Fig. 3.2 (a) and (b).

•

The fractional distribution curve is a plot of the weight fraction of material retained
against the average particle size and the cumulative distribution curves shown in
Fig. 3.2 (c) are obtained by plotting the fraction of the total weight of particles having
a size greater than or less than a given screen opening against the screen opening.

Cumulative fraction retained

Weight fraction retained

0.25
0.2
0.10
0.1
0.05
0
100
1000
Average particle size in microns
Differential Analysis

(a) Fractional distribution curve

1.0

1.0
0.7
0.5

0.4
0.2
0.1
0

100
1000
Screen opening in microns

0.1
0
5000

5000

(b) Cumulative distribution curve

Cumulative fraction passing through

0.3
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Weight fraction retained

0.25
0.20
0.15
0.10
0.05

0

0.01 0.02 0.03 0.04 0.05 0.06 0.07
Average particle diameter

(c) Fractional distribution plot on ordinary graph paper

Weight fraction retained

Fractional distribution plot
on semilog graph paper
0.25
0.20
0.15
0.10
0.05
0
0.001 0.002 0.004 0.01 0.02 0.04 0.10
Average particle diameter (Dp) in

(d) Fractional distribution plot on semilog graph paper
Fig. 3.2 : Fractional and cumulative distribution curves
CAPACITY AND EFFECTIVENESS OF SCREENS
• The capacity and effectiveness are measures of the performance in industrial
screening. The capacity of a screen is the mass of material that can be fed per unit
time to a unit area of the screen. Capacity and effectiveness in screening operations
are closely related. For obtaining maximum effectiveness the capacity must be small,
and the large capacity is attainable only by reduction in the effectiveness. As the
capacity and effectiveness are opposing factors, a reasonable balance must be done
between them in actual practice.
•

One can control the capacity of a screen simply by varying the mass flow rate of feed
to the screening equipment. For a given capacity, the effectiveness that can be
achieved depends upon the nature of the screening operation. For a given undersize
particle, the overall chance of passage through the screen is a function of the number
of contacts between the particle and the screen surface, and the probability of its
passage in a single contact. When the screen is overloaded, the number of contacts is
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small and the probability of passage on contact is reduced due to the interference of
the other particles. The effectiveness is improved by reducing the capacity since then
there will be more contacts per particle and better chance for passage on each
contact.
•

The factors which tend to reduce the capacity and lower the effectiveness are :
blinding, cohesion of particles to the screen surface, oblique direction of approach of
the particles to the screen surface and interference of bed particles with the motion of
any one.

The moisture content of the feed adversely affects the screening operation as the
damp particles are prone to stick to the screen surface and to each other.
Blinding of screen :
• It refers to the phenomenon wherein elongated, sticky, etc. particles become wedged
into the openings during screening and thus prevent the other particles from passing
through it. Thus, the blinding of a screen means the plugging of the screen with solid
particles.
• Due to blinding an appreciable fraction of the screen becomes inactive. The blinding
tendency is more pronounced with fine screens than with coarse screens.
Definition and Derivation of the Effectiveness of a Screen
•

Material Balances over a Screen :
Consider that the feed to a screen consists of materials A and B, where A is the
oversize and B is the undersize material. Out of the total materials fed to the screen,
some part of it is removed as overflow and remaining part of it is collected as
underflow.
Let F be the mass flow rate of feed, (kg/h)
D be the mass flow rate of overflow, (kg/h)
B be the mass flow rate of underflow, (kg/h)
xF be the mass fraction of material A in feed.
xD be the mass fraction of material A in overflow.
xB be the mass fraction of material A in underflow.
•

The mass fractions of material B in feed, overflow and underflow are 1 – xF, 1 – xD, and
1 – xB respectively.
Overall material balance over a screen is
F = D+B
Material balance of 'A' over a screen is
xF.F = xD.D + xB.B

… (3.3)

From Equation (3.2), we have
F–B = D

… (3.4)

… (3.2)
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Substituting the value of D from Equation (3.4) into Equation (3.3), we get
xF.F = xD (F – B) + xB.B
xF.F = xD.F – xD.B + xB.B
(xD – xF) F = (xD – xB) B
xD – xF
B
F = xD – xB
Similarly, elimination of B from Equations (3.2) and (3.3) gives
xF – xB
D
=
xD – xB
F

… (3.5)
… (3.6)
… (3.7)

… (3.8)

•

The effectiveness of a screen (screen efficiency) is a measure of the success of the
screen in closely separating undersize and oversize materials. In the case of a
perfectly functioned screen, all the oversize material 'A' would be in the overflow and
all the undersize material would be in the underflow.

•

The screen effectiveness based on the oversize material is the ratio of the amount
of oversize material A that is actually in the overflow to the amount of oversize
material A in the feed.
D.xD Quantity of oversize in the overflow
Screen effectiveness
based on material A = EA = F.xF = Quantity of oversize in the feed … (3.9)

Similarly, the screen effectiveness based on the undersize material is given by
B (1 – xB)
EB = F (1 – x )
F
The overall effectiveness of a screen can be given by
E = EA . EB

… (3.10)

… (3.11)

where E is the overall effectiveness of a screen.
Substituting the values of EA and EB from Equations (3.9) and (3.10) into
Equation (3.11), we get
D.B. xD (1 – xB)
E = F2 x (1 – x )
… (3.12)
F
F
Substituting the values of D/F and B/F from Equations (3.8) and (3.7) into
Equation (3.12), we get
(xF – xB) (xD – xF) . xD (1 – xB)
E =
… (3.13)
(x – x )2 (1 – x ) x
D

B

F

F

FACTORS AFFECTING PERFORMANCE OF SCREENS
Variables in Screening Operations :
•

There are many variables in a screening operation that can be very easily changed.
The best combination of these variables results into the excellent performance of a
screening equipment.
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1. Method of feeding :
In order to obtain the maximum capacity and efficiency, the screening equipment must
be fed properly. The material should be spread evenly over a full width of the screening
surface and should approach the screening surface in a direction parallel to the longitudinal
axis of the screen and must be fed at a low rate.
2. Screening surfaces :
Use of single-deck screens in series results into the most efficient operation as in case of
multiple-deck screens lower decks are not fed so that their entire area is not used and each
separation requires a different combination of angle, speed, and amplitude of vibration for
the best performance.
3. Screen slope :
As the screen slope increases, the rate at which the materials travels over the screening
surface increases and at the same time, it reduces the bed thickness. The increase of rate of
travel means an increase in the quantity passing over the screen per unit time. Reduction in
the bed thickness allows the fines to approach the screen surface and pass through it.
However, the slope cannot be increased beyond a certain value because beyond that value
(limit) the material will travel down the screen much faster without getting screened and the
screening efficiency reduces drastically.
4. Vibration amplitude and frequency :
One has to select the proper amplitude of vibration to prevent blinding of the screening
cloth and for long bearing life. The frequency of vibration affects the capacity of the
screening equipment by regulating the number of contacts between the material and the
screening surface.
5. Moisture in feed :
The moisture associated with the feed material adversely affects the screening operation
and should be removed.

TYPES OF SCREENING EQUIPMENTS
• Screening equipments can be classified on the basis of size of material as the screens
may be required to pass grains ranging from several mm in diameter down to
200-mesh.
1. Grizzlies (fixed inclined screens) are used for the coarse screening of large
lumps.
2. Trommels (revolving screens) are generally used for fairly large particles.
3. Shaking and vibrating screens are used in a coarse range and also for fine sizing.
•

In the screening operation, coarse particles pass easily through the large openings in a
stationary surface but for fine particles the screen must be agitated by shaking,
gyrating or vibrating it mechanically or electrically. Fig. 3.3 shows typical screen
motions.
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Eccentric
(a)

(b)

Eccentric
(c)

(d)

Vibrator

Eccentric vibrator
(e)

(f)

Fig. 3.3 : Motions of screens
(a) Gyrations in horizontal plane; (b) Gyrations in vertical plane; (c) Gyrations at one
end and shaking at other; (d) Shaking; (e) Mechanically vibrated;
(f) Electrically vibrated
Grizzlies / Grizzly Screens
Construction :
• A grizzly is a grid of parallel metal bars set in an inclined stationary frame, with a
slope of 30 to 45o. The slope, and therefore the path of the material is parallel to the
length of the bars. The length of the bar may be upto 3 m and the spacing between
the bars is 50 to 200 mm. The material of construction of the bars is manganese steel
to reduce wear. Usually, the bar is shaped in such a way that its top is wider than the
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bottom, and hence the bars can be made fairly deep for strength without being
choked by material passing partway through them.
A stationary grizzly is usually used for a dry free flowing material and is not
satisfactory for a moist and sticky material.
Feed

C

Section at C-C
C

Undersize
Oversize

Fig. 3.4 : Grizzly
Working :
•

A coarse feed (say from a primary crusher) is fed at the upper end of the grizzly.
Large chunks roll and slide to the lower end (the tail discharge), whereas small lumps
having size less than the opening in the bars fall through the grid into a separate
collector.

•

If the angle of inclination to the horizontal is greater, greater is the output
(throughput) but the lower is the screen efficiency. Stationary inclined woven-metal
screens operate in the same way that separate particles 12 to 100 mm in size.

•

A grizzly finds its greatest application in the separation of the undersize (fines) from
the feed to a primary crusher. A stationary grizzly is the simplest of all separating
devices. It requires no power and is the least expensive to install and maintain. As the
openings in the grizzly have a tendency to get blocked by wedge shaped particles, the
labour requirement for operating the grizzly is high and it is difficult to change the
openings in the bars.

• Grizzlies are used for only the coarest and roughest separations.
Trommel and Trommel Arrangements
Construction :
• A trommel is a revolving screen consisting of a cylindrical frame surrounded by wire
cloth or perforated plate (which acts as a screening surface). It is open at one or both
ends and inclined at a slight angle to the horizontal so that the material is advanced
by the rotation of the cylinder. These units revolve at relatively low speeds of 15 to
20 rpm.
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A trommel is a mechanically operated screen consisting of a slowly rotating
perforated cylinder (or cylindrical frame) surrounded by wire cloth (or perforated
plate) with its axis at a slight angle to the horizontal.
The perforations in the screening surface may be of the same size throughout (i.e.,
over the whole length of the cylinder) or may be of different size in which case the
small size perforation section is near the feed end. It is driven at the feed end through
a gear mechanism. It has a feed point at the upper end, an undersize product
discharge below the screening surface and a oversize discharge at the opposite end
(lower end). Fig. 3.5 shows a schematic diagram of trommel having sections of
different size perforations.
Large size
openings

Small size
openings

Tails
Discharge

Fig. 3.5 : Trommel (with screens of different openings)
Working :
•

The material to be screened is fed at the upper end and gradually moves down the
screening surface towards the lower end. In doing so, the material passes over the
apertures of gradually increasing size (as the single cylinder is provided with
perforations ranging from the finest desired at the feed end to the coarsest at the
discharge end).

•

If the single cylinder is provided with the screen having three different size
perforations then we get four fractions. The finest material is collected as the
underflow in the compartment near the feed end and the oversize material (coarsest)
is withdrawn from the discharge end. Such type of arrangement is usually used for
smaller capacities. With this type of trommel, there is a tendency of blockage of the
apertures by the large material and the screen with the finest opening being the
weakest it is subjected to the largest wear.

•

The operating speed of a trommel is 30 to 50% of the critical speed (the critical speed
is the one at which the material is carried completely round in contact with the
screening surface).
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Various trommel arrangements
• For separation of a given material into several size fractions, several trommels are
operated in series. The first trommel of a series may have the coarsest perforations so
that it produces the coarsest finished product which is delivered to the next trommel
and so on. In such a case, it is most convenient to place the trommels one above the
other as shown in Fig. 3.6 (a).
• When the first trommel of the series has the smallest perforations, the oversize
material passes to the next trommel and so on. In such a case, it is most convenient to
put the screens in line, end to end as shown in Fig. 3.6 (b).

(a)

(b)

(d)

(c)

(e)

Fig. 3.6 : Trommel arrangements
(a) One-size screen to each trommel, coarsest trommel first; (b) One-size screen to each
trommel, finest trommel-first; (c) Single trommel with different perforations;
(d) Concentric trommels with coarsest trommel inside; (e) Trommel with single-size
perforations.
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•

If the screening equipment of this type is put into service for finer separations then
the cylinder may be covered with a fine wire or silk cloth instead of a perforated plate
or coarse wire screen. Such an equipment is usually called a reel.

•

Fig. 3.6 (d) shows several concentric cylinders. The innermost is the longest and has
coarsest perforations. The outer ones are successively shorter and have finer
perforations.
In this arrangement, maximum load is given to the strongest screen but the
construction is complicated and expensive.

•

Trommels are well suited for relatively coarse materials (1/2 in or over).

Comparison of Grizzlies and Trommels :
Grizzlies
1. These are stationary inclined screens.

Trommels
1. These are revolving screens.

2. Usually, screen is a grid of metal bar.

2. Usually, screen is a perforated cylindrical member.

3. Openings in screen are large.

3. Openings in screen are small.

4. They handle large size feed.

4. They handle small size feed.

5. Capacity is large.

5. Capacity is relatively small.

6. Labour requirement is large.

6. Labour requirement is low.

7. Cheap construction.
7. Relatively expensive construction.
Trommels are well suited for relatively coarse material (12 mm and over).
Gyratory Screens
• Gyratory screens which are gyrated vertically contain several decks of screens
arranged one above the other and held in a box or casing. The screens are arranged
such that the coarsest screen is at the top and the finest at the bottom. Discharge
ducts are provided for the screens to permit removal of the several fractions. The
casing is inclined at an angle ranging from 16 and 30° with the horizontal. The
gyrations are in a vertical plane about a horizontal axis and are produced by an
eccentric shaft fixed in the floor of the casing halfway between the feed location and
discharge. The screens are rectangular and fairly long. The speed of gyration, the
amplitude of throw and the angle of tilt can be adjusted as per requirements.
• The mixture of particles is fed on the top screen. The whole assembly of screens and
casing is gyrated to screen the particles through the screen openings.
Shaking and Vibrating Screen
Vibrating screens :
• In some situations, the screen is rapidly vibrated with small amplitude to keep the
material moving and prevent blinding as far as possible. Vibrating screens are
commonly used in industry where large capacity and high efficiency are desired. The
vibrations may be produced mechanically or electrically, accordingly we have
mechanically vibrated screens and electrically vibrated screens.
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• The vibrations may be produced either
mechanically or electrically with
frequency of 1800 to 3600 or even
more per minute. Mechanical
vibrations are generally passed on
from high speed eccentrics to the
casing and from there to inclined
screens so that the whole assembly is
vibrated. Electrical vibrations are
generally passed on from heavy duty
solenoids directly to the screens so
that only screens are vibrated.
Vibrating screens may be mounted in
a multideck fashion (not more than
three decks) with the coarsest screen
at the top, either horizontally or
inclined upto 45o.
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Motor
Uneven load

Feed

Oversize

Screen

Undersize
Spring

Fig. 3.7 : Vibrating screen (Lab. Model)

• Fig. 3.7 shows a directly vibrated (electrically) screen. Electrically vibrated screens
are widely used in the chemical industry. The vibrating screens have accuracy of
sizing, increased capacity per square meter and low maintenance cost per ton of
material.
Operation of the vibrating screen :
• In case of a single screen, the vibrations are given to the screen to effect the
separation of solid particles into two size fractions.
• In case of vibrating screen (generally consists of three decks), the material
to be separated is fed to the top screen and simultaneously the screens are vibrated
either electrically or mechanically at a frequency of 1000 to 3500 per minute
(1000-3500 vibrations per minute). Due to vibrations the particles on the screen are
kept moving and due to inclination given to the screens, the oversize material travels
along the screen and is collected separately. The undersize material passes through
the screen and is collected. Four fractions are obtained with a three deck screen.
SOLVED EXAMPLES
Example 3.1 : A quartz mixture having a certain screen analysis is screened through a
standard 10 mesh screen. Calculate : (a) the mass ratio of overflow and underflow to feed
and (b) the effectiveness of the screen.
Due to blinding an appreciable fraction of the screen surface becomes inactive. The
blinding tendency is more pronounced with fine screens than with coarse screens.
Data :
Dp = Dpc = 1.651 mm, xF = 0.47, xD = 0.85 and
xB = 0.195 (cumulative mass fractions)
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xF = Mass fraction of material A in feed = 0.47
xD = Mass fraction of material A in overflow = 0.85
xB = Mass fraction of material A in underflow = 0.195

The mass ratio of overflow to feed is
xF – xB
D
=
F
xD – xB
0.47 – 0.195
= 0.85 – 0.195 = 0.4198 ≈ 0.42

… Ans. (a)

The mass ratio of underflow to feed is
xD – xF
B
=
F
xD – xB
0.85 – 0.47
= 0.85 – 0.195 = 0.58
OR :

F–D
D
B
F = F = 1 – F = 1 – 0.42 = 0.58

… Ans. (a)
… Ans. (a)

The overall effectiveness of the screen is
E =
=

(xF – xB) (xD – xF) xD (1 – xB)
(xD – xB)2 (1 – xF) xF
(0.47 – 0.195) (0.85 – 0.47) (1 – 0.195) (0.85)
(0.85 – 0.195)2 (1 – 0.47) (0.47)

= 0.6691 ≈ 0.67
OR :

… Ans. (b)

DB xD (1 – xB)
E = F2 x (1 – x )
F
F
D B xD (1 – xB)
= F · F · x (1 – x )
F
F
0.85 (1 – 0.195)
= 0.42 × 0.58 × 0.47 (1 – 0.47)
= 0.66914 ≈ 0.67 or 67%

… Ans. (b)
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Example 3.2 : A dolamite mixture having the following screen analysis is screened
through a standard 100 mesh screen. Calculate the effectiveness of the screen and the mass
ratios of overflow and underflow to feed.
Screen analysis :
Mesh
Feed
Oversize
Undersize (weight %)
35
7.07
13.67
0.00
48
16.60
32.09
0.00
65
14.02
27.12
0.00
100
11.82
20.70
2.32
150
9.07
4.35
14.32
200
7.62
2.07
13.34
– 200
33.80
0.00
70.02
100
100
100
Solution : From the screen analysis provided, the cumulative mass fractions for a
100-mesh screen are :
7.07 + 16.60 + 14.02 + 11.82
= 0.4951
Feed :
xF =
100
= mass fraction of A in feed
13.67 + 32.09 + 27.12 + 20.70
Overflow :
xD =
= 0.9358
100
= mass fraction of A in overflow
0.00 + 0.00 + 0.00 + 2.32
Underflow :
xB =
= 0.0232
100
The mass ratio of overflow to feed is
xF – xB
D
F = xD – xB
0.4951 – 0.0232
= 0.9358 – 0.0232
= 0.517
… Ans.
The mass ratio of underflow to feed is
xD – xF
B
=
F
xD – xB
0.9358 – 0.4951
= 0.9358 – 0.0232

OR :

= 0.4829 ≈ 0.483
F–D
D
B
=
=
1
–
F
F
F
= 1 – 0.517 = 0.483

… Ans.

… Ans.
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The overall effectiveness of the screen is
DB xD (1 – xB)
E = F2 x (1 – x )
F
F
x
D B
D (1 – xB)
= F · F · x (1 – x )
F
F
=
=
OR :

E =
=
=

0.517 × (0.483) (0.9358) (1 – 0.0232)
0.4951 (1 – 0.4951)
0.9131 or 91.31%
… Ans.
(xF – xB) (xD – xF) xD (1 – xB)
(xD – xB)2 (1 – xF) xF
(0.4951 – 0.0232) (0.9358 – 0.4951) (0.9358) (1 – 0.0232)
(0.9358 – 0.0232)2 (1 – 0.4951) (0.4951)
0.9131 or 91.31%
… Ans.

Important Points
•
•
•

•

•
•
•

A method of separating solid particles according to size alone is called screening.
Grizzlies, trommels, vibrating screens and oscillating screens are the screening
equipments used in practice.
The screen analysis in which the weight fraction of the material retained on each
screen is reported in a tabular or graphical form as a function of the mesh size/screen
opening is called differential analysis.
The screen analysis in which the cumulative weight fraction of the material retained
or passing through each screen is reported in a tabular or graphical form as a function
of the screen opening is called cumulative analysis.
The variables in screening operations are : method of feeding, screening surfaces,
screen slope, moisture in feed and vibration amplitude and frequency.
The effectiveness of a screen is a measure of the success of the screen in closely
separating oversize and undersize materials.
The capacity of a screen is the mass of material that can be fed per unit time to a unit
area of the screen.

Practice Questions
1.
2.
3.
4.
5.
6.
7.

Define screening.
Define the terms : differential analysis and cumulative analysis.
Derive the equation for effectiveness of a screen.
Differentiate between actual screen and ideal screen.
Explain in brief the variables in screening operations.
Compare grizzlies with trommels.
Draw neat sketches of any two motions of screens.

❐❐❐

CHAPTER FOUR

SEPARATION OF SOLIDS BASED ON
SPECIFIC PROPERTIES
TYPES OF SIZE SEPARATION BASED ON PROPERTIES
• In this chapter, we will deal with the methods for separating solid particles based on
specific properties.
• Generally, screening is the most satisfactory method for separating relatively coarse
materials/coarse solids according to size, but with very fine particles (which would
clog the fine apertures of the screen or for which it is not possible to make the
openings sufficiently fine), the method is impracticable and in such cases a form of
settling process is used. This method of separation depends on differences in the
behaviour of particles in a moving fluid and separate materials/solid particles
according to their terminal falling velocities which in turn depend on size and
density.
• Other methods of separation depend on differences in the magnetic properties
(magnetic separation), electrical properties (electrostatic separation) or surface
properties (froth flotation) of the materials.
Classification
• Classification is a method of separating solid particles into fractions based
upon/according to their terminal falling/settling velocities.
• Suppose, for example, that the solid particles to be separated are fed in suspension
into a tank (containing water) of large cross-sectional area. When the feed stream
enters the tank, the horizontal velocity component decreases and the particles start to
settle. The faster-settling particles will reach the bottom of the tank before the
slower-settling particles. Thus, the faster-settling particles will accumulate near the
inlet/entrance, while the slower-settling particles which are carried farther (because
of relatively slow-settling rates) and will concentrate nearer the exit/outlet.
• Another way to separate the particles would be to place two particles having different
settling velocities (rates) in a rising stream of water. If the velocity of the water is so
adjusted that it lies between the terminal settling velocities of the two particles then
the slower-settling particle will be carried upward by the water and the faster-settling
particle will simultaneously move downward against the water stream and settle out
to the bottom, thus achieving a separation.
• A device that separates the solids into two fractions is called a classifier. The product
streams that are obtained from any classifier are : (i) a partially drained fraction
(4.1)
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containing the coarse material, called the sand and (ii) a fine fraction together with
the remaining liquid medium, called the overflow.
• In the classification operation, the coarse solids that are settled at the bottom of a
pool of fluid pulp are removed by gravity, mechanical means or induced pressure,
while the solids which do not settle are taken out as an overflow from the pool.
• All wet classifiers work upon the difference in rate of settling/settling rate between
coarse and fine particles. The settling rate of a particle depends upon its size and
density and the particle will settle under the conditions of free settling or hindered
settling depending upon the concentration of solids.
• When the particle is at sufficient distance from the vessel walls and from other
particles, so that its fall is not affected by them, the process is called free settling. In
practice, the concentrations of suspensions (high concentrations of solids to liquid)
used in the industry is usually high so that the particles are very close together and
thus the collision between the particles is practically continuous.
• When the motion of the particle is impeded or affected by other particles (as they
being very close to each other), the process is called hindered settling.
Gravity Settling Tank
• It is the simplest type of classifier. It consists of a large tank with provisions for a
suitable inlet and outlet.
• A slurry feed enters the tank through an inlet connection. As soon as the slurry feed
enters the tank, its linear velocity decreases as a result of the enlargement of crosssectional area. Solid particles start to settle under the influence of gravity.
• The faster-settling particles (coarse particles) will be collected at the bottom of the
tank near the inlet/entrance, while the slower-settling particles (small particles) will
be carried farther into the tank before they reach the bottom of the tank. The very fine
particles are carried away in the liquid overflow from the tank.
• Vertical baffles placed at various distances from the inlet within the tank allow for
the collection of several fractions (different grades of particles) according to the
terminal falling velocities. Because of the occurrence of considerable overlapping of
size, no sharp separation is possible with this classifier.
Fluid in,
wide range of
particle sizes

Fluid out
+ fine
particles (fines)

A

B

C

A = Coarse particles
B = Intermediate particles
C = Small particles
Fig. 4.1 : Gravity settling tank
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Cone Classifier

•

A cone classifier is simply a cone (conical vessel), installed point down, with a
discharge launder around the top (of the cone).

•

The feed is introduced in the form of a suspension through a fed inlet provided at the
centre at the top. The coarse fraction (the partially drained fraction containing the
coarse material) collects at the point of the cone (i.e., at the apex) and is withdrawn
periodically or continuously. The fine fraction along with the remaining portion of
the liquid is removed from the launder as an overflow. The separation achieved with
this unit is only an approximate one.

•

Cone classifiers are used for relatively crude work because of low cost of installation.
They are used in ore-dressing plants.
Feed
Overflow product
(fine fraction)
Launder
Cone

Coarse material

Fig. 4.2 : Cone classifier
Double-cone Classifier

•

This classifier uses hydraulic water for classification (a stream of additional water
supplied to a classifier is called hydraulic water).

•

The double-cone classifier is shown in Fig. 4.3. It consists of a conical vessel
incorporating a second hollow cone in it. The inner cone is slightly larger in angle,
arranged apex downwards and is movable in a vertical direction. The bottom portion
of the inner cone is cut away and its position (height) relative to the outer cone is
regulated by a screw adjustment (not shown).

•

The feed to be separated is fed in the form of a suspension to the centre of the inner
cone. It flows downward through the inner cone and out at a baffle at the bottom of
the inner cone. Hydraulic water is fed near the outlet for the coarse material. The
solids from the inner cone and a rising stream of water are mixed below the inner
cone. Then they flow through an annular space between the two cones. Classification
occurs in the annular space, the small/fine particles are carried away in the overflow,
whereas the large particles/coarse particles settle against the hydraulic water to the
bottom and are removed periodically.
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Feed
Water and
fine-solid overflow
(overflow fines)
Movable/adjustable cone

Fixed cone

Water
Collecting box for coarse material

Coarse solids/particles

Fig. 4.3 : Double-cone classifier
MECHANICAL CLASSIFIERS
Rake Classifier

•

The rake classifier such as the Dorr classifier consists of a rectangular tank with a
sloping/inclined bottom. The tank is provided with movable rakes (reciprocating
rakes). The feed in the form of suspension (slurry) is introduced continuously near
the middle of the tank. The lower end of the tank has a weir overflow (discharge
weir) from which the fines that are not settled leave with the overflow liquid.
Feed
Coarse solid
(sand product)
Overflow
product
(fine solid + liquid)

Coarse material

Fig. 4.4 : Rake classifier
•

The heavy material (coarser particles) sink to the bottom of the tank. The rakes scrap
the settled solids and move them upwards along the bottom of the tank towards the
top/upper end of the tank from where they are discharged. The reciprocating rakes
keep the slurry in continuous agitation. The time of raking stroke is so adjusted that
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fines do not have time to settle and so remain near the surface of the slurry, while the
heavy particles have time to settle [they settle, scrapped upward and removed as a
dense slurry (called the sand)].
Spiral Classifier

•

It is a mechanical classifier. The spiral classifier such as the Akins classifier consists
of a semicylindrical trough (a trough which is semicircular in cross-section) inclined
to the horizontal. The trough is provided with a slow-rotating spiral conveyor and a
liquid overflow at the lower end. The spiral conveyor moves the solids which settle
to the bottom upward towards the top of the trough.

•

Slurry is fed continuously near the middle of the trough. The slurry feed rate is so
adjusted that fines do not have time to settle and are carried out with the overflow
liquid. Heavy particles have time to settle, they settle to the bottom of the trough and
the spiral conveyor moves the settled solids upward along the floor of the trough
towards the top of the trough from where they are discharged.

•

Rake and spiral classifiers are used along with ball mills in closed-circuit grinding.
Feed

Overflow
product

Coarse solids

Fig. 4.5 : Spiral classifier
SEPARATION OF SOLID PARTICLES FROM LIQUID AND GAS BY
CYCLONES/CYCLONE SEPARATION
• A cyclone/cyclone separator is essentially a settling chamber in which the
gravitational separating force is replaced by a much stronger centrifugal separating
force (to increase the settling rate).
• Cyclones/cyclone separators are used for the separation of solids from fluids. They
offer one of the least expensive means of dust collection (separation of dust particles
from gases). They utilize a centrifugal force to effect the separation which depends
on particle size and/or on particle density. Thus, cyclones are used to effect a
separation on the basis of particle size or particle density or both.
• It consists of a tappering cylindrical vessel, i.e., a cylindrical vessel consisting of a
top vertical section and lower conical/tappering section terminating in an apex
opening - a short vertical cylinder which is closed by a flat plate on top and by a
conical bottom (Refer Fig. 4.6). It is provided with a tangential feed inlet nozzle in
the cylindrical section near the top and an outlet for the gas, centrally on the top. The
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outlet is provided with a downward extending pipe - a pipe that extends inward into
the cylindrical section - to prevent the gas short-circuiting directly from the inlet to
the outlet and for cutting the vortex.
• In this separator, used for the separation of dust particles or mist from gases, the dust
laden gas is introduced tangentially into a cylindrical vessel at a high velocity
(30 m/s). Centrifugal force throws the solid particles out against the wall of the vessel
and they drop into a conical section of the cyclone and removed from the
bottom/apex opening. The clean gas is taken out through a central outlet at the top.
• Cyclones are widely used for collecting heavy and coarse dusts. These units may also
be used for separating coarse materials from fine dust.
Liquid Cyclone (Hydroclone) :
• Cyclone separators may also be used to effect the classification of solid particles
suspended in a liquid. In such cases, the commonly used liquid is water.
• Liquid cyclone has a top cylindrical section and a lower conical section terminating
in an apex opening. The top vertical section is covered by a flat plate and is provided
with a tangential inlet at the top. The cover has a downward-extending pipe to cut the
vortex and remove the overflow product since the viscosity of water is much higher
than that of a gas, the fluid resistance encountered in this cyclone is greater than that
in the cyclone used for dust collection. Therefore, the diameter of this cyclone must
be smaller in order to get a corresponding greater/larger centrifugal force. The
pressure of a feed (induced by means of a pump) to the cyclone lie between 5 to
120 psi.
• The slurry feed is pumped into the cylindrical section tangentially. Coarse or heavy
solids thrown out against the walls, travel down the sides of the cone section and are
discharged in a partially dewatered form from the apex, while the smaller or lighter
solids along with the remaining portion of water are removed from the downward
extending pipe at the top. Liquid cyclones are used in degritting operations in
alumina production, classifying pigments and ore-dressing practice.
Overflow product
(fines + water)

Gas
Dust
laden gas
Tangential
inlet

Cylindrical
section

Feed
solids + water

Conical
section

Solid dust

Fig. 4.6 : Cyclone separator/Cyclone

Coarse material + water
(sand product)

Fig. 4.7 : Liquid cyclone
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JIGGING
• A jig is a mechanical device used for the separation of materials of different specific
gravities by pulsating a stream of liquid (usually water) flowing through a bed of
materials resting on a screen.
• Jigging is a method of separating materials of different specific gravities by the
pulsation of a stream of liquid (water) flowing through a bed of materials resting on a
screen.
[pulsate ⇒ oscillate ⇒ move or swing back and forth at a regular rate.
Jig ⇒ move up and down with a quick jerky motion.]
Principle of operation :
•

Jigs separate solids by difference in density and size.

•

Jigging is a process of gravity concentration where solids are separated based upon
the differences in the behaviour of particles through a moving fluid which in turn,
depends upon densities/specific gravities.

Separation of solids of different specific gravities is achieved by the pulsation of a
liquid stream flowing through a bed of solids on a screen. The liquid pulsates or jigs
up and down and this action causes the heavy material to move towards the bottom of
the bed and the lighter material to rise to the top. Each product is taken out
separately.
Applications :
• Jigging is used for concentrating heavy minerals from the light minerals. It is
commonly employed for coarse material having a size 20-mesh and above and where
there is a sizeable/fairly large difference between the effective specific gravity
(effective sp. gr. = sp. gr. of mineral – sp. gr. of water) of the valuable and the waste
material.
• Jigs are simple in operation, consume very large quantities of water and have high
tailings losses on metallic ores. They are used mostly to treat iron ores, few lead-zinc
ores, etc.
Hydraulic Jig :
• It operates by providing very short periods for materials to settle due to which the
particles do not attain their terminal falling velocities and initial velocities cause the
separation. Thus, it is suitable for the separation of materials of a wide size range into
various fractions.
Construction :
• Fig. 4.8 shows a hydraulic jig. It consists of a rectangular section tank with a
tappered bottom. The tank is divided into two portions/compartments by a vertical
•
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baffle. In one compartment, a plunger is incorporated. It operates in a vertical
direction giving a pulsating motion to the liquid. In the other compartment, a screen
is incorporated. The separation of material is carried out over this screen. It is
provided with a connection for feeding liquid during the upstroke. It is also provided
with a bottom discharge connection for the removal of small particles of heavy
material and gates at the side of jig for the removal of particles settled on the screen
and for overflow.
Plunger

Baffle
Overflow

Water

Gate
Gate

Water

Rectangular tank
Screen
Valve closed

Valve open

(a) Downward stroke
(b) Upward stroke
Fig. 4.8 : Hydraulic jig
Working :
• The material to be separated is fed over a screen and is subjected to a pulsating action
by oscillating liquid with the help of a reciprocating plunger. During the upward
stroke of the plunger, input water is taken into the jig and there is no net flow through
the bed of solids. During the downward stroke, water inlet is closed and particles on
the screen are brought into suspension and they segregate according to their size and
density such that the dense material is collected near the bottom of screen.
• Very small particles of the dense material will pass through the screen and are
collected at the bottom of the jig. Small particles of the less dense material (light
material) carried by the liquid water are removed through an overflow. The material
retained on the screen is removed through gates provided at the side.
The following four fractions are obtained from the jig :
1. Small and dense material passing through the screen collected at the bottom of the
tank.
2. Small size less dense material in the liquid overflow.
3. Large size dense material segregated near a screen removed through a gate at the
side.
4. Large size less dense material segregated above the dense material removed through
a gate at the side.
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FROTH FLOTATION
• Froth flotation processes are used for the separation of finely divided solids.
•

Flotation refers to an operation in which one solid is separated from another by
floating one of them at or on the liquid surface. In froth flotation, separation of a
solid feed mixture depends upon differences in the surface properties of the materials
involved. This technique is commonly used in mineral dressing. Mineral dressing
refers to the method of treating ores at or near the mine site to produce one or more
concentrates of valuable minerals and a tailings composed of waste or less valuable
minerals.

Froth flotation is used for treating the metallic ores that are finer than 48 to 65 mesh,
or coal and certain non-metallics that are finer than 10 to 48 mesh. It is not possible
to treat a coarser feed by froth flotation as the same cannot be suitably mixed and
suspended by a floatation machine.
Principle of operation :
• Separation by froth flotation depends on differences in the surface properties of the
materials.
• If the mixture is suspended in an aerated liquid (water), the gas bubbles will tend to
adhere preferentially to the constituent which is more difficult to wet by the liquid
(hydrophobic constituent) and so its effective density will be reduced to such an
extent that it will rise to the surface (i.e., it will float on the surface of the liquid) and
the material which has affinity for the liquid (hydrophilic material) gets surrounded
by the liquid and it will simply sink, thus, achieving a separation. Frothing agents
inducing the formation of a froth of sufficient stability are added to suspend or retain
the particles in the froth on the surface before they are discharged.
•

[Hydrophobic – failing to mix with water – which will not wet by water and
Hydrophilic – having tendency to mix with water – which will get wet by water].
Promotors, Collectors, Modifiers and Frothing Agents :
•

Almost all the minerals and inorganic solids are hydrophilic, as the surfaces of these
solids get easily wetted by water. Hydrophilic solids are unflotable as air bubbles do
not surround or cover them to form a particle bubble aggregate. However, these
solids can be made hydrophobic (water repellent) with the help of reagents known as
collectors or promotors. The collectors or promotors are the materials which
selectively render the desired particles air-avid and water repellent.
(i)

Promotors : These are materials which are adsorbed on the surface of the
particles forming a unimolecular layer. A commonly used promotor is sodium
ethyl xanthate.

(ii) Collectors : These are materials which form surface films on the particles.
A commonly used collector is pine oil.
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(iii) Frothing agents/Frothers : These are materials which induce the formation of
a froth (which produce a froth) of sufficient stability in order to retain the
particles of the constituent which is to be floated to be discharged as an
overflow. Commonly used frothers include liquid soaps, pine oil, cresylic acid,
methyl amyl alcohol and methylisobutylcarbinol.
•

The valuable concentrates from froth flotation may be either the froth product which
is collected and removed from the top, or the underflow product. In case of metallic
sulfide ores of copper, nickel, etc. the valuable product collects in the froth and is
removed from the top. In glass-sand flotation, iron bearing minerals collect in the
froth, while the valuable product (high grade silica) is removed as an underflow
product.

Flotation Machine/Flotation Cell
Construction :
• The mechanically agitated flotation cell consists of a tank having square or circular
cross-section. It is provided with an agitator which violently agitates the pulp. A
compressor / blower is used to introduce air into the system through a downpipe
surrounding the impeller shaft. The bottom of the tank is conical and is provided with
a discharge for tailings. An overflow is provided at the top for mineralised froth
(or froth) removal.
Air

Feed

Overflow
Cell

Bottom

Fig. 4.9 : Froth flotation cell (Lab. model)
Working :
• Water is taken into the cell, material is fed to the cell. The promotors and frothers are
added. Agitations are given and air is bubbled in the form of fine bubbles. Air-avid
particles due to reduction in their effective density, will rise to the surface and be
held in the froth before they are discharged from the overflow. Hydrophilic particles
will sink to the bottom and removed from the discharge for tailings.
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SEPARATION OF SOLID PARTICLES BASED ON ELECTRICAL AND
MAGNETIC PROPERTIES
Electrostatic Separation
Principle : If one or more of the materials of a granular mixture can acquire a surface
charge on or just before entering an electrostatic field, the grains/particles of that material
will be attracted towards the active electrode or repelled from it depending upon the sign of
the charge on the grains/particles.
•

Electrostatic separation is a method of separation of solid particles based on the
differential attraction or repulsion of charged particles under the influence of an
electric field. Basically, the difference in electrical properties of different materials is
responsible for such a separation.

•

Charging of particles is an essential step in this separation. Solid particles can receive
a surface charge by any one of the following methods :
(i)

Contact electrification.

(ii) Electrification by conductive induction.
(iii) Electrification by bombardment.
•

Electrification by conductive induction : When an uncharged solid particle is placed
on a grounded conductor in the presence of an electric field (i.e., when it comes in
contact with a charged surface), the particle will rapidly acquire a surface charge by
induction. A conductive particle acquires the same charge as the grounded conductor
(it becomes charged to the same potential as the grounded conductor within a very
short period of time) through its contact with the conductor while a dielectric particle
is polarised and thus no net charge is generated on it. As a consequence of this
induction, the conducting particle will be repelled by the surface/grounded
conductor, while the dielectric particle will be unaffected. This method is used for
making a finite separation between relative conductors and non-conductors.

Electrostatic Separator

•

Electrostatic separation depends on differences in the electrical properties
(conductivity) of the materials to be treated.

•

The electrostatic separator shown in Fig. 4.10 consists of a grounded rotor/rotating
drum, a hopper for feeding the solids, an active electrode, situated/placed at a small
distance from the drum and collecting bins.
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The solids to be separated are fed on to a rotating drum, either charged or grounded,
from a hopper. The conductive particles in a very short time will assume the potential
of the rotating drum, which is opposite to that of an active electrode and hence, they
get attracted towards the active electrode. The non-conductive material is repelled by
the electrode and attracted by the drum. The non-conductive material falls down
straight under the influence of gravity and is collected in a separate bin.
Hopper
_

+

Active electrode

Grounded rotor

Splitter

Fig. 4.10 : Electrostatic separator (separation by conductive induction)

Separation of Solid Particles based on Magnetic Properties
•

Magnetic separation is a method of separating solid particles by means of a magnetic
field. In this method, materials having different magnetic attractability are separated
by passing them through a magnetic field. The difference in magnetic properties of
different materials is responsible for such a separation.

•

Solids are classified as (i) diamagnetic solids – which when placed in a magnetic
field are repelled by it and (ii) paramagnetic solids – which when placed in a
magnetic field are attracted by the magnetic field. Therefore, when a mixture of
above solids is subjected to/is passed through a magnetic field, magnetic solids are
attracted towards it and non-magnetic solids are repelled and collected in separate
bins.

•

Magnetic separators are employed for tramp-iron removal (in this case they are called
eliminators) and concentration (concentrators).
(i) Magnetic pulleys and (ii) Magnetic drums.

•

Tramp-iron magnetic separators are used for the removal of small quantities of
magnetic material - tramp iron from the charge/feed to a size reduction machine (e.g.
crusher or pulveriser) in order to protect the size reduction machine. Iron coarser than
1/8" (3.125 mm) is usually termed as tramp iron.
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Magnetic Head Pulley

•

A magnetic pulley/magnetised pulley is used for the removal of tramp-iron from the
products handled on a belt conveyor.

•

Magnetic pulleys (either electromagnetic or permanent-magnetic) having a diameter
upto 1500 mm and a width upto 1500 mm are available. The belt speed ranges from
53 m/min for a pulley of diameter of 300 mm to 150 m/min for a pulley of 1500 mm
diameter.

•

A magnetic pulley is incorporated in a belt conveyor (carrying the charge/feed to a
machine/equipment) at the discharge end. As the material is conveyed over this
pulley, the magnetically inert material/non-magnetic material drops-off the belt (or is
discharged from the belt) in a normal manner, whereas the magnetic material adheres
to the belt and falls off from the underside where the belt loses contact with the
pulley (i.e., when the belt leaves the magnetic field of the pulley).

•

The material to be separated must be supplied in the form of a thin sheet/layer in
order to subject all the particles to a magnetic field of the same intensity (power is
applied to the magnetic pulley).
Feed
Magnetic pulley (head pulley)

Non-magnetic particles

Magnetic
particles

Splitter

Fig. 4.11 : Magnetic head pulley
Magnetic Drum Separator

•

A magnetic drum separator (Fig. 4.12) consists of a rotating drum incorporating
stationary magnet assembly. The magnet arc covers approximately 165 degrees
towards the discharge side of the drum. The feed is admitted at the top and is allowed
to fall on the rotating drum. The non-magnetic material is discharged in the normal
manner, while the magnetic material adheres to the drum and falls off the underside
when the drum loses the contact of the magnet assembly.
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+

_

Magnetic material

Non-magnetic material

Fig. 4.12 : Magnetic drum separator
Ball-Norton Type Separator (Magnetic separators as concentrators)

•

A typical concentrator used for separating magnetic ores from the associated mineral
matter is the Ball-Norton machine. It consists of two horizontally staggered belt
conveyors running parallel, one above the other as shown in Fig. 4.13. A hopper is
provided for feeding the feed material to the lower belt and a stationary magnet
assembly is incorporated in the upper belt conveyor near the discharge end.
Feed

N S N S N

Magnetics
Non-magnetics

Fig. 4.13 : Ball-Norton magnetic separator
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The material to be separated is fed to the lower belt in the form of a thin sheet and is
conveyed under the second belt where it is subjected to a magnetic field. The nonmagnetic material is discharged in the normal manner, whereas the magnetic material
adheres to the lower side of the upper belt and thus carried some distance away from
the discharge point of non-magnetic materials. It ultimately drops-off the belt in a
separate compartment when it leaves the magnetic field, i.e., when the belt loses the
contact of the magnet assembly. In this way the magnetic material is separated from
the non-magnetic material.

Important Points
•

Classification is a method of separating solid particles into fractions based
upon/according to their terminal falling/settling velocities.

•

Classification devices include gravity settling tank, cone classifier, rake classifier,
double cone classifier and spiral classifier.

•

A cyclone/cyclone separator is essentially a settling chamber in which the
gravitational separating force is replaced by a much stronger centrifugal separating
force (to increase the settling rate).

•

A jig is a mechanical device used for the separation of materials of different specific
gravities by pulsating a stream of liquid (usually water) flowing through a bed of
materials resting on a screen.

•

Jigging is a method of separating materials of different specific gravities by the
pulsation of a stream of liquid (water) flowing through a bed of materials resting on a
screen.

•

Flotation refers to an operation in which one solid is separated from another by
floating one of them at or on the liquid surface.

•

Separation by froth flotation depends on differences in the surface properties of the
materials treated.

•

Electrostatic separation depends on differences in the electrical properties of the
materials treated.

•

Magnetic separation is a method of separating solid particles by means of a magnetic
field. The difference in magnetic properties of different materials is responsible for
such a separation.
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Practice Questions
1.

Define magnetic separation.

2.

Define classification/wet classification.

3.

Define electrostatic separation.

4.

Draw a neat sketch of jig and explain its construction.

5.

Draw a neat sketch of Drum separator for magnetic separation.

6.

State the principle of froth flotation.

7.

Explain in brief the construction and working of Ball-Norton magnetic separator.

8.

Explain in brief rake classifier with a neat sketch.

9.

Draw a neat sketch of cyclone used for dust collection.

❐❐❐

CHAPTER FIVE

FILTRATION AND SEDIMENTATION
CONCEPT OF FILTRATION
• The separation of solids from a suspension in a liquid with the help of a porous
medium or screen which retains the solids and allows the liquid to pass is termed as
filtration.
•

The operation of separating a solid from a liquid by means of a porous medium
(usually a wire or fabric filter cloth) is called as filtration. The medium retains the
solid in the form of a porous cake, while the liquid passes through it.

•

The mechanical separation of a solid from suspension in a liquid by passage through
a porous medium which retains the solid and allows the liquid to pass is called as
filtration.

•

In filtration operation, the volume of the suspensions to be handled may vary from
extremely large quantities (as in water purification) to relatively small quantities
(as in the fine chemical industry), the suspensions may contain small or large
proportions of solids and the valuable product may be the solid, the liquid, or both or
sometimes none of them (e.g., the waste solids to be separated from a waste liquid
prior to the disposal). The driving force required for a separation by filtration based
upon the nature of a suspension may be divided into four categories, namely gravity,
vacuum, pressure and centrifugal.

•

Separation of suspended impurities from water (in water purification), separation of
solid organic and inorganic materials from their slurry such as calcium carbonate,
ammonium sulphate, sugar, paranitroaniline, etc. are some examples of filtration.

Types of Filtration : Cake Filtration and Deep Bed Filtration
•

Basically, there are two types of filtration.
(i) Cake filtration, (ii) Deep bed filtration.

•

In cake filtration, the proportion of solids in the suspension is large and most of the
solid particles are collected in the cake which can later be detached from the filter
medium.

•

In deep bed filtration, the proportion of solids is very small and the particles of the
solid being smaller than the pores of the filter medium will penetrate a considerable
depth and ultimately get trapped inside the filter medium and usually no layer of
solids will appear on the surface of the medium (e.g., water filtration).
(5.1)
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Thus, filters are divided into two main groups, clarifying filters and cake filters.
Clarifying filters also called as deep bed filters are used to remove small amounts of
solids to produce sparkling clear liquids, whereas cake filters separate large amounts
of solids in the form of a cake of crystals. Clarifying filters find applications in water
treatment. In this chapter, we will deal with cake filtration.
Slurry

Slurry
Filter medium
Filter cake

Support of
filter medium

Filtrate

Fig. 5.1 : Principle of filtration
Principles of Cake Filtration :
• In cake filtration, the feed to be handled (two phase mixture) is called slurry, the bed
of deposited solids on a porous membrane (filter medium) is called cake and the
clear liquid leaving the filter medium is called filtrate.
• A typical cake filtration operation is shown in Fig. 5.1. During the initial period of
flow, solid particles are trapped within the pores of a medium forming a true filter
medium. The liquid passes through the bed of the solids and through the filter
medium. In the early stage of filtration, the rate of filtration is high. As the cake
thickness increases, the rate of filtration decreases for a given pressure differential
across the filter medium. This is due to the fact that as the cake gradually builds upon
the medium, the resistance to flow progressively increases.
Constant Rate and Constant Pressure Filtration
Types of filtration (based on the pressure drop across a filtering medium) :
There are two types of filtration :
1. Constant pressure filtration
2. Constant rate filtration.
• The method in which the pressure drop over the filter is held constant throughout a
run so that the rate of filtration is maximum at the start of filtration and decreases
continuously towards the end of the run is called constant pressure filtration. If the
outlet pressure is constant, constant pressure filtration is carried out by applying a
certain pressure at inlet and maintaining it constant throughout the run.
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• The method in which the pressure drop is varied usually from a minimum at the start
of filtration to a maximum at the end of filtration so that the rate of filtration is
constant throughout the run is called constant rate filtration.

Upstream face of cake

• In constant rate filtration, nearly constant rate of filtration is maintained by starting at
low inlet pressure, and continuously increasing the pressure to overcome the
resistance of cake, until the maximum pressure is reached towards the end of the run.
• In constant pressure filtration, application of high initial pressure results in a low rate
of filtration as the first particles filtered will be compacted into a tight mass that
largely fills the pores of cloth. In constant rate filtration, as the maximum pressure is
reached towards the end of the run whole cycle is operated at less than the maximum
capacity. To overcome the difficulties faced in the filtration types cited above, a
practical solution is found out by carrying out the filtration at constant rate until the
inlet pressure reaches a specified maximum and then to continue at constant pressure
until the end of the run.
Distribution of overall pressure drop
• With the help of the pressure difference applied between the slurry inlet and the
filtrate outlet, the filtrate is forced through a filter. During filtration, the solids are
retained in the form of cake through which the filtrate must flow. The filtrate has to
pass through three resistances in series –
1. Resistance of the feed and filtrate channel,
2. Resistance of the cake, and
3. Resistance offered by the filter medium.
• The overall or total pressure drop over the filter at any time is equal to the sum of the
individual pressure drops over the medium and cake. Usually, the resistances offered
by the inlet and outlet connections are small as compared with those offered by the
cake and medium and thus, can be neglected.
Lc
• By the resistance of filter medium or filter
medium resistance, we mean it is the
entire resistance built up in the filter
P v/s. L
Medium
Pa
medium, including that from the trapped
Direction
of
Filtrate
particles. Filter medium resistance is
flow of slurry
important in the early stages of filtration.
The cake resistance is the one which is
offered by all solids not associated with
the filter medium. It is zero at the start of
Pb
P'
filtration and goes on increasing with time
of filtration.

Fig. 5.2 : Section through filter medium
cake showing pressure drop
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If the resistance of the inlet and outlet channels is neglected then the overall pressure
drop is the sum of pressure drops over the medium and cake.
where

∆P = Pa – Pb = (Pa – P') + (P' – Pb) = ∆Pc + ∆Pm
Pa = inlet pressure
Pb = outlet pressure
P'
∆P
∆Pc
∆Pm

=
=
=
=

… (5.1)

pressure at the interface between cake and medium
overall pressure drop
pressure drop over cake
pressure drop over medium

Specific cake resistance :
•

A specific cake resistance α can be defined by the equation
α =

∆Pc A
µ u mc

… (5.2)

where ∆Pc is the pressure drop over the cake, A is the filter area measured
perpendicular to the direction of flow, u is the linear velocity of the filtrate based on
the filter area, µ is the viscosity of the filtrate, and mc is the total mass of solids in the
cake. In the SI system, the units of α are m/kg and has dimensions of M–1 L1.
[∆Pc in N/m2, A in m2, µ in (N.s)/m2 and u in m/s]
Filter medium resistance :
A filter medium resistance can be defined by the equation
∆Pm
Rm = µ u
∴

Rm = ∆Pm/µ u

… (5.3)
… (5.4)

where ∆Pm is the pressure drop over filter medium. In the SI system, Rm has the units of m–1.
The dimension of Rm is L–1.
Rearranging Equation (5.2), we get
∆Pc = µ u mc α/A

… (5.5)

Rearranging Equation (5.4), we get
∆Pm = µ u Rm
… (5.6)
Substituting the values of ∆Pc from Equation (5.5) and ∆Pm from Equation (5.6) into
Equation (5.1), we get
µ u mc α
+ µ u Rm
∆P = ∆Pc + ∆Pm =
A
mc α

∴
∆P = µ u  A + R
… (5.7)
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•

In using Equation (5.7), it is convenient to replace u, the linear velocity of the filtrate,
and mc, the total mass of the solid in the cake, by functions of V, the total volume of
filtrate collected in time t.

•

If c is the mass of particles deposited in the filter per unit volume of filtrate, then the
mass of solids in the filter at time t is given by
mc = cV
… (5.8)

•

The linear velocity of the filtrate is given by the equation
u =

dV/dt
A

… (5.9)

where V is the volume of filtrate collected from the start of filtration to time t and A
is the filter area normal to the direction of flow of filtrate.
•

Substituting u from Equation (5.9) and mc from Equation (5.8) in Equation (5.7),
we get
∆P = µ

dV/dt c V α

A  A + Rm

dt
µ c α V

dV = A ∆P  A + Rm
or

•

dV
A dt =

∆P
c V α

µ  A + Rm



… (5.10)
… (5.11)

Equation (5.11) expresses the differential or instantaneous rate of filtration per unit
area of the filtering surface as the ratio of the pressure drop (driving force) to the
product of the viscosity of the filtrate and the sum of the cake resistance and the filter
medium resistance.

Constant Pressure filtration
When ∆P is constant, V and t are the only variables in Equation (5.10).
When t = 0, V = 0, and ∆P = ∆Pm. Therefore, Equation (5.10) becomes
µRm
dt
1
= dV = q
 o
A ∆P
o

… (5.12)

Thus, Equation (5.10) may also be rewritten as
dt
1
1
dV = q = Kc V + qo

… (5.13)
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µ Rm
dt
µαcV
=
+
2
dV
A ∆P
A ∆P
dt
1
=
K
V
+
c
dV
qo
Kc =

where

… (5.14)

µαc
A2 ∆P

… (5.15)

Integrating Equation (5.14) between the limits : t = 0, V = 0, and t = t, V = V
t

V

0

0

1

⌠
⌡ dt = ⌠
⌡ KcV + qo dV
t =

Kc V2
V
2 + qo

… (5.16)

Substituting values of Kc and 1/qo from Equations (5.15) and (5.12) in Equation (5.16),
we get
t =

µ Rm V
µαc
2 +
V
A ∆P
2 A2 ∆P

t =

V
µ c α V2
 2 A + Rm A
 
 
∆P 

Rearranging Equation (5.16), we get
Kc
t
1
=
2 V + qo
V

… (5.17)

… (5.18)

Hence, a plot of t/V v/s V is a straight line with a slope equal to Kc / 2 and an intercept
equal to 1/qo. From this plot and Equations (5.12) and (5.15), the values of α and Rm can be
calculated.

t/V, in s/l

For DP = constant

Volume of filtrate
V in l

Fig. 5.3 : Plot of t/V v/s V
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Empirical equations for cake resistance
• The variation of α with ∆P can be found out by conducting constant-pressure
experiments at various values of ∆P.
• The specific cake resistance can be related to the pressure drop by the following
empirical equation
… (5.19)
α = αo (∆P)s

•

where αo and s are empirical constants. The constant 's' is known as the
compressibility coefficient of the cake. It is zero for incompressible sludges [i.e., α is
independent of (∆P) – the sludge is incompressible] and positive for compressible
sludges [i.e., α increases with (∆P) – the sludge is compressible]. For commercial
slurries, the value of 's' usually lies between 0.2 and 0.8.
For obtaining the value of s, we have to plot α as a function of (∆P) on the
logarithmic co-ordinates. The slope of the line obtained gives the value of 's' and
intercept gives the value of αo.

•

In Equation (5.17), α is to be replaced by its value given by Equation (5.19) and then
is directly applicable for use in the design of batch filters (constant pressure). The
constants αo, s, Rm must be evaluated experimentally, and the general equation can
then be applied to conditions of varying A, ∆P, V, t, c and µ.

•

If mF is the mass of the wet cake and mc is the mass of the dry cake after washing and
drying, ρ is the density of the filtrate and cs is the concentration of solids in the slurry
in kg per m3 of the liquid fed to the filter, then the mass of the particles that are
deposited in the filter per unit volume of filtrate is given by
c =

cs
[1 – (mF / mc – 1)] cs / ρ

… (5.20)

where ρ in kg/m3, cs is in kg/m3.
Constant-rate filtration :
•

When filtrate flows at a constant rate, the linear velocity u is constant
∴

u =

dV/dt
V
A = At

… (5.21)

We have :

α =

∆Pc A
µ u mc

… (5.22)

and
•

mc = cV

… (5.23)

Substituting u from Equation (5.21) and mc from Equation (5.23) into Equation
(5.22) and rearranging, we get
∆Pc
µc V 2
= t A 
 
α

… (5.24)
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If α is known as a function of ∆Pc, and if ∆Pm is estimated, then Equation (5.24) can
be used for relating the overall pressure drop to time when the rate of filtration is
constant. Equation (5.24) can be used directly if Equation (5.19) is used for relating
α with ∆Pc. If α from Equation (5.19) is substituted in Equation (5.24) and if ∆Pc is
substituted by ∆P – ∆Pm, then Equation (5.24) becomes
V 2
… (5.25)
(∆Pc)1 – s = αo µ c t A t = (∆P – ∆Pm)1 – s
 
• The simplest method of correcting the overall pressure drop for the pressure drop
through the medium is to assume the filter medium resistance to be constant during a
constant rate filtration. Then by Equation (5.3), ∆Pm is also constant in Equation
(5.25). As the only variables in Equation (5.25) are ∆P and t, Equation (5.25) can be
written as
… (5.26)
(∆P – ∆Pm)1 – s = Kr t
2
where
Kr = µ u c αo
… (5.27)
Continuous Filtration
• In a continuous filter such as rotary drum filter, the feed, filtrate and cake move at
steady constant rates. But for any particular element of the filter surface, conditions
are unsteady. The process of filtration consists of several steps in series such as cake
formation, washing, drying and discharging/scrapping and each of these steps involve
gradual and continual change in conditions but the pressure drop across the filter
during cake formation is held constant. Therefore, the equations obtained for
discontinuous constant-pressure filtration may be applied to continuous filters with
some changes.
• Let t be the actual filtering time (the time for which the filter element is immersed in
the slurry). With this Equation (5.18) can be rewritten as
Kc V2
1
t = 2 + q
… (5.28)
o
where V is the volume of filtrate collected in time t.
Equation (5.28) is a a quadratic equation in V which on solving yields
2
(1/qo + 2 Kct)1/2 – 1/qo
… (5.29)
V =
Kc
Substituting the values of qo and Kc, we get
[(µRm/A∆P)2 + (2 µ c α/A2 ∆P)t]1/2 – µ Rm/A ∆P
V =
µ c α/A2 ∆P
Taking µ/A ∆P common, we get
2
A [Rm + 2 ∆P c α.t/µ]1/2 – Rm
V =
cα
•

2

∴

[Rm + 2 ∆P c α t/µ]1/2 – Rm
V
=
A
cα
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Dividing both sides by t, we get
[(Rm/t)2 + 2 ∆P c α/µ t]1/2 – Rm/t
V
=
At
cα

… (5.30)

where V/t is the rate of filtrate collection and A is the submerged area of the filter.
.
If mc is the rate of solids production, tc is the cycle time, AT is the total filter area, n is
the drum speed and f is the fraction of the drum submerged, then
t = f tc = f/n
… (5.31)
The rate of solids production using Equation (5.8) becomes
mc
.
cV
V
mc = t = t = c  t 
 

…(5.32)

As A/AT = f, the rate of solids production divided by the total area of the filter using
Equations (5.30), (5.31) and (5.32) thus becomes

.
mc
[2c α ∆P fn/µ + (n Rm)2]1/2 – n Rm
=
AT
α

•

… (5.33)

The filter-medium resistance Rm includes the resistance offered by the cake which is
not removed by the discharge mechanism provided and carried through the next
cycle. If the filter medium is washed after the cake discharge, Rm is usually
negligible. Therefore, neglecting Rm, Equation (5.33) becomes
.
mc
2c ∆P fn1/2
=
… (5.34)


AT
 αµ 
If the specific cake resistance (α) varies with overall pressure drop as per Equation
(5.19), then Equation (5.34) becomes
.
mc
2 c (∆P)1 – s f n1/2
=
… (5.35)


AT
αo µ


Equations (5.33) and (5.34) are applicable to continuous vacuum filters as well as to
continuous pressure filters.

When Rm is negligible, Equation (5.34) predicts that the rate of filtrate flow varies
inversely with the square root of the viscosity and of the cycle time. This is true in
practice for thick cakes and long cycle times. But for short cycle times, it is not true
and Equation (5.33) must be used.
Filter Medium (Characteristics of filter medium)
•

•

In case of cake filtration, the choice of a filter medium is often the most important
consideration in assuring satisfactory operation of a filter. The filter medium in any
filter must meet the following requirements :
1. It should retain the solids to be filtered, giving a reasonably clear filtrate.
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It should not plug or blind (low rate of entrapment of solids within its interstices).
It should be mechanically strong to withstand the process conditions.
It should be resistant to the corrosive action of fluid.
It should offer as little resistance as possible to the flow of filtrate.

6. It should possess ability to discharge cake easily and cleanly.
7. It should have acceptable resistance to mechanical wear.
8. It should be cheap.
9. It should have long life.
•

In cake filtration, the filter medium is frequently a textile fabric.

•

Canvas cloth, woolen cloth, metal cloth of monel or stainless steel, glass cloth and
synthetic fibre cloth - nylon, polypropylene, etc., are commonly used as filter media
in industrial filtration practice depending upon the process conditions.

•

For an alkaline slurry, nylon cloths are used while for an acidic slurry, polypropylene
cloths are used as a filter medium.

Filter Aids
•

Filtration of slurries containing very finely divided solids or slimy, deformable flocs
is very difficult due to formation of a dense, impermeable cake that quickly plug the
filter media. In such cases the porosity of the cake must be increased to allow passage
of the filtrate at a reasonable rate. This is achieved by adding a filter aid to the slurry
before filtration.

•

A filter aid is a granular or fibrous material which packs to form a bed of very high
voidage. Because of this, they are capable of increasing the porosity of the filter cake.
A filter aid should be of low bulk density, should be porous, should be capable of
forming a porous cake, and must be chemically inert to the filtrate.

•

The commercial filter aids are diatomaceous earth - almost pure silica prepared from
deposits of diatom (marine organisms) skeletons, expanded pearlite, and asbestos
fibres. The filter aids are used for sludges that are difficult to filter and the use of
filter aids is normally restricted to filtration technique in which the filtrate is valuable
and the cake is the waste product.

•

Methods of using filter aids :
(i) adding a filter aid to the slurry before filtration, and
(ii) precoating, i.e., by depositing a layer of a filter aid on the filter medium before
filtration.
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Precoats prevent gelatinous solids from plugging the filter medium and give a clear
filtrate. The precoat is a part of the medium rather than that of the cake. When the
filter aid is directly added to the slurry before filtration, the presence of it increases
the porosity of the sludge, decreases its compressibility and reduces the resistance of
cake during the filtration operation.

FACTORS AFFECTING RATE OF FILTRATION
The rate at which the filtrate is obtained in a filtration operation, i.e., the rate of filtration
depends upon the following factors :
1. Pressure drop across the feed inlet and far side of the filter medium.
2. Area of the filtering surface.
3. Viscosity of the filtrate.
4. Resistance of the filter medium and initial layers of cake.
5. Resistance of the filter cake.
• The rate of filtration is directly proportional to the pressure difference across a filter
medium. Therefore, higher the pressure difference across a filter medium, higher will
be the rate of filtration.
• The rate of filtration is directly proportional to the square of the area of a filtering
surface. Therefore, higher the area of a filtering surface, higher will be the rate of
filtration.
• The rate of filtration is inversely proportional to the viscosity of the filtrate.
Therefore, higher the viscosity of the filtrate, lower will be the rate of filtration.
• The rate of filtration is inversely proportional to the resistance of a cake or filter
medium. Therefore, higher the resistance of a cake or filter medium, lower will be
the rate of filtration.
TYPES OF FILTRATION EQUIPMENTS
(a) Filters are generally divided into two major groups based on the function or goal of
filtration (i.e., based on whether to produce a cake or sparkling liquid).
(i) Cake filters.
(ii) Clarifying filters.
• Filters that retain appreciable quantities of filtered solids on the surface of the filter
medium are referred to as cake filters.
• Filters that remove small amounts of solids to produce sparkling clear liquids are
referred to as clarifying filters or deep bed filters. These filters are commonly
employed in water treatment.
(b) Filters may be classified according to the method of operation or operating cycle as
(i) Batch filters
(ii) Continuous filters
(c) Filters may be classified based on the driving force used for separation, e.g., gravity,
pressure, vacuum or centrifugal.
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In filtration operation, the filtrate is forced to flow through a filter medium by virtue
of a pressure difference across the medium. The pressure difference may be created
by gravity, superatmospheric pressure on the upstream of the filter medium, subatmospheric pressure on the downstream of the filter medium or centrifugal force
across the medium. Therefore, filters may be classified as
(i) gravity filters, (ii) pressure filters,
(iii) vacuum filters, (iv) centrifugal filters.
Industrial cake filters are usually classified as follows :
1. Batch (discontinuous) pressure filters
e.g., filter press - plate and frame press, pressure leaf filters.
2. Continuous pressure filters
e.g., pressure filter-thickener, continuous rotary pressure filters.
3. Batch vacuum filters
e.g., vacuum nutsches, vacuum leaf filters.
4. Continuous vacuum filters
e.g., rotary drum filters, vacuum precoat filters.
5. Centrifugal filters (batch and continuous)
e.g., suspended basket centrifuge - top driven or bottom driven, continuous filtering
centrifugals.
• The most important cake filters which will be referred to are : plate and frame filter
press, rotary drum filter, and basket centrifuge.
• In many cases, in the chemical industry, it is the solids that are wanted.
• The factors to be considered while selecting equipment for filtration and operating
conditions are :
1. Properties of the fluid such as viscosity, density and corrosiveness/chemical
reactivity.
2. Nature of the solid which includes particle size, size distribution, particle shape
and packing characteristics of solid particles.
3. Concentration of solids in slurry, i.e., feed slurry concentration.
4. Quantity of slurry to be handled and its value.
5. Valuable product of operation.
6. Necessity of washing the solids.
7. Initial investment.
8. Necessity of pretreatment of the slurry for ease in filtration.
9. Cost of labour and power.
Primary Filter - Sand Filters
• Sand filters (clarifying filters) are used for water treatment and water purification.
The medium of this filter is sand of varying grades. When we have to remove taste
and odour, the sand filter may include a layer of activated carbon. There are several
kinds of sand filters : rapid (gravity) sand filters, slow sand filters, pressure sand
filters and upflow sand filters.
•
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Rapid Sand Filter
•

It is a gravity filter and is widely used filter in the treatment of water. It consists of
an open water tight tank 3 to 3.5 m deep, containing a filter bed, a layer of coarse
sand 0.6 to 0.75 m thick. The size of sand particles ranges from 0.4 to 1 mm. The
sand bed is supported by a layer of graded gravel (of the size range of 1 to 50 mm)
0.45 m thick. Below the gravel there is an under drainage system consisting of a
central longitudinal conduit or manifold with strainers mounted on the top and pipes
of small diameter called laternals that carry perforations on the sides and bottom. In
the operation, water to be filtered is introduced from the top, it passes downward
through the filter bed. During its flow the suspended impurities get trapped in the
bed and almost clear water leaves the filter from the bottom. The filter bed is
periodically cleaned by backwashing. During backwashing with water, the upward
flow carries the deposited floc with it. The essential characteristics of rapid sand
filters are :
(i)

rate of filtration is high

(ii) cleaning is done through backwashing and
(iii) careful pre-treatment of water is necessary.
Pressure Sand Filters :
•

Pressure sand filters are essentially same as rapid sand filters, except that the water
is filtered through the filter bed under a suitable pressure and the filter medium is
contained in a steel tank. These filters are commonly used for the treatment of boiler
feed water. The water, instead of gravity fed, is pumped through the bed under
pressure. Such units are built as vertical or horizontal units. The former being used
for a relatively small amount of water and the latter for greater volumes. Pressure
sand filtration is often carried after coagulation and sedimentation and if not, the
coagulants are introduced to the filtered water pipe ahead of the filters. These filters
are operated with a feed pressure of 2 to 5 bar.

Vertical pressure filters range in diameter from 0.5 to 2.5 m and height from 2 to
2.5 m, while horizontal units are usually 2.5 m in diameter and are of any desired
length upto 7.5 m. The pressure filters occupy less space than the gravity filters of
the same capacity.
Pressure Filters
• Filters which operate with super-atmospheric pressure on the upstream side of the
filter medium and atmospheric or greater pressure at the downstream side of the
filter medium are termed as pressure filters. In these devices, the filtering pressure
is applied on the upstream side by a liquid pump or by a compressed gas. Hence,
pressure filters are fed by plunger, screw, diaphragm or centrifugal pumps. Since the
cake discharge from a pressure environment is difficult, continuous filters are in
limited use and most of the pressure filters are batch operated.
•
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Advantages of Pressure filters :
(i) Use of high filtration pressure results in relatively rapid filtrations.
(ii) These filters are compact so they provide a large filtration area per unit of floor space
occupied by the filter.
(iii) Batch pressure filters offer greater flexibility than any other filter at relatively low
initial investment.
Disadvantages of Pressure filters :
(i) Difficult to adapt to continuous processes and the operating cost is high in many
applications.
(ii) Continuous pressure filters are inflexible to some extent and are expensive.
• A filter press is the simplest and the most commonly used filtration equipment. Two
main forms in which this press is made are : the plate and frame press, and the
recessed plate press/chamber press.
Plate and Frame Filter Press
Construction :
• It consists of plates and frames arranged alternately and supported on a pair of rails.
The plate is a solid piece having a ribbed surface. The frame is hollow and provides
the space for the filter cake. The alternate arrangement of plates and frames results in
the formation of chambers. The plates and frames are square or rectangular in shape
and can be made of cast iron, stainless steel, nickel, aluminium, monel, hard rubber
or plastics (polypropylene). Coated materials are also used (rubber or lead or epoxy
resin covered).
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Feed
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Channel
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Filter cloth

Lower part of plate
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Plate

Filtrate

Open channel for filtrate

Fig. 5.4 : Plate and frame filter press (sectional view)
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Feed inlet

Hollow

Plate

Frame

Fig. 5.5 : Plate and frame
• Filter cloths are placed over each plate to cover the plate surface on both sides so that
hollow frame is separated from the plate by the filter cloth. The plates and frames
have circular holes on the corners for feed and discharge as shown in Fig. 5.5. The
filter cloths are also having holes that match the holes on the plates and frames. The
filter cloths themselves act as gaskets.
• When the press is closed by means of a hand screw or hydraulically, a continuous
channel is formed along the whole length of the press out of the corner holes in the
plates, cloths, and frames. The frames have openings in the interior from the corner
holes so that the slurry channel opens into the interior of frame (i.e., in the chamber
formed between each pair of successive plates). At the bottom of the plates, holes are
cored which connect the faces of the plates to the outlet cocks.
Working :
•

•

•

Slurry to be filtered is pumped through the feed channel. It runs into the chambers
formed and fills the chamber completely (i.e., frames). As the feed pump continues to
supply the slurry to be filtered, the pressure goes on increasing. Because of this, the
filtrate passes through the cloth, runs down the faces of plates and finally leaves the
filter through discharge cocks. (Fig. 5.4). The solids are deposited on the filter cloth.
The two cakes are formed simultaneously in each chamber and these join when the
frame is full and no more slurry can enter into it. The press is then said to be jammed.
Wash liquid may be introduced in the press to remove soluble impurities from the
solids and the cake is then blown with air to remove the residual liquid from it. The
press is then dismantled, and the cake of solids scrapped off from each plate.
In simple washing, the wash liquor is introduced through the feed channel and leaves
the filter through the outlet cocks (i.e., it follows the same path as the slurry and
filtrate). It is suited when the cake is uniform and permeable.
In open discharge type, the filtrate is discharged through cocks into an open launder,
so that the filtrate from each plate can be inspected and any plate can be isolated
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from the service by shutting off the cock if it is not giving a clear filtrate. Hence, it is
used when absolutely clear filtrate is required. In closed discharge, the filtrate
channel runs the entire length of press into a discharge pipe at one end. The closed
technique is used when toxic or volatile materials are to be filtered.
•

In many presses, arrangement is done for steam heating. Due to this, the viscosity of
the filtrate is reduced and a higher rate of filtration is achieved.

•

These units are made in plate sizes ranging from 100 × 100 mm to 1500 × 1750 mm.
Operating pressures upto 700 kPa are common. The press may be operated at
pressure upto 7 MPa by using a suitable material of construction.

Washing Press
•

Washing of the precipitate is more easy in the plate and frame press than in the
chamber press. Two methods of washing are simple washing and thorough washing.
The simple washing is ineffective when the frame is completely full. In thorough
washing, which is a more effective technique, the wash liquor is admitted through a
separate channel behind the filter cloth on alternate plates. These plates are called as
washing plates. The wash liquor thus passes through the entire thickness of the cake
and is discharged through the drain cocks.
Wash inlet

Three buttons

Two buttons

Feed
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Fig. 5.6 : Plates and frames of washing press
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Fig. 5.7 : Section through Washing Press (Washing cycle)
•

The plates and frames of the washing press are shown in Fig. 5.6. For ease in
identification and quick proper assembling the press, it is common practice to cast
buttons on the sides of plates and frames. The non-washing plate is having one
button, the frame is having two buttons, and the washing plate is having three
buttons. The press is assembled in such a way as to give the order of plate and frame
in the form 1 – 2 – 3 – 2 – 1 …… etc. (See Fig. 5.7).

•

The various channels lead to connections on the fixed head. During the filtration run,
a wash channel is closed by a valve on the head of the press. Filtration is carried out
as in the non-washing plate and frame press described earlier. When the frames are
filled (by solids retained on filter cloths), the feed channel is closed, the outlet cocks
on all three button plates are closed, and wash liquor is introduced into a wash
channel.

•

As the wash channel has cored openings connecting with both faces of three botton
plates, wash liquid enters between the plate and the cloth on all these plates. The
wash liquid passes through the cake, down the faces of one botton plates, and out
through the cocks on the one button plates as cocks on one bottom plates are open
and that on three botton plates are closed.
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After washing, the excess liquid from the cake is removed by compressed air for easy
discharge of the cake.
• In this press, the wash liquid passes through the whole thickness of the cake whereas
the filtrate (during filtration) passes through only half the thickness of cake. The
added resistance of the cake causes the liquid to distribute itself uniformly over the
faces of three botton plates and thus, to pass through the cake uniformly.
Recessed Plate or Chamber Press :
• It is similar to the plate and frame filter press except that the use of frames is avoided
by recessing the ribbed surface of the plates. The filter chambers are formed in
recesses between the successive plates. The fed is generally located in the centre of
the plate. Filter cloth on the recessed surface of each side of the plate is sealed around
the feed opening by two cloths sewn together at the hole or by clip nuts. The slurry
containing relatively large solid particles can be easily handled in this press as there
are no chances of blocking the feed channels. When the slurry is pumped in the press,
it will fill all the opening between the cloths and afterwards as pumping continues,
the filtrate passes through the cloths, runs down the ribbed surface of the plates and
finally leaves through the outlets provided on each plate. This press is not adopted for
washing of the cake.
•

Recessed
plate

Slurry

•

Fig. 5.8 : Recessed plate and chamber press
The plate and frame press is widely used, particularly when the cake is valuable
and relatively small in quantity. It can handle slimy material.
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Advantages of Plate and Frame press :
1. Simple in construction.
2. Low first cost.
3. Maintenance cost is low.
4. It provides a large filtering area per unit area of floor space occupied.
5. High operating pressures are easily developed.
6. It is possible to alter the capacity.
7. The majority of joints are external, so leakage is easily detected.
8. Flexibility.
Disadvantages of Plate and Frame press :
1. Labour requirement is very high.
2. Discontinuous in operation. Periodic manual dismantling results in high wear on the
cloths. So the filter cloth life is relatively short.
3. Not suitable for high throughputs.
4. Presses frequently drip and leak, making housekeeping in the area a problem.
5. Washing of cake is likely to be imperfect.
VACUUM FILTERS
• Filters which operate with less than atmospheric pressure on the downstream side of
the filter medium and atmospheric pressure on the upstream side of the filter medium
are referred to as vacuum filters. Thus, these filters are limited to a maximum
filtering pressure of one atmosphere. Vacuum filters need a vacuum pump which is a
source of the filtration driving force (it creates vacuum on the downstream side) and
is costly to operate.
• Vacuum filters are classified as discontinuous vacuum filters (vacuum nutsch filter)
and continuous vacuum filters (rotary drum filter).
• A vacuum nutsch filter is an industrial version of a laboratory scale Buchner funnel,
0.90 m to 3 m in diameter and forming a layer of solids 100 to 300 mm thick. The
components of this filter are vessel, woven mesh screen or perforated metal plate and
filter cloth. Filtration is carried out under vacuum by using a vacuum pump.
•

It is simple in construction and thus can be made of corrosion resistant materials. It is
especially useful to filter experimental batches of corrosive materials.

Filter cloth

To
vacuum
pump

Woven mesh screen or
perforated metal plate

Filtrate

Fig. 5.9 (A) : Nutsch filter
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Advantages of Vacuum filters :
(i) These filters can be designed as effective continuous filters.
(ii) Low labour requirement.
(iii) The filtering surface is easily accessible for inspection and repair as it can open to the
atmosphere.
(iv) Low maintenance costs.
Disadvantages of Vacuum filters :
(i) We have to maintain a vacuum system.
(ii) Not suitable with filtrates that are volatile.
(iii) These units cannot handle difficulty filterable compressible solids.
(iv) Continuous vacuum filters are inflexible.
Rotary Drum Filter
• A rotary drum filter is the most common type of continuous vacuum filter. In this
filter filtration, washing, partial drying and discharge of cake all take place
automatically.
Construction :
• A rotary drum filter is shown in Fig. 5.9 (B). It consists essentially of a cylindrical
sheet metal drum mounted horizontally. It may be from 50 to 400 cm in diameter
and 50 to 800 cm long.
• The outer surface of the drum is formed of perforated plate. A filter medium such as
canvas covers the outer surface of the drum which turns at 0.1 to 2 r/min in an
agitated slurry trough. Inside the outer drum, there is a smaller drum with a solid
surface.
• The annular space between the two drums is divided into number of
compartments/sectors by radial partitions and separate connection is made between
the compartments and a special type of rotary valve. As the drum rotates, vacuum
and air are alternately applied to each compartment.
• Apart from cast iron, the other materials of construction of this filter include
stainless steel, titanium, plastics such as PVC, etc. These materials give much
improved corrosion resistance for many slurries.
Wash spray
Cloth covered
outer drum
Inner drum
Cake

Slurry feed

Doctor blade

Slurry trough

Fig. 5.9 (B) : Rotary drum filter
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Working :
• The drum is immersed to the desired depth in the slurry which is mildly agitated to
prevent the settling of the solids. Vacuum is then applied to the portion of drum
which is submerged in the slurry through the rotary valve. Because of this, the liquid
(filtrate) is sucked into the compartment and solids get deposited on the cloth to form
a cake of the desired thickness which can be regulated by adjusting the speed of the
drum. With higher speeds, thinner cake will be formed and consequently, high rate of
filtration will be achieved. The filtrate from the compartment then goes to a filtrate
collecting tank through the internal pipe and rotary valve.
• As the portion of the drum on which the cake is formed comes out of the slurry, the
cake is washed by spraying wash liquid. The wash liquid leaves the filter through the
rotary valve and is collected separately in a separate tank. After washing, the cake
enters into a drying zone as the drum rotates where the cake is partially dried by
sucking air through the cake of solids. After the cake of solids has been sucked as dry
as possible, vacuum is cut off and the cake is removed by scrapping it off using a
adjustable doctor's knife. A little air is blown in under the cloth to aid the removal of
the cake. Once the cake is removed from the drum sector, it re-enters the slurry and
the cycle is repeated.
Wash sprays

Air connection
Continuous rotary filter
Feed

Cake
Moisture trap

Wash water

Dry vacuum
pump
Air out
Wash

Vacuum
receivers

Filtrate

Barometric seal

Fig. 5.10 : Flow sheet for continuous vacuum filtration
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Usually, one-third of the cycle is used for filtration, one-half for washing and air
drying and one-sixth for cake removal.

Advantages of Rotary drum filter :
1.

It is entirely automatic in action and thus the man-power requirement is very low.

2.

With cake consisting of coarse solids, it is possible to remove most of the liquid
from the cake before discharging.

3.

It has a large capacity for its size. Therefore, it is widely used for the filtration of
large quantities of free filtering material.

4.

By changing the speed, it is possible to built up cakes of varying thickness. With
fine solids, the thickness of cake is small and is large with coarse solids.

Disadvantages of Rotary drum filter :
1.

The maximum available pressure difference is limited to less than one atmosphere.

2.

As it being a vacuum filter, a difficulty is encountered in the filtration of hot liquids
due to their tendency to boil.

3.

It cannot be employed for materials forming relatively impermeable cakes or cakes
that cannot be easily removed from cloth.

4.

Initial cost of the filter and vacuum equipment is high.

CENTRIFUGAL FILTRATION
•

In case of slurries containing coarse granular or crystalline solids forming a porous
cake, the filtration operation can be carried by using centrifugal force rather than the
pressure force.

•

Centrifugal filters can be operated batchwise or in a continuous fashion. In these
filters, the slurry is fed centrally to a rotating basket. The perforations in the walls of
the basket are covered by a filter medium. The slurry is forced against the basket
sides by pressure resulting from the centrifugal action, i.e., by centrifugal force. The
liquor passes through the filter medium and the solids are retained by the medium.
After building the cake to a predecided thickness, the feed is stopped and the cake of
solids is spun for a short period to remove residual liquid from the cake.

•

The principles of centrifugal separation and filtration are illustrated in Fig. 5.11.

•

In Fig. 5.11 (a), a stationary cylindrical bowl contains a slurry (liquid + particulate
solids of greater density than liquid). Since the bowl is not rotating, solids will settle
at the bottom with a horizontal liquid surface above the solids.
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•

Fig. 5.11 (b) shows that the bowl is rotating about its vertical axis. In this case, the
liquid and solids are acted upon by two forces – the gravity force acting downward
and the centrifugal force acting horizontally. Normally, the centrifugal force is very
large as compared to the gravity force and hence, the same may be neglected in
comparison with the centrifugal force. Under the action of the centrifugal force, the
solid particles are tightly pressed against the vertical bowl wall and the liquid layer
assume the equilibrium position with an almost vertical inner surface as shown in
Fig. 5.11 (b).

•

If the wall of the bowl is perforated and perforations are covered with a filter
medium such as a fine wire screen as shown in Fig. 5.11 (c), the liquid is free to
flow outward but the solids are not. Almost all the liquid quickly flows out of the
bowl, leaving behind the cake of filtered solids.
Liquid

Liquid

Liquid

(a)

Solids

Solids

Solids
(b)

(c)

Fig. 5.11 : Principles of centrifugal separation and filtration
(a) Bowl stationary, (b) Sedimentation in rotating imperforated bowl,
(c) Filtration in rotating perforated basket

Centrifugal Filters
•

A centrifuge or centrifugal is any rotating machine that utilises a centrifugal force
for the separation of liquid from solids as well as for the separation of immiscible
liquids of different densities. The essential components of a centrifuge machine
are :
1. a rotor or bowl in which centrifugal force is applied to the contents of bowl,
2. a drive shaft,
3. a drive mechanism e.g. electric motor,
4. a frame for support, and align these and
5. a casing.
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Suspended batch centrifugal – Batch centrifuge
Construction :
•

A batch centrifuge which is commonly used in industrial processing is the topsuspended centrifuge (See Fig. 5.12). It consists of a basket with perforated sides.
The diameter of the basket ranges from 750 to 1200 mm and depth from 450 to
750 mm. The basket rotates at speeds between 600 to 1800 rpm. The basket is held
at the lower end of a free swinging vertical shaft. The shaft is driven from above by
an electric motor. The perforated sides (walls) of the basket are covered with a filter
medium on the inside. The basket is surrounded by a casing provided with a filtrate
discharge connection at the bottom. The basket and other parts may be constructed
of mild steel, monel and stainless. In case of mild steel, they may be lined with lead,
rubber, etc.
Adjustable
unloader knife

Motor shaft

Feed slurry

Perforated basket
Filter cloth

Solid cake

Casing

Filtrate

Removable valve plate
Solid discharge

Fig. 5.12 : Top suspended basket centrifugal
Working :
•

Slurry to be filtered is fed to the rotating basket through an inlet pipe or channel. It is
forced against the basket sides by centrifugal force. The liquid passes through the
filter medium into the casing and out a discharge pipe, while the solids form a filter
cake against the filter medium. The cake thickness usually varies from 50 to
150 mm. The cake is washed by spraying wash liquid to remove the soluble
material. It leaves the centrifuge through the discharge pipe. After washing is
complete, the cake is spun as dry as possible, usually at a speed higher than that
during the charging and washing steps. The motor is then turned off and the basket
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speed is reduced by the application of a brake. At the basket speed of 30 - 50 rpm,
the cake is discharged by cutting it out with an unloader knife. The knife peels the
cake off the filter medium and drops it through an opening in the basket floor. The
valve which forms part of the bottom is opened to allow cake discharge into a
receiver placed below. After unloading, the filter medium is rinsed clean and the
cycle is repeated.
These machines are widely used in sugar refining. They operate in sugar refining on
short cycles of 2 to 3 minutes per load.
Another design of basket centrifuge is the one which is driven from the bottom
(under driven). In this machine, the drive motor, basket, and casing are all
suspended from vertical legs mounted on a base plate. It may be top discharge or
bottom discharge type.
Rinse spin dry

1200
1000

Basket speed

•

5.25

Accelerate to
full speed

Decelerate

800
600
400

Load

Accelerate to
loading speed

200
Unload
Time in min

Fig. 5.13 : Typical operating cycle of a batch centrifuge machine
In case of bottom discharge under driven machines, the solids are plowed out
through openings in the floor of the basket as in top-suspended machines. A typical
operating cycle of a batch centrifuge is composed of various steps such as
(a) accelerate to loading speed,
(b) rinse screen,
(c) load,
(d) accelerate to full speed,
(e) wash cake,
(f) spin to dryness,
(g) decelerate to unloading speed, and
(h) unload.
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The drive may be variable-speed electric motor, either direct or through V-belts.
A typical operating cycle for a variable speed automatic basket centrifuge is shown
in Fig. 5.13. Centrifuge machines are also called as hydroextractor.

CONCEPT AND PRINCIPLE OF SEDIMENTATION
• The separation of solids from a suspension in a liquid by gravity settling is called
sedimentation. The gravity force is responsible for the motion of solids through the
liquid. In this operation, a dilute slurry is separated into a clear liquid and a slurry of
higher solids content. The Dorr thickener is a common piece of equipment used for
sedimentation.
• Removal of solids liquid sewage wastes (waste water treatment) and removal of
suspended impurities from water to be used for domestic and industrial purposes
(water treatment) are examples (application) of sedimentation.
• Sedimentation is one of the most widely used processes in the treatment of water.
The simplest method of removing the suspended impurities is by plain sedimentation.
The water is allowed to stand quiescent or move very slowly through a basin until the
suspended impurities settle to the bottom of the basin and relatively clear water is
drawn off from the top. The degree of removal of suspended impurities depends upon
the length of retention period, the size of the suspended impurities and the
temperature of water.
Types of Settling
• There are two types of settling processes by which particulates (solid particles) settle
to the bottom of a liquid.
1. Free settling.
2. Hindered settling.
Free Settling
• It is the settling of the particles unaffeced by the other particles and the wall of the
container.
• It refers to the process wherein the fall of the particle in the gravitational field
through a stationary fluid is not affected by the other particles and the wall of the
container.
• In this process, the individual particle does not collide with the other particles or with
the wall of the container. This requires that the particles be at a sufficient distance
from the wall of the container and also from each other.
• This type of settling process is possible only if the concentration of particulate solids
in a suspension is very low.
Hindered Settling
• It is the settling of the particle impeded/affected by the other particles and the wall of
the container.
• It refers to the process wherein the fall of the particle in the gravitational field
through a stationary fluid is affected by the other particles and the wall of the
container.
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In this process the particle collide with the other particles and with the wall of the
container. This require that the particles be close to each other and this is turn
demand the concentration of solids in a suspension to be high.
• Hindered settling is encountered when the concentration of solids in a suspension is
large.
• For hindered settling, the settling velocity is considerably less than the terminal
falling velocity under free settling condition.
Concept of Terminal Falling Velocity
• If a particle is allowed to settle in a fluid under the influence of gravity, it will
increase in velocity until the accelerating force (force of gravity) is exactly balanced
by the resisting force (drag force). When this happens there is no further change in
the particles velocity and the particle will settle at a definite constant velocity. This
velocity is known as the terminal falling or terminal settling velocity of the particle.
• The terminal falling velocity of the particle is affected by size, shape and density of
the particles as well as the density and viscosity of the fluid.
•

•

The terminal falling velocity of a particle freely falling in a fluid is the velocity of the
particle when the drag force equals the downward force of gravity acting on the
particle.

Difference Between Sedimentation and Filtration
Sedimentation

Filtration

1. Sedimentation is defined as the removal 1. Filtration is defined as the separation of
of solid particles from a suspension by
solid particles from a suspension by
settling under gravity.
using a porous medium which retains
the solid particles and allows the liquid
to pass (through it).
2. The gravitation force – force due to 2. The pressure difference across the filter
gravity is responsible for separation (by
medium is responsible for separation
sedimentation).
(by filtration).
3. Filter medium is not required.

3. Filter medium is required.

4. The concentration of solids is very low in 4. The concentration of solids is very
the suspension to be handled.
large in the suspension to be handled in
cake filtration.
5. In sedimentation, a clear liquid is the 5. In cake filtration, wet cake of solids is
product of operation.
the product of operation.
6. Sedimentation basins and thickeners are 6. Filters press, rotary drum filter etc. are
the equipments used for sedimentation.
the equipments used for filtration.
7. Usually a sludge is discarded from 7. Usually a filtrate is discarded from
sedimentation.
filtration.
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Difference Between Sedimentation and Centrifugation
Sedimentation
Centrifugation
1. The separation of solids from a 1. The separation of immiscible liquids or
suspension in a liquid by gravity settling
solids from liquids by the application
is called sedimentation.
of centrifugal force is called
centrifugation.
2. The gravitation force is responsible for 2. The centrifugal force is responsible for
separation.
separation.
3. The force of gravity is comparatively 3. The centrifugal force is comparatively
very small and thus separation proceed
very grate/high and thus separation
slowly.
proceed very/ enormously fast.
4. Sedimentation basins and thickeners are 4. Various types of centrifuges are used
used for sedimentation.
for centrifugation.
Difference between Sedimentation and Classification
Sedimentation
Classification
1. The separation of solids from a 1. The separation of solid particles into
suspension in a liquid by gravity settling
fractions according to their terminal
is called sedimentation.
falling
velocities
is
called
classification.
2. The two products resulting by 2. The two products resulting by
sedimentation are a clear liquid and a
classification are a partially drained
slurry of high solids content (sludge).
fraction containing the coarse material
and a fine fraction along with the
remaining portion of the liquid
medium.
3. Liquid medium is not required.
3. Liquid medium is required to effect
separation.
LABORATORY BATCH SEDIMENTATION TEST AND SETTLING VELOCITY
CURVE
• The mechanism of settling may be best described by batch settling test in a glass
cylinder. Fig. 5.14 shows a series of observations of batch settling test.
• Fig. 5.14 (a) shows a cylinder containing a newly prepared slurry of uniform
concentration of uniform solid particles throughout. As soon as the process starts, all
the particles begin to settle and are believed to approach rapidly terminal settling
velocities under hindered settling conditions. Various zones of concentration then are
established as shown in Fig. 5.14 (b). The heavier faster settling particles settled at
the bottom of a glass cylinder are indicated by zone D. Above zone D forms another
layer, called zone C, a region of variable size distribution and non-uniform
concentration. The boundary between C and D is usually obscure and is marked by
vertical channels through which fluid is rising from the lower zone D as it
compresses. Above zone C is zone B, which is a zone of uniform concentration, of

Unit Operations-I

•

5.29

Filtration and Sedimentation

approximately, the same concentration as that of the original pulp (suspension of
solids is referred to as pulp in metallurgical work). Above zone B is zone A, which is
a zone of clear liquid. If the original slurry is closely sized with respect to the
smallest particles, the boundary between A and B is sharp.
As sedimentation continues, the heights of each zone vary as shown in Fig. 5.14 (b),
(c), (d). The heights of zones D and A increase at the expense of that of zone B while
that of C remains constant. After further settling, zones B and C disappear, all the
solids appear in zone D, but zone D may shrink further because of compression.
During compression, the liquid associated with the solids in zone D is expelled in a
clear zone.

A
A
B
B
C
C
D

D
(a)

(c)

(d)

(e)

Fig. 5.14 : Laboratory Batch Settling test (Batch sedimentation)
In a batch sedimentation operation as discussed, depths (heights) of various zones
vary with time. The same zones will be present in continuous thickeners, but in a
continuous sedimentation process, once the steady state is set up, the heights of each
zone will be constant. Fig. 5.15 shows how the zones of Fig. 5.14 may be arranged in
a continuously operating equipment such as a thickener.
Feed well

Feed
Overflow

Clarification zone

4

Seting zone

3

Upper compression
zone

2
Compression zone
1

Underflow

Revolving rack

Fig. 5.15 : Settling zones in continuous thickener

Clear liquid interface height

•

(b)

Ultimate height

Time

Fig. 5.16 : Batch-settling results

Unit Operations-I

5.30

Filtration and Sedimentation

In batch settling test carried out in the laboratory, the height of the liquid-solid
interface (between zones A and B) is measured as a function of time. When the
experimental data of height of interface v/s time are plotted, we get the curve as
shown in Fig. 5.16. The slope of this curve at any point of time represents the settling
velocity of suspension at that instant. During the early stage of settling process, the
rate of settling is constant, as shown by the first portion of the curve. As time
increases, the settling velocity decreases and steadily drops until the ultimate height
is reached. The batch settling test will give a different curve for every sludge and
somewhat different one for different concentrations. Such batch tests are the basis for
design of continuous thickener.
• Thickening in sedimentation tanks is the process in which the settled impurities are
concentrated and compacted on the floor of the tank.
Thickener
• Industrially, sedimentation operations may be carried out batchwise or continuously
in an equipment called a thickener. A thickener consists of a relatively shallow tank
from the top of which a clear liquid is taken off and the thickened liquid is
withdrawn/removed from the bottom.
• In majority cases, the concentration of the suspension is high and hindered settling
takes place. The rate of sedimentation can be artificially increased by the addition of
coagulating agents such as alum, etc. which causes the precipitation of colloidal
particles and the formulation of flocks. The suspension is also frequently heated
which causes reduction in the viscosity of the liquid. Further, the thickener is
frequently provided with a slow stirrer which helps in the consolidation of the
sediment and also reduces the apparent viscosity of the suspension.
•

Feed

Overflow (clear liquid)

Underflow (sludge)

Fig. 5.17 : Schematic diagram of a thickener
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Types of Thickener
Batch Thickener
• A batch thickener usually consists of a cylindrical tank provided with openings for a
slurry feed and product discharge. The bottom of the cylindrical tank is conical. The
tank is filled with a dilute slurry, and the slurry is allowed to settle. After the
sedimentation has proceeded for an adequate time, the clear liquid is decanted until
sludge appears in the draw-off and the thickened liquid (sludge) is withdrawn from
the bottom opening as indicated in Fig. 5.17.
Continuous Thickener

•

A continuous thickener, such as the Dorr thickener consists of a flat bottomed, large
diameter shallow-depth tank. It is provided with slow-moving radial rakes driven
from a central shaft for removing the sludge. The slurry is fed at the centre of tank at
a depth of 0.3 m to 1 m below the surface of the liquid, with a very little disturbance.
The clarified liquid is continuously removed from an overflow which runs around the
top edge of the tank (a launder) and the thickened liquor is continuously withdrawn
from the outlet at the bottom. The slowly revolving rakes scrape the sludge towards
centre of the bottom for discharge and remove water from the sludge as it stirs only
the sludge layer. Thus, the solids are continuously moving downwards, and then
inwards to the sludge outlet, whereas the liquid is moving upwards, and then rapidly
outwards (See Fig. 5.18).
The two functions of the thickener are :
1. To produce a clear liquid, and
2. To produce a given degree of thickening of the suspension.

•

For the production of clear liquid the upward velocity of the liquid must always be
less than the settling velocity of particles. Thus, for a given throughput, the diameter
of the tank determines the clarifying capacity of the thickener.

Overflow

Feed well
Arm

Shaft

Blades
Discharge with scrapper

Fig. 5.18 : Dorr thickener
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Coagulants and Role of Coagulants in Filtration and Sedimentation
•

The most widely used coagulants are : aluminium sulphate (usually called alum or
filter alum) and ferrous sulphate (also known as copperas).

•

Alum is the most commonly used chemical for the coagulation of water because of
its excellent floc formation tendency, its relative economy, its stability and ease of
cleaning. In order to react alum to form precipitate, it is necessary that the water
should have some alkalinity and for this it is necessary to add soda ash or lime to
water. It is found that alum coagulates best in the pH range of 6 to 8. It may be added
in powdered form or in the form of solution.

•

Chemical coagulation consists of adding small amounts of coagulants to water which
form flocculant precipitates which coalesce with the suspended impurities and cause
them to sink rapidly. When the coagulants are added to sedimentation tanks, the
settling of solid particles will occur rapidly and the supernant liquid will be very
clear.

•

It is not possible to remove, as such, finely divided and colloidal particles, microorganisms and colour producing compounds from water by use of sand filters. In
order to remove these from water, coagulants are added to the water prior to
filtration. When alum is added to water, it gets hydrolysed by natural or artificially
created alkalinity of water with formation of the flocculant precipitate of aluminium
hydroxide. The finely divided suspended matter, etc. gets adhered to this precipitate
and are removed in sand filters.
SOLVED EXAMPLES

Example 5.1 : For a sludge filtered in a washing plate and frame the filtration equation
V = Kt holds good, where V is the volume of the filtrate obtained in time t. When the
pressure is constant, 30 m3 of filtrate is obtained in 10 h.
(i) Calculate the washing time if 3 m3 of wash water is forced to the cake at the end of
filtration.
(ii) If the filtering area/surface is doubled keeping all other things constant, how long
would it take to obtain 30 m3 of filtrate ?
Given : The rate of washing is one-fourth the final rate of filtration.
Solution : The filtration equation provided/given for a constant pressure filtration is
V2 = Kt
where V is the volume of the filtrate obtained in time t.
Differentiating the above equation, we get
2V dV = K dt
dV
K
dt = 2V
2
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2

V = Kt
V2
K = t
V = 30 m3, t = 10 h,
(30)2
K = 10 = 90 m6/h

The final rate of filtration is given by
dV = K = 90 = 1.5 m3/h
 dt f 2V 2 × 30
Given :

1
Rate of washing = 4 (final rate of filtration)
1
= 4 × (1.5) = 0.375 m3/h

(i) Volume of wash water used = 30 m3.
Volume of wash water
Rate of washing =
Washing time
Volume of wash water
3
Washing time =
= 0.375 = 8 h
Rate of washing

… Ans. (i)

(ii) Filtering surface is doubled.
We know : Rate of filtration ∝ A2
Rate ∝ A2
∴

Rate = cA2
2

Given :

(Rate)1 = c A1

(Rate)1 is the rate with surface A1

2
2

… with surface A2

(Rate)2 = c A
A2 = 2A1
Volume of filtrate 30
(Rate)1 =
= 10 = 3 m3/h
Time
2

2

c A1
A1
(Rate)2
(Rate)1 = c A22 = A22
2

A1
(Rate)2 = (Rate)1 ⋅ 2
A2
2

A1
= 3 × (2A )2 = 12 m3/h
1
We have to find the time required to obtain 30 m3 filtrate when the surface is doubled.
Volume of filtrate 30
Time required =
= 12 = 2.5 h
… Ans. (ii)
(Rate)2
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Example 5.2 : A filter press is used to filter a sludge forming a nonuniform compressible
cake. At a constant pressure difference, 6000 l of filtrate is obtained in 1 h. Washing is done
with 1200 l of water, it proceeds exactly as filtration. The filtrate has the same properties as
the wash water. Neglecting the resistance of filter cloth, calculate the washing time required.
Given : Rate of washing = 1/4 (final rate of filtration) for a filter press.
Solution : For a constant rate filtration, neglecting the cloth resistance, we have
dt
dV = KcV
which on integration gives
V2
t = Kc 2
∴
Kc = 2t/V2
Given : t = 1 h = 60 min … V = 6000 l
2 × 40
Kc = (6000)2 = 3.33 × 10–6 min/l2
dV
1
We have :
dt = Kc V
The final rate of filtration is
dV = 1 , where V = 6000 l
f
 dt f Kc Vf
1
= 50 l/min
3.33 × 10–6 × 6000
1
Given :
Rate of washing = 4 (final rate of filtration)
1
= 4 × 50 = 12.5 l/min
Volume of wash water used = 1200 l
Volume of wash water used
Rate of washing = Washing time required
Volume of wash water 1200
∴
Washing time =
= 50 = 24 min
… Ans.
Rate of washing
Example 5.3 : A plate and frame filter press when filtering a sludge gave 8 m3 of filtrate
in 1800 s and 11 m3 of filtrate in 3600 s when filtration was stopped. Calculate the wahsing
time if 3 m3 of wash water is used to wash the cake. Neglect the resistance of a filter cloth
and assume a constant pressure filtration.
Given : Rate of washing = 1/4 (final rate of filtration)
Solution : For a constant pressure filtration, neglecting the filter cloth resistance, the
filtration equation is
dt
dV = Kc V
dV
1
=
dt
Kc V
=
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Integrating, we get
V2
t
2 = Kc
2t
Kc = V2

∴
∴
Let us find Kc.

2 × 1800
6
(8)2 = 56.25 s/m
The filtration was complete at t = 3600 s during which 11 m3 of the filtrate was
collected/obtained. Thus, the final rate of filtration is given by
dV = 1 , V = 11 m3
f
 dt f Kc Vf
V = 8 m3 and t = 1800 s, Kc =

Given :

=
Given :

Rate of washing =
=
Rate of washing =
Washing time =
=

1
= 1.62 × 10–3 m3/s
56.25 × 11
1
4 [final rate of filtration]
1
–3
–4
3
4 × 1.62 × 10 = 4.04 × 10 m /s
Volume of wash water
Washing time
Volume of wash water
3 m3
=
Rate of washing
4.04 × 10-4 m3/s
7425 s

… Ans.

Important Points
•

•

•

•

•
•

The separation of solids from a suspension in a liquid with the help of a porous
medium or screen which retains the solids and allows the liquid to pass is termed as
filtration.
In cake filtration, the feed to be handled (two phase mixture) is called slurry, the bed
of deposited solids on a porous membrane (filter medium) is called cake and the
clear liquid leaving the filter medium is called filtrate.
The method in which the pressure drop over the filter is held constant throughout a
run so that the rate of filtration is maximum at the start of filtration and decreases
continuously towards the end of the run is called constant pressure filtration.
The method in which the pressure drop is varied usually from minimum at the start of
filtration to a maximum at the end of filtration so that the rate of filtration is constant
throughout the run is called constant rate filtration.
A filter aid is a granular or fibrous material which packs to form bed of very high
voidage and therefore are capable of increasing the porosity of the filter cake.
Filters that retain appreciable visible quantities of filtered solids on the surface of
the filter medium are referred to as cake filters.
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Filters that remove small amounts of solids to produce sparkling clear liquid are
referred to as clarifying filters or deep bed filters.
Filters which operate with super-atmospheric pressure on the upstream side of the
filter medium and atmospheric or greater pressure at the downstream side of the
filter medium are termed as pressure filters.
Filters which operate with less than atmospheric pressure on the downstream side of
the filter medium and atmospheric pressure on the upstream side of the filter medium
are referred to as vacuum filters.
Sand filters (clarifying filters) are used for water treatment and water purification.
A centrifuge is any rotating machine that utilises a centrifugal force for the separation
of liquid from solids.
The separation of solids from a suspension in a liquid by gravity settling is called
sedimentation.
Sedimentation is defined as the removal of solid particles from a suspension by
settling under gravity.
Free settling : It is the settling of the particles unaffected by the other particles and
the wall of the container.
Hindered settling : It is the settling of the particles impeded by the other particles
and the wall of the container.
The terminal falling velocity of a particle freely falling in a fluid is the velocity of the
particle when the drag force equals the downward force acting on the particle.
Industrially, sedimentation operations may be carried out batchwise or continuously
in an equipment called a thickener.
Alum is the most commonly used chemical for the coagulation of water because of
its excellent floc formation, its relative economy, its stability and ease of cleaning.

Practice Questions
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.

Define filtration and state factors affecting the rate of filtration.
Classify industrial cake filters.
Draw a neat sketch of plate and frame filter press.
Write construction of plate and frame filter press.
Draw a sketch of rotary drum filter and explain its construction.
State the characteristics of a filter medium.
Draw a neat sketch of basket centrifuge and explain its construction.
State advantages and disadvantages of
(i) plate and frame filter press and
(ii) rotary drum filters.
Explain briefly the terms : constant rate filtration and constant pressure filtration.
Define sedimentation and state its applications.
Define the terms free settling and hindered settling.
Differentiate between sedimentation and filtration.
Explain in brief coagulants and their role in sedimentation and filtration.
Draw a neat sketch of Dorr thickener.
Differentiate between sedimentation and centrifugation.
Explain the term terminal falling/settling velocity.

❐❐❐

CHAPTER SIX

MIXING
CONCEPT OF MIXING
• Mixing is a process in which at least two separate materials (which may be present in
the same or different phases) are taken and forced them to be randomly distributed
through one another by some mechanical means.
• It is a physical process of reducing non-uniformities in fluids by eliminating gradients
of concentration, temperature and other properties.
• The term mixing implies taking atleast two separate phases and causing them to
distribute randomly through one another.
• A substance which is uniform throughout in physical state and chemical composition
is called a homogeneous substance or a phase. Phases may be liquid, solid or
gaseous. Therefore, mixing may involve gases, liquids or solids in any possible
combination of two or more components - two different liquids, a liquid and a gas,
a liquid and a powdered solid or two different or same solids.
Homogeneous and Heterogeneous Mixtures
• A mixture in which its components/constituents are present in a single phase is called
a homogeneous mixture. For example, a liquid mixture of methanol and water, a
mixture containing CO2, N2 and O2 gas.
• A mixture in which its components/constituents are present in distinct phases is
called a heterogeneous mixture.
For example, a liquid mixture of benzene and water forms a heterogeneous mixture
made up of two immiscible liquid phases.
Importance of Mixing and Agitation
• In this chapter, we will deal with mixing of liquids with liquids, gases with liquids,
liquids with solids and solids with solids.
• When the ratio of liquid to solid is large, mixing of solids with liquids can be
performed in the same fashion as mixing of liquids with liquids. On the other hand, if
the ratio of liquid to solid is small, solid-liquid mixing becomes similar to mixing of
solids with solids (solid-solid mixing).
• It should be noted that agitation and mixing are not synonymous. Agitation refers to
the induced motion of material in a circulatory pattern inside a tank or vessel, while
mixing is the random distribution into and through one another, of two or more
initially separate phases.
(6.1)
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The practical aims of mixing are :
1. To promote a chemical reaction. It is the most important use of mixing in the
chemical industry, since intimate contact between reacting phases/substances is
necessary for a reaction to proceed properly.
2. To produce simple physical mixtures - of two or more uniformly divided solids,
two or more miscible liquids, etc.
3. To carry out physical change - formation of crystals from a supersaturated
solution.
4. To accomplish dispersion in which a quasi-homogeneous material is produced
from two or more immiscible fluids and from one or more fluids with finely
divided solids.
• Based upon the objectives of the processing step, liquids are agitated for the
following purposes :
(i) Blending miscible liquids
(ii) Dispersing a gas in the liquid
(iii) Suspending or dispersing relatively lighter solid particles in the liquid to
produce uniformity required for promoting mass transfer and assisting chemical
reactions.
(iv) Dispersing or contacting immiscible liquids
(v) Promoting heat transfer between the liquid in the container and a coil or jacket
surrounding the container.
Mixing liquids with liquids
• A propeller or a turbine in a tank is the most commonly used equipment for
operations involving liquid-liquid and to some extent liquid-solid mixing.
• In liquid-liquid mixing, a system may contain liquids with or without solids that are
not viscous (e.g., light oils) liquids with or without solids that are viscous but
pourable (e.g. paints, heavy oils) and liquids with solids that form stiff pastes (oilbound distempers).
• The usual form of equipment is a vertical vessel fitted with an agitator (i.e., an
agitated vessel). The height of the vessel ranges from 1.5 to 2 times the diameter. The
impeller diameter is usually one-third of the tank diameter.
•

Inlet

Shaft

Thermowell

Liquid surface
Baffle
Vessel
Impeller
Discharge/
Outlet valve

Fig. 6.1 : Typical Agitated Vessel
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•

An agitated vessel is a vertical, cylindrical vessel fitted with an agitator. The agitator
is driven by an electrical motor directly or through a speed reducing gear box. It is
provided with inlet and outlet connections, coil, jacket, etc.

•

In the agitated vessel, the impeller creates a flow pattern, causing the liquid to
circulate through the vessel and return ultimately to the impeller.

•

An agitator is a combination of the impeller and shaft, i.e., impeller attached to the
shaft. There are various types of impellers and so the agitator types. When we say
turbine impeller, it is also termed as turbine agitator. The terms Impeller and Agitator
are used interchangeably.

Construction and Flow Patterns of Impellers
•

There are two types of impellers :
1. Axial flow impellers and
2. Radial flow impellers.

•

Axial flow impellers make an angle of less than 90° with the shaft. They generate
flow currents parallel to the axis of shaft.

•

Radial flow impellers have blades parallel to the axis of the shaft. They generate flow
currents in tangential (tangential to the circular path) or radial directions
(perpendicular to the shaft).

•

Impellers are further classified into three sub-types as :
1. Propellers, 2. Paddles and 3. Turbines.

•

Propellers and pitched blade turbines are axial flow impetters, whereas paddles, flat
blade, curved blade, disc flat blade turbines are radial flow impellers.

•

Axial impellers are used at high speeds to promote rapid dispersion and used at low
speeds to keep solids in suspension. Radial flow impellers are used for large scale
mixing of solid/liquid suspension.

Propellers

•

A propeller is an axial-flow, high speed impeller commonly used for low viscosity
liquids. It may be mounted centrally, off-centre or at an angle to the vessel. It is
simple and portable. The diameter of propeller usually lies between 15 to 30% of the
diameter of the vessel.

•

A typical propeller is shown in Fig. 6.2. The most common propeller is a standard
three bladed marine propeller. A propeller is shaped with a tapering blade to
minimise the effect of centrifugal force and produce maximum axial flow.
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Fig. 6.2 : Standard three blade propeller Fig. 6.3 : Propeller, off centre and angular (unbaffled)

•

Small propellers rotate at full motor speeds, whereas large ones rotate at a speed of
400 to 800 r.p.m.

•

Propellers may also be mounted near the bottom of the cylindrical wall of a vessel as
shown in Fig. 6.4 for blending low viscosity fluids or suspending slow settling
sediments in very large tanks.

Baffles

Side view

Fig. 6.4 : Side entering propeller

Fig. 6.5 : Flow pattern in a baffled vessel
with centrally, mounted propeller or axial
flow turbine
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Propeller drives the liquid straight down to the bottom of the vessel, at the bottom the
stream spreads radially in all directions towards the wall, then the liquid flows
upward along the wall, and finally returns to the suction of impeller from the shaft.
Such a flow pattern is shown in Fig. 6.4. These agitators are used in situations where
strong vertical currents are desired, e.g., for suspending heavy particles.

Turbines

•

Various types of turbine impellers are shown in Fig. 6.6. Pitched blade turbine is an
axial flow impeller while curved blade and flat blade turbines are radial flow
impellers.

Rotor
blades

(a) Open straight
blade

•

(b) Bladed disk/
Flat disk blade

(c) Vertical curved
blade

Stationary
diffuser

(d) Shrouded
curved blade with
diffuser ring

Fig. 6.6 : Turbine impellers
They are capable of creating a vigorous mixing action due to centrifugal and
rotational motions generated by them. A stator ring surrounding this impeller gives
an efficient mixing action.

(a) Pitched blade turbine

(b) Curved blade turbine
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Shaft

Blade
Impeller disc
(Top view)

•

•
•

Hub
(Front view)

(c) Disk flat blade turbine
Fig. 6.7
The blades of the impeller may be attached to a central hub or to a central disc. The
diameter of the impeller is kept between one-third and one-sixth of the vessel
diameter. The blade length is one-fourth of the impeller diameter. With a central disc,
it is 1/8th of the impeller diameter. The blade angle of curved blade turbine may be
between 30 to 60o. The impeller speed usually ranges from 50 to 250 r.p.m.
Turbines are very effective over a wide range of viscosities (upto 104 cP).
Turbine impellers drive the liquid radially against the wall, where the stream divides
into two portions. One of the portions flows downward to the bottom and then returns
to the centre of impeller from below, while other flows upward towards the surface
and finally returns to the impeller from the above (See Fig. 6.8).

Baffle

Fig. 6.8 : Flow pattern with turbine impeller in a baffled vessel
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Turbines are especially effective in developing radial currents, but with a baffled
vessel they also induce vertical flow currents. To avoid vortexing and swirling with
turbines, baffles or a diffuser ring can be used
• It is a common practice to locate the agitator at a height not less than one agitator /
impeller diameter length from the bottom of a vessel and it should be submerged in
the liquid at a depth equal to twice the diameter of agitator / impeller at low speeds
and four times at high speeds. When the depth of the liquid is more than twice the
agitator diameter, it may be advisable to use two impellers on the same shaft.
Paddles
• Paddle agitators with two or four flat blades are very common. The blades of these
agitators are usually vertical and extend close to the vessel wall. They are simply
pushers and cause the mass to rotate in laminar swirling motion with practically no
radial flow along the paddle blades or any axial flow (vertical motion). The
circulation is poor and the mixing action is insufficient. These rotate with a speed
ranging from 20 to 150 r.p.m. The total length of this impeller lies between 50 to
80% of the inside diameter of the vessel (commonly 80% of the diameter). The width
of the blade is 1/4 to 1/10th of the paddle diameter.
• In some designs, the shape of blades is similar to the shape of the bottom of a vessel
so that they scrap the surface or pass over it with a close clearance. Such a type of
paddle is known as an anchor agitator. Anchors are very useful for preventing
deposits on a heat transfer surface as in reaction vessels and are commonly employed
for obtaining improved heat transfer in high viscosity fluids but are poor mixers.
• Gate and anchor are used to sweep the entire peripheral area of the vessel, both walls
and bottom.
•

(a) Flat paddle

(c) Gate

(b) Anchor

(d) Combined anchor and gate
Fig. 6.9 : Paddle agitators
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Flow Patterns in Agitated Vessels
• The factors on which the type of flow pattern in an agitated vessel depends are :
(i) Type of impeller
(ii) Characteristics of the fluid and
(iii) Size and proportions of the vessel, baffles and agitator.
• The velocity of the fluid at any point in the agitated vessel has three components,
namely radial, longitudinal and tangential. The overall flow pattern depends on the
variations in these velocity components from point to point. The radial velocity
component acts in a direction perpendicular to the shaft of the impeller. The
longitudinal velocity component acts in a direction parallel to the shaft. The
tangential or rotational component acts in a direction tangent to the circular path
around the shaft. With a vertical shaft in the vessel, the radial and tangential
components are in a horizontal plane and the longitudinal component is vertical.
Both the radial and longitudinal components are useful and produce the flow
necessary for the mixing action.
• If the shaft is vertical and located at the centre in the vessel, the tangential component
is generally undesirable since it follows a circular path around the shaft and creates a
vortex at the surface of the liquid and tends to continue.
• In circulatory flow, the liquid flows in the direction of motion of the impeller blades.
In case of unbaffled vessels, circulatory flow is generated by all types of impellers.
When the swirling is strong, the flow pattern in the vessel is virtually the same
irrespective of the design of the impeller. At high speeds, the vortex is deep and may
reach the impeller. Because of this gas/air from the top of the liquid surface is drawn
down into the content of the vessel, which is not desirable.
Concept of Swirling and Vortex (Unbaffled Tanks)
• If a low viscosity liquid is stirred in an unbaffled tank by a centrally mounted
agitator, there is a tendency for a swirling flow pattern to develop, for the lighter fluid
(usually air) to be drawn in to form a vortex at the surface of the liquid. This reduces
the degree of agitation and mixing.
• The above said phenomenon takes place in unbaffled tanks regardless of the type of
impeller. A typical flow pattern in an unbaffled tank for either axial or radial flow
impeller is shown in Fig. 6.10.
• In vortexing, the surface of the liquid takes roughly U-shape and efficient mixing no
longer takes place. A vortex is produced owing to the centrifugal force acting on the
rotating liquid.
• Thus, there is a limit to the rotational speed that may be used, since once the vortex
reaches the impeller, severe air entrainment may occur (air may be sucked in).
In addition to this effect, the swirling mass of liquid generates an oscillating surge in
the vessel which when coupled with the deep vortex may create a large fluctuating
force acting on the agitator shaft.
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Circular flow
around stirrer shaft

Vortex

Vortex

Fig. 6.10 : Vortex formation and circulation
Fig. 6.11 : Vortex at very high
pattern in an unbaffled agitated vessel
impeller speed
Prevention of Swirling and Vortex Formation
• There are three methods for the prevention of swirling and vortex formation :
(i) Off-centre mounting of the impeller.
(ii) Use of baffles.
(iii) Use of diffuser ring with turbines.
• In small vessels, the impeller can be mounted off-centre as shown in Fig. 6.12. In
larger vessels, the agitator may be mounted in the side of the tank with a shaft in
horizontal plane but at an angle with radius, as shown in Fig. 6.13.

Fig. 6.12 : Propeller‚ off-centre
and angular (unbaffled)

Fig. 6.13 : Side entering propeller
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•

In large vessels with vertical agitators, the most common method of reducing
swirling is to install baffles along the side of the vessel, which hinder rotational flow
without disturbing radial or longitudinal flow.

•

In an unbaffled vessel, there are strong tangential flow currents and vortex formations
at moderate speeds but in the presence of baffles, the vertical flow currents are
increased and there is more rapid mixing of the liquid.

•

With side entering, inclined and off-centre propellers, baffles are not needed.

•

In case of turbines, the principal currents are radial and tangential. The tangential
components induce (lead to) swirling and vortexing that must be stopped by the
baffles or by the use of diffuser ring for impeller to be most effective.

Baffles

Fig. 6.14 : Flow pattern with
turbine impeller in baffled tank

Baffles

Fig. 6.15 : Flow pattern in a baffled tank
with centrally mounted propeller agitator

BAFFLING
•

Use of baffles in a vertical vessel is essential for the efficient mixing action and
minimisation of vortex formation.

•

Baffles are flat vertical strips that are mounted against the wall of the vessel as shown
in Fig. 6.15. It is common practice to use four baffles. They are mounted vertically on
the vessel wall, projecting radially from the wall and located 90o apart. The width of
the baffle should be one-tenth to one-twelfth of the tank/vessel diameter.
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•

The baffle height should be at least twice the diameter of the impeller and
approximately centred on the impeller.

•

If the solids are to be kept in suspension, baffles should be set out from the wall with
a gap of about 1/5th of the baffle width between baffle and vessel to minimise the
accumulation of solids on or behind them.

•

The flow patterns in Fig. 6.10 and Fig. 6.15 are quite different, but in both the cases
of baffles there is a large top to bottom circulation without vortexing. Baffles convert
swirling motion into a preferred flow pattern to accomplish process objectives.

•

The addition of baffles in a vessel considerably increases the power requirement for
mixing.

Power Consumption of Impellers
•

Usually, electrical power is used to drive impellers in agitated vessels.

•

An empirical correlation of the power (or power number) with other variables of a
system allows us to do fairly accurate prediction of the power requirement of a given
impeller to rotate at a given speed. Such correlations can be obtained by using a
method of dimensional analysis. The power requirement of the impeller is a function
of geometrical details of the impeller and vessel, the viscosity and the density of
liquid, and the rotation speed of impeller.

•

An empirical correlation that can be obtained for a given system from the
dimensional analysis is of the following form :
2

N Da ρ N2.Da
P


=
F
5
ρ 
 µ
N3 Da ρ
where

P
5
N3 Da ρ

is the power number (NP)

2

N Da ρ
µ
N2.Da
ρ

is the Impeller Reynolds number (NRe)
is the Froude number (NFr)

N = rotation speed in revolution per sec.
Da = diameter of impeller
ρ = density of fluid
and µ = viscosity of fluid

… (6.1)
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When NRe > 10,000, the flow in the vessel is turbulent and when NRe < 10, the flow is
laminar. For NRe between 10 and 10,000 the flow is in a transition region in which
the flow is turbulent at the impeller and laminar in the remote parts of the vessel.
Equation (6.1) can also be written as :
NP = f (NRe, NFr)

•

The Froude number, NFr, represents the influence of gravitation and affects the power
consumption only when vortex is present. If the speed of impeller is increased, in
unbaffled vessels, the centrifugal force acting in the liquid causes the free surface of
the liquid to assume a paraboloid form by raising the liquid level at the wall and
lowering the level at the shaft. This is called vortex. The vortex is avoided by use of
baffles. For Reynolds number < 300, vortex may not be observed even for the
unbaffled vessel. The Reynolds number accounts for the viscous forces and it usually
true that in agitated vessels, the viscous forces are significant. Thus, Equation (6.2)
reduces to
NP = f (NRe)

•

… (6.2)

… (6.3)

The power consumption is related to the density and the viscosity of the liquid, the
rotational speed, and the impeller diameter by plotting power as a function of
Reynolds number as shown in Fig. 6.9.

At lower Reynolds number (laminar flow), the relationship between NP and NRe may be
given as
NP = Co/NRe,

… (6.4)

where Co is a constant for a given impeller and given geometrical details.
Rearranging Equation (6.4), we get
NP.NRe = Co

… (6.5)

Substituting the values of NP and NRe in Equation (6.5), we get
3

P = Co µ Da N2

… (6.6)

Equation (6.6) indicates that if the speed is doubled, power consumption will increase
by a factor of four.
For higher values of NRe, the Froude number plays important part. In this case, power
number is constant i.e.
NP = constant = C'
5

P = C' ρ Da N3

… (6.7)
… (6.8)

Equation (6.8) indicates that if the speed is doubled, the power consumption increases
by factor of eight in the turbulent flow region.
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: Curve blade turbine, 4 baffles each width of baffle DT / 12, DT - tank diameter.
: Open straight blade (six blade) turbine, 4 baffles each DT/12.
: Pitched blade turbine, 4 baffles each DT/12.
: Propeller, 4 baffles each 0.1 DT . Pitch = 2 Da.
: Propeller, 4 baffles each 0.1 DT, Pitch = Da.
Fig. 6.16 : Power Consumption
MIXING OF GASES WITH LIQUIDS
• This is usually accomplished by spraying (sparging) a gas under a turbine (flat blade)
near the bottom of a cylindrical vessel. Injecting the gas under a propeller is useless
because the flow from the propeller is axial and downward. The equipment which
can be used for the said purpose consists of a baffled vertical vessel incorporating a
flat blade turbine agitator.
Gas in

Turbine agitator
Baffle

Vessel
Sparger

Fig. 6.17 : Mechanically agitated vessel for gas-liquid system
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The diameter of turbine is one-third of the tank diameter. The depth of a pool of
liquid is equal to the tank diameter. A sparger (ring shaped) is mounted below the
impeller with holes on the top. The diameter of the sparger is equal to or less than the
diameter of the impeller. The gas is introduced from the top and injected in a pool of
liquid in the form of fine bubbles through the sparger as shown in Fig. 6.17.

MIXING OF SOLIDS WITH LIQUIDS
•

In situations, where the solids are not too coarse, the liquid is not viscous, and the
amount of solids per unit volume of liquid is not too great, the solids can be
suspended in liquids with the help of a flat blade turbine type of agitator. If any of the
above cited conditions do not hold, then for carrying out mixing, one has to look for a
kneading machine or some equipment primarily used for mixing solids with solids.

MIXING OF VISCOUS AND PLASTIC MASSES
•

In machines used for viscous and plastic masses, either the material must be brought
to the agitator or the agitator must visit all parts of mix. The mixing action in these
machines is described as a combination of low-speed shear, smearing, wiping,
folding, stretching, and compressing. These machines must be ruggedly built because
the forces generated in these mixers are large. The power consumption with these
mixers is high. Mixers described in this part are double arm kneaders, banbury
mixers and mullers.

TYPES OF MIXERS
Sigma Mixer/Kneading Machine (Double-Arm Kneader)
• In kneading machines, the mixing action is a combination of bulk movement,
smearing, stretching, folding, dividing and recombining as the material is pulled and
squeezed against the blades, saddle, and the walls of trough.
• A sigma mixer consists of a short rectangular trough with a saddle shaped bottom
[i.e., trough is curved at the bottom to form two longitudinal half cylinders and a
saddle section]. Two counter rotating blades (roughly z-shaped outline) are
incorporated in the trough. The blades are so placed and so shaped that the material
turned up by one blade is immediately turned under the adjacent one. The blades are
driven through a gear mechanism provided at either or both ends. The trough may be
open or closed and may be jacketed for heating or cooling. The machine is operated
in a batchwise fashion.
• The machine can be emptied through a bottom valve where 100% discharge or
thorough cleaning, between batches, is not as essential. More commonly, double-arm
kneaders are tilted for discharge by power operated jacks. Fig. 6.18 shows a doublearm kneader/sigma mixer employing sigma blades.
• The material to be kneaded is dropped into the trough and mixed for a period of
about 5 to 20 minutes or longer. The trough is then unloaded by tilting it.
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It is used for mixing very stiff masses.
To gear box
and electric motor
Gear wheel

Trough

Sigma blade

Fig. 6.18 : Kneading Machine/Double arm kneader (sigma mixer) – top view
•

•

Various designs of mixing blades are shown in Fig. 6.19. The sigma blade
[Fig. 6.19 (a)] is most widely used. The mixer employing sigma blades is capable of
starting and operating with either liquids or solids or a combination of both. The
sigma blade has good mixing action and is relatively easy to clean when sticky
materials are being handled.
The dispersion blade (Fig. 6.19) builds up high shear forces required to disperse
powder or liquids into plastic or to rubbery masses. The double-naben blade
[Fig. 6.19 (c)] is useful for heavy plastic materials.

(a) Sigma

(b) Dispersion

(c) Double-naben blade

Fig. 6.19 : Blades for double arm kneaders

Ribbon Blenders
• Ribbon blenders mix solids by mechanical shuffling and are used to handle dry
powders.
• A ribbon blender consists of a horizontal semicylindrical trough incorporating a
central shaft and a helical ribbon agitator. A typical ribbon blender is shown in
Fig. 6.20. In this mixer, two counteracting ribbons are mounted on the same shaft.
One of the ribbons moves the solids slowly in one direction, while the other one
moves the solids quickly in the other direction. The ribbons may be continuous or
discontinuous. Mixing takes place due to the turbulence generated by counteracting
ribbons and not only by motion of the solids through the trough.
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Helical ribbon

Lid

Lid

Trough

Bearing
box
Trough

Shaft

Pulley for
power
transmission

Support

(Side view)

Fig. 6.20 : Ribbon blender
• Ribbon blenders are used for batch or continuous mixing. In batch operated ribbon
blenders, the solids are charged and mix until satisfactory and discharged from the
bottom.
In continuously operated units, the solids are fed from one end of the trough and
discharged from the other end. In the path from the feed to discharge end, solids are
mixed.
• For light duty, the trough may be open or lightly covered, while for operation under
pressure or vacuum, the trough is closed and heavy-walled. Ribbon blenders are very
effective for handling thin pastes and dry powders that do not flow easily.
Banbury Mixer
• A banbury mixer is the most common internal mixer (See Fig. 6.21). It is a heavy
duty machine with two blades each rotating in a cylindrical sheet, but these cylinders
partly intersect with each other. In this mixer, the blade is pear shaped, but the
projection is spiral along the axis and the two spirals interlock. The machine operates
at a speed of 40 r.p.m. or lower. The clearance between the blades and the walls is
extremely small, and it is here that the mixing action takes place. The material is fed
from above and held in the trough during mixing by an air-operated piston under a
pressure of 1 to 10 kgf/cm2. Mixed material is discharged through a heavy sliding
door which is provided at the bottom of the trough. The heat generated is taken out
by spraying cooling water on the walls of the mixing chamber and circulating it
through the hollow agitator shafts during operation.
• The banbury mixer is used mainly in plastic and rubber industries.
Feed

Discharge through
sliding door

Fig. 6.21 : Banbury internal mixer
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Muller Mixers
•

Mulling is a smearing or rubbing similar to that in a mortar and pestle.

•

A muller mixture consists of a pan incorporating muller wheels.

•

In one of the designs of muller mixer, the pan is stationary and wheels rotate
(See Fig. 6.22); while in the other design, the pan is rotated and the axis of the wheels
is held stationary. In the stationary pan muller mixer, the central vertical shaft is
driven, causing the muller wheels to roll in a circular path over a layer of solids on
the pan floor. Plows direct the solids under the muller wheels during mixing or to an
opening in the pan floor for the discharge of the mixer at the end of the cycle. The
muller wheels crush the material, breaking down lumps and agglomerates.

•

Capacity of the muller mixer ranges from a fraction of cubic meter to more than
1.6 m3 and the corresponding power requirement ranges from 1/3 to 75 hp.

•

Mullers are used for handling batches of heavy solids and pastes. These are also
effective in uniformly coating the particles of granular solids with a small amount of
liquid.
Outer plow

Cylindrical casing
Wheel
Inner plow

Fig. 6.22 : Muller mixer (Top view)
TUMBLING MIXERS / TUMBLERS
In tumbling mixers, the mixing results from repeatedly lifting and dropping the material
and rolling it over.
A large number of materials are mixed by tumbling them in a partly filled container that
rotates about a horizontal axis. Tumbling mixers such as double cone mixer and twin shell
blender, shown in Fig. 6.23, are suitable for free flowing dry powders.
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(a) Double cone tumbler
(b) Twin shell tumbler
Fig. 6.23 : Tumbling Mixers
The double cone mixer [shown in Fig. 6.23 (a)] consists of a container made up of two
cones, base to base with or without a cylindrical section in between. The mixer is mounted so
that it can be rotated about an axis perpendicular to the line joining the points of the cones.
The material to be mixed is charged to the mixer from above until it is 50 to 60% full. The
ends of the container are closed and the solids are tumbled for a period of about 5 – 20 min.
Finally, mixed material is dropped out from the bottom of the container into a conveyor or
bin.
The twin shell blender [shown in Fig. 6.23 (b)] is formed out of two short cylinders.
These cylinders are joined to form a V-shaped container (their axes are about 90° to each
other) and rotated about a horizontal axis. It may contain internal sprays to introduce small
amounts of liquid into the mix or mechanically driven devices to brake agglomerates of
solids. Tumbling mixers are capable of handling large volumes, easily cleaned, and require a
little less power than ribbon blenders.
SOLVED EXAMPLES
Example 6.1 : A six-blade turbine agitator of diameter 60 cm is installed centrally in
tank with flat bottom of diameter 180 cm, at a height of 60 cm from the bottom. The tank is
filled with a solution of viscosity 10 Cp and of 1.45 g/ml density. The speed of agitation is
90 rpm. The tank is baffled. Calculate the power required.
Data :
Solution :

Power number = Np = 1.05 for NRe > 300
Da = Impeller diameter = 60 cm
µ = Viscosity = 10 Cp = 0.10 poise
ρ = 1.45 g/cm3
N = Revolutions per second
=

Speed in rpm
90
= 60 = 1.5 rev. per second
60
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2

N Da ρ
(60)2 × 1.45
100
=
=  60  ×
= 87000
0.10
 
µ

Reynolds number :

NRe

So flow is turbulent.
For turbulent flow :

Np = Power number = C' = constant

and the power is given by
5

P = C' ρ Da N3
where

Np = C' = 1.05

Substituting the values of various terms,
P = 1.05 × 1.45 × (60)5 (1.5)3
= 3.9956 × 109 ≈ 4 × 109 (g.cm2)/s3
= 4 × 109 (g.cm2)/s3
= 4 × 109 (10–3 kg × 10–4 m2)/s3
= 4 × 109 × 10–7 (kg.m2)/s3
= 400 (kg.m2)/s3
Let us convert P in the units of power by gc.
gc [Newton's law conversion factor] has the units of 1 (kg.m)/(N.s2).
P =

∴

400 (kg.m2)/s3
gc

400 (kg.m2)/s3
= 1 (kg.m)/(N.s2)
= 400 (N.m)/s
= 400 J/s = 400 W
The power required is 400 W.

… Ans.

400
Horse power [HP] required = 746 = 0.536 HP.

Important Points
•

The term mixing implies taking atleast two separate phases and causing them to
distribute randomly through one another.

•

A substance which is uniform throughout in physical state and chemical composition
is called a homogeneous substance or a phase.

•

Mixing is a process in which two separate materials are taken and forced them to be
randomly distributed through one another by mechanical means.

•

Liquids are agitated for blending miscible liquids, dispersing a gas in the liquid and
contacting or dispersing immiscible liquids.
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•

Axial flow impellers make an angle of less than 90° with the shaft and generate flow
currents parallel to the axis of the shaft.

•

Radial flow impellers have blades parallel to the axis of shaft and generate flow
currents in tangential or radial directions.

•

The methods used for prevention of swirling and vortex formation in agitated vessels
are : off-centre mounting of the impeller, use of baffles and use of diffuser ring with
turbines.

•

Ribbon blenders are used for handling thin pastes and dry powders that do not easily.

Practice Questions
1.
2.
3.
4.
5.
6.

State the various types of impellers and draw a sketch of any one of them.
State the methods of avoiding vortex in an agitated vessel.
Draw sketches of flow pattern with propeller and turbine impeller.
Explain the construction two arm kneaders.
Draw sketches of different blades used in the kneading machines.
Explain in brief the construction of
(i) Ribbon blender,
(ii) Muller mixer.

❐❐❐

CHAPTER SEVEN

FLOW OF FLUIDS
Chemical engineers are concerned with transportation of fluids, both liquids and gases,
from one location to another through pipes or ducts. This activity requires determination of
the pressure drop through the system and consequently of the power required for pumping,
selection of a suitable type of pumping device and measurement of the flow rates. In this
chapter, we will deal with the types of flow patterns, determination of the pressure drop
during fluid flow, methods of measuring flow, etc.
The branch of engineering science which deals with the behaviour of fluids at rest or in
motion is called FLUID MECHANICS. The study of water is referred to as Hydraulics.
Fluid mechanics is classified as : Fluid Statics and Fluid Dynamics.
Fluid statics deals with the study of fluids at rest which involves the study of pressure
exerted by a fluid at rest and the variation of fluid pressure throughout the fluid.
Fluid dynamics deals with the study of fluids in motion relative to stationary solid walls
or boundaries.

DEFINITIONS OF A FLUID
•
A fluid is a substance which is capable of flowing if allowed to do so.
•
A fluid is a substance that has no definite shape of its own, but conforms to the
shape of the containing vessel.
•
A fluid is a substance which undergoes continuous deformation when subjected to
a shearing force/shear force.
Since liquids and gases / vapours possess the above cited characteristics, they are referred
to as fluids.
Ideal Fluid :
•
It is a fluid which does not offer resistance to flow / deformation / change in shape,
i.e., it has no viscosity. It is frictionless and incompressible. However, an ideal fluid
does not exist in nature and therefore, it is only an imaginery fluid.
•
An ideal fluid is the one which offers no resistance to flow/change in shape.
Real Fluid :
It is a fluid which offers resistance when it is set in motion. All naturally occurring fluids
are real fluids.
(7.1)

Unit Operations-I

7.2

Flow of Fluids

CLASSIFICATION OF FLUIDS
1.
Based upon the behaviour of fluids under the action of externally applied pressure
and temperature, the fluids are classified as :
(a)

Compressible Fluids

(b)

Incompressible Fluids.

2.

Based upon the behaviour of fluids under the action of shear stress, the fluids are
classified as :

(a)

Newtonian Fluids

(b)

Non-Newtonian Fluids.

A fluid possesses a definite density at a given temperature and pressure. Although the
density of fluid depends on temperature and pressure, the variation of density with changes in
these variables may be large or small.
Compressible Fluid :
•
If the density of a fluid is affected appreciably by changes in temperature and
pressure, the fluid is said to be compressible.
If the density of a fluid is sensitive to changes in temperature and pressure, the fluid
is said to be compressible.
Incompressible Fluid :
•
If the density of a fluid is not appreciably affected by moderate changes in
temperature and pressure, the fluid is said to be incompressible.
If the density of a fluid is almost insensitive to moderate changes in temperature and
pressure the fluid is said to be incompressible.
Thus, liquids are considered to be incompressible fluids, whereas gases are considered to
be compressible fluids.
Definitions of Newtonian and Non-Newtonian fluids are covered later in this chapter
under the title viscosity.
PROPERTIES OF FLUIDS
The properties of fluids are
(i) Mass density (specific mass) or simply density (ρ).
(ii) Weight density (specific weight) (w).
(iii) Vapour pressure.
(iv) Specific gravity.
(v) Viscosity.
(vi) Surface tension and capillarity.
(vii) Compressibility and elasticity.
(viii) Thermal conductivity.
(ix) Specific volume.
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Density :
Density (ρ) or mass density of a fluid is the mass of the fluid per unit volume. In the
SI system, it is expressed in kg/m3. The density of pure water at 277 K (4 oC) is taken as
1000 kg/m3.
Weight Density :
Weight density of a fluid is the weight of the fluid per unit volume. In the SI system,
it is expressed in N/m3. Specific weight or weight density of pure water at 277 K (4 oC) is
taken as 9810 N/m3.
The relation between mass density and weight density is
w = ρg
where g is the acceleration due to gravity (9.81 m/s2).
Specific Volume :
Specific volume of a fluid is the volume of the fluid per unit mass. In the SI system, it is
expressed in m3/kg.
Specific Gravity :
The specific gravity of a fluid is the ratio of the density of the fluid to the density of a
standard fluid. For liquids, water at 277 K (4 oC) is considered/chosen as a standard fluid and
for gases, air at NTP (0°C and 760 torr) is considered as a standard fluid.
Vapour Pressure :
The vapour pressure of a pure liquid is defined as the absolute pressure at which the
liquid and its vapour are in equilibrium at a given temperature or The pressure exerted by
the vapour (on the surface of a liquid) at equilibrium conditions is called as the vapour
pressure of the liquid at a given temperature. Pure air free water exerts a vapour pressure of
101.325 kPa (760 torr) at 373.15 K (100 oC).
Surface Tension :
The property of liquid surface film to exert tension is called as the surface tension. It is
the force required to maintain a unit length of film in equilibrium. It is denoted by the symbol
σ (Greek sigma) and its SI unit is N/m.
Viscosity :
•

A fluid undergoes continuous deformation when subjected to a shear stress. The
resistance offered by a fluid to its continuous deformation (when subjected to a shear
stress/force) is called viscosity

•

The viscosity of a fluid at a given temperature is a measure of its resistance to flow.

•

The viscosity of a fluid (gas or liquid) is practically independent of the pressure for the
range that is normally encountered in practice. However, it varies with temperature. For
gases, viscosity increases with an increase in temperature, while for liquids it decreases
with an increase in temperature.
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u, m/s

y

Fig. 7.1 : Definition of viscosity
Consider two layers of a fluid 'y' cm apart as shown in Fig. 7.1. Let the area of each of
these layers be A cm2. Assume that the top layer is moving parallel to the bottom layer at a
velocity of 'u' cm/s relative to the bottom layer. To maintain this motion, i.e., the velocity 'u'
and to overcome the fluid friction between these layers, for any actual fluid, a force of
'F' dyne (dyn) is required.
Experimentally it has been found that the force F is directly proportional to the velocity
u and area A, and inversely proportional to the distance y.
Therefore, mathematically it becomes
F ∝ u.A/y
… (7.1)
Introducing a proportionality constant µ (Greek 'mu'), Equation (7.1) becomes
F = µ u A/y
…(7.2)
F/A = µ.u/y
… (7.3)
Shear stress, τ (Greek 'tau') equal to F/A between any two layers of a fluid may be
expressed as
τ = F/A = µ.u/y
… (7.4)
The above equation in a differential form becomes
du
… (7.5)
τ = µ ⋅ dy
(The ratio u/y can be replaced by the velocity gradient du/dy.)
In the SI system, the shear stress τ is expressed in N/m2 and the velocity gradient/shear
rate or rate of shear deformation is expressed in 1/s or s–1.
Equation (7.5) is called Newton's law of viscosity. In the rearranged form, it serves to
define the proportionality constant as
τ
… (7.6)
µ = du/dy
which is called as the coefficient of viscosity, or the dynamic viscosity (since it involves
force), or simply the viscosity of a fluid. Hence, the dynamic viscosity µ, may be defined as
the shear stress required to produce unit rate of shear deformation (or shear rate).
Viscosity is the property of a fluid and in the SI system it has the units of (N.s)/m2 or
Pa.s or kg/(m.s).
As the unit (N.s)/m2 is very large for most of the fluids, it is customary to express
viscosity as (mN.s)/m2 or mPa.s, where mN is millinewtons, i.e., 10–3 N and mPa is
millipascal, i.e., 10–3 Pa.
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In the C.G.S. system, viscosity may be expressed in poise (P) (the unit poise is named
after the French scientist Poiseuille) or centipoise (cP).
1 poise = 1 P = 1 gm/(cm.s)
= 0.10 kg/(m.s)
= 0.10 (N.s)/m2 or Pa.s
= 100 cP
In many problems involving viscosity, there appears a term kinematic viscosity.
The kinematic viscosity of a fluid is defined as the ratio of the viscosity of the fluid to
its density and is denoted by the symbol υ (Greek 'nu').
υ = µ/ρ

… (7.7)

In the SI system, υ has the units of m2/s. The C.G.S. unit of kinematic viscosity is
termed as stoke and is equal to 1 cm2/s.
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NEWTONIAN AND NON-NEWTONIAN FLUIDS
For most commonly known fluids, a plot of τ v/s du/dy results in a straight line passing
through the origin and such fluids are called as Newtonian fluids.

du/dy
(Velocity gradient)

Fig. 7.2 : Shear stress v/s velocity gradient for Newtonian and Non-Newtonian fluids
Fluids that obey Newton's law of viscosity, i.e., the fluids for which the ratio of the shear
stress to the rate of shear or shear rate is constant, are called as Newtonian fluids. This is
true for all gases and for most pure liquids.
Examples of Newtonian Fluids : All gases, air, liquids, such as kerosene, alcohol,
glycerine, benzene, hexane ether etc., solutions of inorganic salts and of sugar in water.
Fluids for which the ratio of the shear stress to the shear rate is not constant but is
considered as a function of rate of shear, i.e., fluids which do not follow Newton's law of
viscosity are called as non-Newtonian fluids. Generally, liquids particularly those containing
a second phase in suspension (solutions of finely divided solids and liquid solutions of large
molecular weight materials) are non-Newtonian in behaviour.
Examples of Non-Newtonian Fluids : Tooth pastes, paints, gels, jellies, slurries and
polymer solutions.
A Newtonian fluid is one that follows Newton's law of viscosity. If viscosity is
independent of rate of shear or shear rate, the fluid is said to be Newtonian and if viscosity
varies with shear rate, the fluid is said to be non-Newtonian.
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There are three common types of non-Newtonian fluids.
(a) Bingham Fluids or Bingham Plastics : These fluids resist a small shear stress
indefinitely but flow linearly under the action of larger shear stress, i.e., these fluids do not
deform, i.e., flow unless a threshold shear stress value (τ0) is not exceeded.
These fluids can be represented by
τ = τ0, du/dy = 0, τ > τ0, τ = τ0 + η.du/dy
where τ0 is the yield stress / threshold shear stress and η is commonly called as the
coefficient of rigidity.
Examples : Tooth paste, jellies, paints, sewage sludge and some slurries.
(b) Pseudoplastic Fluids : The viscosity of these fluids decreases with increase in
velocity gradient, i.e., shear rate.
Examples : Blood, solution of high molecular weight polymers, paper pulp, muds, most
slurries and rubber latex.
(c) Dilatent Fluids : The viscosity of these fluids increases with an increase in
velocity gradient.
Examples : Suspensions of starch in water, pulp in water, and sand filled emulsions.
The experimental curves for pseudoplastic as well as dilatent fluids can be represented
by a power law, which is also called the Ostwald-de-Waele equation.
τ = k (du/dy)n
where k and n are arbitrary constants.

… (7.8)

Newtonian fluids : n = 1, k = µ
Pseudoplastic fluids : n < 1
Dilatent fluids : n > 1
Pseudoplastics are said to be shear-rate-thinning and dilatent fluids are said to be shearrate-thickening.
PRESSURE
The basic property of a static fluid is pressure. When a certain mass of fluid is contained
in a vessel, it exerts forces at all points on the surfaces of the vessel in contact. The forces so
exerted always act in the direction normal to the surface in contact. The normal force exerted
by a fluid per unit area of the surface is called as the fluid pressure. If F is the force acting
on the area A, then the pressure or intensity of pressure is given by
P = F/A
… (7.9)
In a static fluid, the pressure at any given point is the same in all the directions. If the
pressure at a given point was not the same in all directions, there would be non-equilibrium
and the resultant force should exist. As the fluid is in static equilibrium, there is no net
unbalanced force at any point. Hence, the pressure in all directions is the same and thus
independent of direction.
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Pressure Head :
The vertical height or the free surface above any point in a liquid at rest is called as the
pressure head. The pressure head may be expressed as
h =

N/m2
(kg.m/s2)/m2
P
,
=
(kg/m3) (m/s2) = m
ρg kg/m3 × m/s2

… (7.10)

where P is in N/m2, ρ in kg/m3 and g in m/s2. The units of h are m of liquid.
As the pressure at any point in a static liquid depends upon the height of the free surface
above the point, it is convenient to express a fluid pressure in terms of pressure head. The
pressure head is then expressed in terms of meters of a liquid column.
HYDROSTATIC EQUILIBRIUM

Pressure = P + dP
dh

h

Fluid of density = r

Pressure = P

Area = A

Fig. 7.3 : Hydrostatic equilibrium
Consider the vertical column of a single static fluid shown in Fig. 7.3. In this column of
the static fluid, the pressure at any point is the same in all directions. The pressure is also
constant at any horizontal plane parallel to the earth's surface, but it varies with the height of
the column (it changes along the height of the column). Let the cross-sectional area of the
column be A m2 and the density of the fluid be ρ kg/m3. Let 'P', N/m2 be the pressure at a
height 'h' (meter) from the base of the column. At a height h + dh from the base of the
common (another horizontal plane), let the pressure be P + dP, N/m2. The forces acting on a
small element of the fluid of a thickness dh between these two planes are :
(i)

Force (P + dP)A is acting downwards. … taken as +ve.

(ii)

Force due to gravity is acting downwards and is equal to mass times acceleration
due to gravity : mg = V ρ g = A.dh.ρ.g … taken as –ve.
where m is the mass of the fluid contained within the two planes.

(iii) Force PA is acting upwards … taken as –ve.

Unit Operations-I

7.8

Flow of Fluids

As the fluid element is in equilibrium, the resultant of these three forces acting on it
must be zero. Thus,
+ P.A – A. dh.ρ.g – (P + dP) A = 0
… (7.11)
P.A – A. dh.ρ.g – PA – A.dP = 0
… (7.12)
– A.dh.ρ.g – A.dP = 0
… (7.13)
dP + dh.ρ.g = 0
… (7.14)
Equation (7.14) is the desired basic equation that can be used for obtaining the pressure
at any height. Let us apply it to incompressible and compressible fluids.
1. Incompressible Fluids :
For incompressible fluids, density is independent of pressure.
Integrating Equation (7.14), we get
dP + g.ρ.dh = 0
… (7.15)
∫ dP + g.ρ. ∫ dh = 0
… (7.16)
∴
P + hρg = constant
… (7.17)
From Equation (7.17), it is clear that the pressure is maximum at the base of the column
or container of the fluid and it decreases as we move up the column.
If the pressure at the base of the column is P1 where h = 0 and the pressure at any height
h above the base is P2 such that P1 > P2, then
P2
h
⌠
⌠
⌡ dP = – g . ρ ⌡ dh
0
P1

… (7.18)

Integrating, we get
(P1 – P2) = h . ρ . g
where P1 and P2 are expressed in N/m2, ρ in kg/m3, h in m, 'g' in m/s2 in SI.

… (7.19)

With the help of Equation (7.19), the pressure difference in a fluid between any two
points can be obtained by measuring the height of the vertical column of the fluid.
2.

Compressible Fluids :

For compressible fluids, density varies with pressure. For an ideal gas, the density is
given by the relation
PM
ρ = RT
… (7.20)
where

P = absolute pressure
M = molecular weight of gas
R = universal gas constant
T = absolute temperature.

Putting the value of 'ρ' from Equation (7.20) into Equation (7.14),
dP + g (PM/RT) dh = 0

… (7.21)
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Rearranging Equation (7.21),
M
dP
+
g
.
… (7.22)
RT dh = 0
P
Integrating Equation (7.22), we get
M
… (7.23)
ln P + g.RT ⋅ h = constant
Integrating the above equation between two heights h1 and h2 where the pressures acting
are P1 and P2, we get
M (h2 – h1)
P2
… (7.24)
ln P = – g .
RT
1
P2
M


… (7.25)
P1 = exp . – g . RT (h2 – h1)
Equation (7.25) is known as the barometric equation and it gives us the idea of pressure
distribution within an ideal gas for isothermal conditions.
MANOMETERS
Manometers are the simplest pressure measuring devices and are used for measuring
low pressure or pressure differences.
U-tube Manometer
P1

P2

Scale

To tap
1

5
x

Limb-1

Limb-2

4

Arm of manometer

h

Fluid of density r

Air

2

3

Fluid of density = rm

•

Fig. 7.4 : U-tube Manometer
U-tube manometer is the simplest form of manometer. It consists of a small
diameter U-shaped tube of glass. The tube is clamped on a wooden board. Between
the two arms or legs of the manometer, a scale is fixed on the same board. The Utube is partially filled with a manometric fluid which is heavier than the process
fluid. The two limbs of the manometer are connected by a tubing to the taps
between which the pressure drop is to be measured. Air vent valves are provided at
the end of each arm for the removal of trapped air in the arm. The manometric fluid
is immiscible with the process fluid. The common manometric fluid is mercury.
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U-tube manometer is filled with a given manometric fluid (fluid M) upto a certain
height. The remaining portion of the U-tube is filled with the process fluid/flowing
fluid of density ρ including the tubings. One limb of the manometer is connected to
the upstream tap in a pipeline and the other limb is connected to the downstream tap
in the pipeline between which the pressure difference P1 – P2 is required to be
measured. Air, if any, is there in the line connecting taps and manometer is
removed. At steady state, for a given flow rate, the reading of the manometer,
i.e., the difference in the level of the manometric fluid in the two arms is measured
and it gives the value of pressure difference in terms of manometric fluid across the
taps (stations). It may then be converted in terms of m of flowing fluid.
Consider a U-tube manometer as shown in Fig. 7.4 connected in a pipeline. Let
pressure P1 be exerted in one limb of the manometer and pressure P2 be exerted in
the another limb of the manometer. If P1 is greater than P2, the interface between the
two liquids in the limb 1 will be depressed by a distance 'h' (say) below that in the
limb 2. To arrive at a relationship between the pressure difference (P1 – P2) and the
difference in the level in the two limbs of the manometer in terms of manometric
fluid (h), pressures at points 1, 2, 3, 4 and 5 are considered.
Pressure at point 1 = P1
Pressure at point 2 = P1 + (x + h) ρ.g
Pressure at point 3 = Pressure at point 2
= P1 + (x + h) ρ.g
(as the points 2 and 3 are at the same horizontal plane).

Pressure at point 4 = P1 + (x + h) ρ.g – h . ρM.g
Pressure at point 5 = P1 + (x + h) ρ.g – h . ρM.g – x.ρ.g
Pressure at point 5 = P2
Then, we can write,
… (7.26)
P2 = P1 + (x + h) . ρ.g – h ρM.g – x . ρ.g
P1 – P2 = ∆P = h (ρM – ρ)g
… (7.27)
where ∆P is the pressure difference and 'h' is the difference in levels in the two arms of the
manometer in terms of manometric fluid.
If the flowing fluid is a gas, density ρ of the gas will normally be small compared with
the density of the manometric fluid, ρM and thus Equation (7.27) reduces to
∆P = P1 – P2 = h . ρM.g
… (7.28)
Inclined Manometer
• Inclined manometers are used for measuring small pressure differences.
• This type of manometer is shown in Fig. 7.5. One arm of the manometer is inclined
at an angle of 5 to 10o with the horizontal so as to obtain a larger reading.
(e.g., movement of 7 to 10 mm is obtained for a pressure change corresponding to
1 mm head of liquid.)
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Pressure, P2

Pressure, P1

h

R
a

Fig. 7.5 : Inclined Tube Manometer
•

In the vertical leg of this manometer an enlargement is provided so that the
movement of the meniscus in this enlargement is negligible within the operating
range of the manometer. If the reading R(in m) is taken as shown, i.e., distance
travelled by the meniscus of the manometric fluid along the tube, then
h = R sin α
where

… (7.29)

α = angle of inclination
and (P1 – P2) = R sin α (ρM – ρ) g

… (7.30)

Differential Manometer / Two Liquid Manometer / Multiplying Gauge
Pressure, P1

Pressure, P2
Fluid A

Enlarged chamber/
Reservoir

Fluid B

Fluid C

Fig. 7.6 : Differential Manometer
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Differential manometer is used for the measurement of very small pressure
differences or for the measurement of pressure differences with a very high
precision. It may often be used for gases.
It consists of a U-tube made of glass. The ends of the tube are connected to two
enlarged transparent chambers / reservoirs. The reservoirs at the ends of each arm
are of a large cross-section than that of the tube. The manometer contains two
manometric liquids of different densities and these are immiscible with each other
and with the fluid for which the pressure difference is to be measured. This type of
manometer is shown in Fig. 7.6.
The densities of the manometric fluids are nearly equal to have a high sensitivity of
the manometer. Liquids which give sharp interfaces are commonly used, e.g.,
paraffin oil and industrial alcohol, etc.
P2

P1

7

1
x

Fluid A

6
h'
y

2
Fluid B

5

h
a

3

a
4

Fluid C

Fig. 7.7 : Differential Manometer (for pressure balance)
Let the flowing fluid be 'A' of density ρA and manometric fluids be B and C of densities
ρB and ρC (ρC > ρB), respectively [ρA < ρB and ρC].
The pressure difference between two points (1 and 7) can be obtained by writing down
pressures at points 1, 2, 3, 4, 5, 6, and 7 and is given by
… (7.31)
P1 – P2 = h' (ρB – ρA) g + h (ρC – ρB) g
If the level of liquid in two reservoirs is approximately same, then h' ≈ 0 and
Equation (7.31) reduces to
P1 – P2 = h (ρC – ρB) g
… (7.32)
where h is the difference in level in the two arms/limbs of the manometer.
When the densities ρB and ρC are nearly equal [(ρC – ρB) small], then very large values of
h can be obtained for small pressure differences.
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Alternately, the pressure at the level a – a in Fig. 7.7 must be the same in each of the
limbs and therefore,
P1 + [x.ρA + h' ρA + y.ρB + h.ρB] g = P2 + [x.ρA + h' ρB + y .ρB + h.ρC] g
(P1 – P2) = h' (ρB – ρA) g + h (ρC – ρB) g

∴

… (7.33)
… (7.34)

CONTINUOUS GRAVITY DECANTER
Decantation involves the separation of two immiscible liquids of differing densities from
one another. Basically, the difference in densities of two immiscible liquids is responsible for
such a separation.
Decanters used for the separation of two immiscible liquids are : (i) gravity decanter and
(ii) centrifugal decanter. Decanters utilize either a gravitational force or a centrifugal force to
effect the separation.
A gravity decanter is used for the separation of two immiscible liquids when the
difference between densities of the two liquids is large. A centrifugal decanter is used for the
separation of two immiscible liquids whenever the difference between densities of the two
liquids is small. The separating force (centrifugal force) in the centrifugal decanter is much
larger than the force of gravity.
Light liquid
Light liquid
(e.g. toluene)

Feed

Feed

Heavy liquid
(e.g. water)
Heavy liquid

Fig. 7.8 (A) : Continuous Gravity Decanters for immiscible liquids
Separation of two immiscible liquids based on the density difference of the phases
involved is commonly encountered in the mass transfer operation such as liquid-liquid
extraction.
Vent

HB
HA1

HT

HA2

Feed inlet

Light liquid

Fig. 7.8 (B) : Continuous Gravity Decanter

Heavy liquid
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Feed enters into the decanter at one end, two immiscible liquids flow slowly, separate
into two layers based on the density difference, and then finally the separated layers leave the
decanter through the overflow lines at the other end.
Let the densities of the heavy and light liquids be ρA and ρB respectively. Let the
interface between two liquids is at a height HA1 from the bottom of the vessel. The total
depth of the liquid in the vessel is HT and the depth of the layer of the light liquid is HB. The
overflow of the light liquid is at a height HA2 and that of the heavy liquid is at a height
HA2 from the bottom of the vessel.
Assume that the frictional losses in the overflow discharge lines are negligible, and the
overflow lines and the vessel itself are open to the atmosphere through a vent line.
A hydrostatic balance gives
HB.ρB + HA1 .ρA = HA2 .ρA
HA1 = HA2 – HB .

…(7.35)
ρB
ρA

… (7.36)

HT = HB + HA1

… (7.37)

HB = HT – HA1

…(7.38)

Substituting for HB from Equation (7.38) into Equation (7.36), we get
HA1 = HA2 – (HT – HA1 ) .

ρB
ρA

… (7.39)

Collecting the terms, we get
HA1 (1 – ρB/ρA) = HA2 – HT (ρA/ρB)
HA1 =

HA2 – HT (ρA/ρB)
(1 – ρB/ρA)

… (7.40)
… (7.41)

The above equation shows that the position of the interface between the layers in the
separator depends on the elevation of the overflow lines and on the ratio of the densities of
the two liquids.

EQUATION OF CONTINUITY
It is a mathematical expression for the law of conservation of mass. According to the
law of conservation of mass for a steady flow system, the rate of mass entering the flow
system is equal to that leaving as accumulation is either constant or nil in the flow system
under steady conditions.
[In a steady state system the values of the quantity and variables of the system do not
change with time].
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Consider a flow system (a stream tube of varying cross-section) as shown in Fig. 7.9.
Direction of flow
Velocity = u1

Velocity = u2

Area = A1
Density = r1

Density = r2
Area = A2
Stream tube

Fig. 7.9 : Continuity
As the flow cannot take place across the walls of the stream tube, the rate of mass
entering the stream tube must be equal to that leaving. Let u1, ρ1 and A1 be the average
velocity of the fluid, the density of the fluid and cross-section area of the tube at the entrance,
and let u2, ρ2 and A2 be the corresponding quantities at the exit of the tube. Assume that the
flow to be potential flow and the density to be constant in a single cross-section.
Rate of mass entering the flow system = ρ1 u1 A1
Rate of mass leaving the flow system = ρ2 u2 A2
·
Let m be the rate of flow in mass per unit time (mass flow rate of the flowing fluid).
Under steady flow conditions, according to the law of conservation of mass, the mass of
fluid entering the tube in unit time is the same as that leaving the tube. Therefore,
·
m = ρ1 u1 A1 = ρ2 u2 A2

… (7.42)

From Equation (7.33), it follows for a stream tube,
·
m = ρ uA = constant
… (7.43)
Equation (7.43) is known as the equation of continuity. It is applicable to compressible
as well as to incompressible fluids. In the case of incompressible fluids, ρ1 = ρ2 = ρ.
The equation of continuity is useful for calculating the velocity of a fluid flowing
through pipes of different diameters.
Assume that we know the velocity (u1) of a fluid through a pipe of diameter D1 and we
have to obtain the velocity of the fluid (u2) through a pipe of diameter D2 which is connected
to the pipe of diameter D1. Then, from the equation of continuity
·
m = ρ1 u1 A1 = ρ2 u2 A2
… (7.44)
but ρ1 = ρ2
∴
where

·
m = u1 A1 = u2 A2

… (7.45)
2
1

A1 = cross-section area of the pipe of diameter D1 = π/4 D

2

A2 = cross-section area of the pipe of diameter D2 = π/4 D2
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Substituting for A1 and A2, Equation (7.45) becomes
2

2

u1 (π/4.D1 ) = u2 (π/4.D2 )
2
1

… (7.46)

2
2

u2 = u1 (D / D )
… (7.47)
If D2 > D1, then u2 < u1
and if D2 < D1, then u2 > u1
When A is expressed in m2, density in kg/m3 and velocity in m/s, the unit of mass flow
rate is kg/s.
·
m = ρuA
… (7.48)
= ρ (kg/m3) u (m/s) A (m2)
… (7.49)
·
m = ρuA, kg/s
… (7.50)
Average Velocity
When the flow is not potential flow, the local velocity of fluid will vary from point to
point within a given single cross-section of the conduit (tube/pipe). Hence, for all practical
purposes, it is very convenient to express the average velocity.
The average velocity (u) of the entire fluid stream flowing through the cross-sectional
area A is defined by
·
m
… (7.51)
u =
ρ.A
·
If m is expressed in kg/s, ρ in kg/m3 and A in m2, then u will be having the units of m/s.
The average velocity is also equal to the ratio of the volumetric flow rate to the crosssectional area of the conduit.
Q
u = A
… (7.52)
where Q is the volumetric flow rate. If Q is expressed in m3/s and A in m2, then u will have
the units of m/s.
The flow rate may be expressed in terms of volume or mass of flowing fluid.
The mass flow rate through the conduit is related to the volumetric flow rate by the
relation
·
m = Q.ρ
… (7.53)
where ρ is the density of the flowing fluid.
Mass Velocity
In the case of flow of compressible fluids, it is a usual practice to use the mass velocity.
The mass velocity does not depend upon temperature and pressure when the flow is steady.
The mass velocity of a fluid is the ratio of the mass flow rate of the fluid to the crosssectional area of the conduit.

.

m
Mass velocity = G = A
·
If m is expressed in kg/s and A in m2, then G will have the units of kg/(m.s).

… (7.54)
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Steady and Unsteady Flow
The flow is said to be steady if it does not vary with time, i.e., the mass flow rate is
constant and the quantities, such as temperature, pressure, etc. are independent of time,
i.e., do not vary with time. If the mass flow rate and/or other quantities such as temperature,
pressure, etc. vary with time, the flow is said to be unsteady.
Stream Line and Stream Tube
A stream tube is a tube of small or large cross-section which is entirely bounded by
stream lines. It may be of any convenient cross-sectional shape and no net flow occurs
through the walls of the stream tube.
LAMINAR AND TURBULENT FLOW
• When a fluid flows steadily through a conduit, either of two different types of flow
may occur according to the conditions of flow.
• The flow in which the streamlines remain distinct/separated from one another over
their entire length of flow is termed as laminar flow. This flow is also called as
stream line flow or viscous flow. It is characterised by the absence of lateral mixing,
cross currents and eddies.
• The flow in which the fluid flows in parallel, straight lines is called laminar flow.
This occurs at low fluid velocities.
Laminar flow

Turbulent flow

Fig. 7.10 : Type of fluid flow
• The flow in which the fluid instead of flowing in an orderly manner, moves
erratically in the form of cross currents and eddies is called turbulent flow.
• This occurs at high fluid velocities and there is a lateral mixing in this type of flow.
Potential Flow
The flow of incompressible fluids without the presence of shear is referred to as
potential flow. In potential flow, eddies and cross currents cannot form within the stream and
friction cannot develop.
Fully Developed Flow
The flow with unchanging velocity distribution is called fully developed flow.
BERNOULLI EQUATION
An important relation, called the Bernoulli equation without friction can be derived on
the basis of Newton's second law of motion (force is equal to the rate of change of
momentum) for potential flow. It is simply an energy balance. The variation of velocity
across a given cross-section, effect of frictional forces are neglected at first and corrections
for the same are then made in the equation. Thus, the relation that will be obtained is strictly
applicable to an inviscid (frictionless) fluid.
Let us consider an element of length ∆L of a stream tube of constant cross-sectional area
as shown in Fig. 7.11.
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Let us assume that the cross-sectional area of element be A and the density of the fluid
be ρ. Let u and P be the velocity and pressure at the entrance (upstream), and u + ∆u, P + ∆P
are the corresponding quantities at the exit (downstream).
The forces acting on the element (treating the element as a free body) are
1. The force from the upstream pressure = PA
(i.e., the force acting in the direction of flow, taken as positive)
2. The force from the downstream pressure normal to the cross-section of the tube
= (P + ∆P) A
(i.e., the force opposing the flow, taken as negative)
3. The force from the weight of fluid [i.e., the force of gravity acting downward
(taken as negative)] = ρA ∆L.g
The component of this force acting opposite to the direction of flow is ρ A∆L g cos θ.
Of the three forces cited above, the first one helps the flow while the remaining two
forces oppose the flow.
Rate of change of momentum of the fluid along the fluid element
·
flow
P) A
= m [u + ∆u – u]
+D
n of
o
i
P
t
(
c
Dire

DL

=
q
Z + DZ

.
P.A
Z

·
m ∆u

= ρ u A ∆u

rA DLg

Fig. 7.11 : Force balance for potential flow
According to the Newton's second law of motion,
Sum of all forces

Rate of change of


 = 

acting
in
the
direction
of
flow
momentum
of
a
fluid





… (7.55)

PA – (P + ∆P) A – ρ A ∆L g cos θ = ρ . u.A ∆u

… (7.56)

– ∆P.A – ρ A ∆L g cos θ = ρ . u.A ∆u

… (7.57)

∴ ∆P.A + ρA ∆L g cos θ + ρ.u.A ∆u = 0

… (7.58)

Dividing each term of Equation (7.58) by A.∆L.ρ, we get
∆P
u.∆u
+ g cos θ +
= 0
ρ∆L
∆L
But
cos θ = ∆Z/∆L
Putting the value of cos θ in Equation (7.59) gives
1 ∆P
∆Z
∆u
+ g
+ u
= 0
ρ ∆L
∆L
∆L

… (7.59)
… (7.60)

… (7.61)
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If we express the changes in the pressure, velocity, height, etc. in the differential form,
then Equation (7.61) becomes
dZ
d (u2/2)
1 dP
+
g
+
dL
dL
ρ dL
which can be rewritten as
dP
+ g dZ + d (u2/2) = 0
… (7.62)
ρ
Equation (7.63) is known as the Bernoulli equation. It is the differential form of the
Bernoulli equation. For incompressible fluids, density is independent of pressure and hence,
the integrated form of Equation (7.63) is
u2
P
+ g Z + 2 = constant
… (7.63)
ρ
Thus, the Bernoulli equation, Equation (7.63), relates the pressure at a point in the fluid
to its position and velocity.
Each term in the Bernoulli equation [Equation (7.63)] represents energy per unit mass of
the fluid and has the units of J/kg in the SI system.
Let us check the unit of each term.
N.m
P
N × 1
is :
The unit of
2
3) =
(kg/m
kg = J/kg
m
 
ρ
The unit of g Z is :

The unit of u2/2 is :

m (m) = kg m (m) = kg.m
 s2 
kg  s2 
 s2 
N.m
= kg = J/kg

m
kg

m2
kg m2 = kg.m  m  = N.m = J/kg
=
2
s
kg
kg  s2   s2  kg
[As 1 N = 1 (kg.m)/s2]

(i) Pressure Energy :
It is the work which must be done in order to introduce a fluid into a system without
change in the volume. It is the energy of the fluid due to pressure acting on it.
Pressure energy (flow energy) = work done on a fluid
= force × displacement
force
= area × area × displacement
= pressure × volume
Pressure energy per unit mass of fluid =
=

pressure × volume
pressure
= mass/volume
mass
P
, J/kg in the SI system.
ρ
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(ii) Kinetic Energy
It is the energy of a fluid by virtue of its motion with reference to some arbitrarily fixed
body.
The kinetic energy of a fluid of mass m moving with velocity u is given by
1
Kinetic energy = 2 mu2
1
Kinetic energy per unit mass of fluid = 2 u2, J/kg in the S.I. system
(iii) Potential Energy
It is the energy of a fluid due to its position in the earth's gravitational field. It is equal
to the work that must be done on the fluid in order to raise it to a certain position from some
arbitrarily chosen datum level.
At a datum level, the potential energy is taken as zero.
The potential energy of a fluid of mass m situated at a height Z above a datum level is
given by
Potential energy = mgZ
Potential energy per unit mass = g Z, J/kg in the S.I. system
Equation (7.63) can be written in an alternate form as
u2
P
+ Z + 2 g = constant
… (7.64)
ρg
Equation (7.64) is obtained by dividing each term in Equation (7.63) by g.
Equation (7.64) is the alternate form of the Bernoulli equation and each term in this
equation represents energy per unit weight of the fluid and has the dimensions of length.
Hence, each term of Equation (7.65) is regarded as the head that is contributing to the total
fluid head.
The unit of

P
N.s2
kg.m
s2
N
1
1
is m2  kg  m/s2 ⇒ kg ⇒ s2 × kg = m
 


ρg
m3
 

1
The unit of u2/2g is (m/s)2 × (m/s2)⇒ m
P
is the pressure head / static head, Z is the potential head and u2/2g is the
ρg
velocity head/kinetic head.
Therefore,

Weight density (w) = mass density (ρ) × g
Kinetic energy per unit weight = kinetic head / velocity head
=

1/2 . mu2
= u2/2g, m
mg
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Potential energy per unit weight = Potential head
mg Z
= mg = Z , m
Pressure energy per unit weight = Pressure head
pressure × volume
weight
pressure
P
= weight/volume = weight density
P
, m
=
ρg

=

The sum of the pressure head, velocity head, and potential head is known as the total
head or the total energy per unit weight of the fluid. The Bernoulli equation states that in a
steady irrotational flow of an incompressible fluid, the total energy at any point is constant.
The sum of the pressure head and potential head, i.e., P/ρg + Z is termed as the
piezometric head.
Equation (7.63) when applied between stations 1 and 2 in the direction of flow becomes
2

2

u1
u2
P2
P1
+ g Z1 + 2 =
+ g Z2 + 2
ρ
ρ

… (7.65)

Kinetic Energy Correction
In the previous discussion, it is assumed that the velocity u to be constant over the area
A. But in actual practice, the velocity varies over a single cross section and we have a
velocity profile over the cross section. The velocity of the fluid is zero at the wall surface and
maximum at the centre of the pipe. Hence, allowance must be made for the velocity profile
in the kinetic energy term. This can be done by introducing a correction factor α into the
αu2
kinetic energy term. The kinetic energy term would be written as 2 . For the flow of a
fluid through a circular cross-section, α = 2 for laminar flow and α = 1 for turbulent flow.
Correction for Fluid Friction
The Bernoulli equation is derived for the frictionless fluid. Therefore, it must be
corrected for the existence of the fluid friction whenever boundary layer forms. Fluid friction
is an irreversible conversion of mechanical energy into heat. Thus, the quantity P/ρ + u2/2 +
gZ is not constant but always decreases in the direction of flow.
The Bernoulli equation for incompressible fluids is corrected for friction by adding a
friction term on the R.H.S. of Equation (7.65).
The Bernoulli equation between stations 1 and 2, after making necessary corrections,
in terms of energy per unit mass (J/kg) is
2

2

P1
α1 u1
P2
α2 u2
+ g Z1 + 2
=
+ g Z2 + 2 + hf
ρ
ρ

… (7.66)
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The Bernoulli equation is a special form of a mechanical energy balance.
where P1, P2 are the pressures at stations 1 and 2, respectively in N/m2,
α1 and α2 are the kinetic energy conversion factors,
Z1 and Z2 are the heights of stations 1 and 2 from some arbitrarily chosen datum level
respectively in m,
u1 and u2 are the average velocities at stations 1 and 2, respectively in m/s,
hf is the total frictional loss of energy due to friction between stations 1 and 2 in J/kg.
The term hf indicates the friction generated per unit mass of fluid that occurs in the fluid
between stations 1 and 2.
Each term involved in the Bernoulli equation [Equation (7.66)] has the units of J/kg.

PUMP WORK IN BERNOULLI EQUATION
A pump is installed in a flow system for increasing the mechanical energy of the fluid to
maintain its flow.
Assume that a pump is installed in the flow system between the stations 1 and 2 as
shown in Fig. 7.12.
Let Wp be the work done by the pump per unit mass of fluid.
Let hfp be the total friction in the pump per unit mass of fluid (friction in bearings, seals
or stuffing box.).
2

Z2
1
Z1

Fig. 7.12 : Pump work in Bernoulli equation
The net mechanical energy delivered to the flowing fluid is the difference between the
mechanical energy supplied to the pump and frictional losses within the pump. i.e., Wp – hfp .
But to obtain the net mechanical energy (net work) delivered to the fluid, instead of using hfp,
a pump efficiency designated by the symbol η is used. It is defined as
Wp – hfp = η Wp
η =

Wp – hfp
Wp

… (7.67)
… (7.68)
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Since η is always less than one, the mechanical energy delivered to the fluid (ηWp) is
less than the work done by the pump. The Bernoulli equation corrected for the pump work
between stations 1 and 2 is thus given by
2

2

α1 u1
P2
α2 u2
P1
+ g Z1 + 2 + η Wp =
+ g Z2 + 2 + hf
ρ
ρ

… (7.69)

REYNOLDS' EXPERIMENT
This experiment is still used to demonstrate the distinction between the two types of
flow, namely laminar flow and turbulent flow. It was first conducted by Sir Osborne
Reynolds in 1883.
The experimental set up is shown in Fig. 7.13. It consists of a horizontal glass tube with
a flared entrance immersed in a glass walled constant head tank filled with water. The flow
of water through the glass tube can be adjusted to any desired value by means of a valve
provided at the outlet of the tube. A capillary tube connected to a small reservoir containing
water soluble dye is provided at the centre of the flared entrance of the glass tube for
injecting a dye solution in the form of a fine or thin filament into the stream of water.
Dye tank
Constant head glass tank

Pinch valve

Valve
Flared entrance

Glass tube

Fig. 7.13 : Reynolds experimental set up for demonstrating type of flow
By introducing a water soluble dye into the flow of water, the nature of flow could be
observed. At low flow rates (i.e., at low water velocities), the filament/thread of coloured
water flowed along with the stream of water in a thin, straight line without any lateral
mixing. This indicated that the water was flowing in the form of parallel streams which did
not interfere with each other (i.e., the water was flowing in parallel, straight lines). This type
of flow pattern is called streamline or laminar. The laminar flow is characterised by the
absence of bulk movement at right angles to the main stream direction (lateral movement).
As the water flow rate was increased, a definite velocity called the critical velocity was
reached, oscillations appeared in the coloured filament/thread and the thread of coloured
water became wavy, gradually disappeared and the entire mass of water in the tube became
uniformly coloured. In other words, the individual particles instead of flowing in an orderly
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manner parallel to the axis of the tube, moved erratically in the form of cross-currents and
eddies which resulted into complete mixing. This type of flow pattern is known as turbulent.
The turbulent flow is characterised by the rapid movement of fluid in the form of eddies in
random directions across the tube. In between these two types of flow, there exists a
transition region wherein the oscillations in the flow were unstable and any disturbance
would quickly disappear.
The velocity at which the flow changes from laminar to turbulent is known as the critical
velocity.
Reynolds further found that the critical velocity for the transition from laminar flow to
turbulent flow depends on the diameter of the pipe, the average velocity of the flowing fluid,
the density and viscosity of the fluid.
He grouped these four variables into a dimensionless group, Duρ/µ. This dimensionless
group is known as the Reynolds number and found that the transition from laminar to
turbulent flow occurred at a definite value of this group. The Reynolds number is a basic tool
to predict the flow pattern in a conduit and is of a vital importance in the study of fluid flow.
When the value of the Reynolds number is less than 2100, the flow is always laminar and
when the value of the Reynolds numbers is above 4000, the flow is always turbulent. For
Reynolds numbers between 2100 and 4000, a transition region exists and in this region the
flow is changing rapidly from laminar to turbulent. The Reynolds number is denoted by the
symbol NRe.
NRe =
where

Duρ
µ

… (7.70)

D = diameter of the pipe, m
u = average velocity, m/s
ρ = density of the fluid, kg/m3

and

µ = viscosity of the fluid, kg/(m.s) = (N.s)/m2 = Pa.s

∴ The Reynolds number is a dimensionless group and its magnitude is independent of
the units used, provided that the consistent units are used.
For flow in a pipe, the inertia force is proportional to ρu2 and the viscous force is
proportional to µ.u/D.
Inertia force
ρu2
=
Viscous force
µ u/D
=

Duρ
= NRe
µ

Thus, Reynolds number is the ratio of the inertia force to the viscous force. This is an
important physical significance of the Reynolds number.
Reynolds number is a useful tool to determine the nature of flow, whether laminar or
turbulent.
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FLOW OF INCOMPRESSIBLE FLUIDS IN PIPES
Shear-stress distribution in a cylindrical tube
Consider the steady flow of a fluid through a horizontal tube. Imagine a disk-shaped
element of fluid, of radius r and length dL, concentric with the axis of the tube as shown in
Fig. 7.14. Let P and P + dP be the fluid pressures on the upstream and downstream faces of
the disk respectively. Assume fully developed flow and the density of fluid to be constant.
t
Flow

P

(P + dP)

r

rw
y

t
dL

Fig. 7.14 : Fluid element (of radius r and length dL) in steady flow through the pipe
The sum of all the forces acting on this disk shaped element of fluid is equal to zero as
the flow is fully developed.
Pressure force on the upstream = Pπr2
… in the direction of flow (+ve)
face of the disk


Pressure force on the downstream = (P + dP) π r2
… opposing the flow (–ve)
face of the disk


Shear force opposing flow

acting at the outer surface of the disk = shear stress × cylindrical area


 due to the viscosity of fluid

= τ . (2πr dL)
… opposing the flow (–ve)
We have :
∑F = 0
… (7.71)
∴

+ π r2P – π r2 (P + dP) – 2π r dL τ = 0

… (7.72)

∴

– π r2 dP – 2π r dL τ = 0

… (7.73)

πr2 dP + 2πr dL τ = 0

… (7.74)

Dividing by πr2 dL, we get
dP
2τ
dL + r = 0

… (7.75)

In steady-state laminar or turbulent flow, the pressure at any given cross-section of a
stream tube is constant, therefore dP/dL is independent of r. For the entire cross-section of
the tube, Equation (7.75) can be written by taking τ = τw at r = rw, where τw is the shear stress
at the wall of the tube and rw is the radius of the tube.
∴

2τw
dP
dL + rw = 0

… (7.76)
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Subtracting Equation (7.75) from Equation (7.76), we get
τw
τ
rw = r

… (7.77)

For r = 0, τ = 0 (i.e., shear stress is zero at the centreline of the tube). The simple linear
relation between τ and r throughout the tube cross-section is shown graphically in Fig. 7.15.
Centre
of
pipe

rw

0

Pipe wall

tw
Shear stress, t

Fig. 7.15 : Shear stress variation in pipe
Relation between Skin friction and Wall shear
The Bernoullis equation (Equation 7.66) can be written over a definite length, ∆L for the
complete stream.
Let P1 be the pressure at the upstream of length ∆L and P2 be the pressure at the
downstream of length ∆L such that P1 > P2, so that ∆P is the pressure drop over the length
∆L.
The term ∆P is commonly used for pressure drop, i.e., P1 – P2 (inlet/upstream pressure –
outlet/downstream pressure) and this terminology is used henceforth in this book.
If P1 = P, then P2 = P – ∆P
since P1 – P2 = ∆P
In this case, Z1 = Z2 = 0 and u1 = u2. The friction that exists in this case is the skin
friction between the wall and the fluid stream (hfs). Skin friction is the tangential friction
associated with a fluid flowing over a smooth surface. When a fluid is flowing through a
pipe, it is only the skin friction that exists.
Then, the Bernoulli equation over the length ∆L becomes
P – ∆P
P
=
+ hfs
… (7.78)
ρ
ρ
∆P
∴
hfs =
… (7.79)
ρ
In the above equation, each term has the units of J/kg.
If ∆P is expressed in N/m2 and ρ in kg/m2, then the frictional loss hfs has the units of
J/kg.
The Bernoulli equation, over the length ∆L, when each term in it is expressed as
the head (in m of flowing fluid) is
hfs
P – ∆P
P
=
+ g
… (7.80)
ρg
ρg
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[Equation (7.80) is obtained by dividing each term of Equation (7.78) by g]
hfs
∆P
∴
… (7.81)
g = ρg
hfs/g represents the head loss due to friction.
Head loss due to friction = h' = hfs = ∆P
… (7.82)
fs
g
(frictional head loss) 
ρg
Combining Equations (7.76) and (7.79) for eliminating ∆P from these equations, we get
hfs =

2 τw
4 τw
∆L =
∆L
ρr
ρD

… (7.83)

w

where D is the diameter of the pipe (D = 2rw) .

THE FANNING FRICTION FACTOR (f)
It is especially useful in the study of turbulent flow. It is defined as the ratio of the wall
shear stress to the product of the kinetic energy of fluid and the density.
f =

2 τw
τw
=
2
ρ.u /2
ρu2

… (7.84)

The unit of f is ⇒
N/m2
kg.m
1
(kg/m3) (m2/s2) = s2.m2 × kg
2 2
m3 × m /s
kg.m4.s2
= kg.m4. s2
Since the term 2τw/ρu2 (which defines f) is not having units, f is a dimensionless
quantity.
From Equation (7.84), we have
τw = f ρ u2/2

… (7.85)

Substituting the value of τw from Equation (7.85) into Equation (7.83), we get
hfs =

4 f ρ u2 ∆L
2ρD

… (7.86)

hfs =

4 f u2 ∆L
2D

… (7.87)

∆L can be replaced by L (the length of the pipe).
∴

hfs =

4 f L u2
2D

… (7.88)
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We have,

hfs =

∆P
ρ

… (7.89)

∴

hfs =

∆P
4 f L u2
= 2D
ρ

… (7.90)

Note that each term in Equation (7.90) has the units of energy per unit mass (J/kg).
In Equation (7.90), ∆P is the pressure drop over a length L of the pipe.
Whenever we have to calculate the head loss due to friction, then Equation (7.90)
modifies to :
hfs
∆P
4 f L u2
'
hfs = g =
= 2gD
ρg

… (7.91)

'
where hfs or hfs/g represents the head loss due to friction measured in terms of m of a
flowing fluid.
From Equation (7.90), we get
∆P =

4 f ρ L u2
2D

… (7.92)

The pressure drop due to friction in a pipe for turbulent flow can be calculated from
Equation (7.92) and is known as the Fanning equation.

LAMINAR FLOW IN CIRCULAR PIPE
The velocity distribution for Newtonian fluids can be obtained through the definition of
viscosity. Equation (7.5) can be rewritten as
τ
µ = – du/dr

… (7.93)

The negative sign in the above equation is incorporated to take into account the fact that
in a pipe, u (velocity) decreases as r (radius) increases.
Rearranging Equation (7.93), we get
du
τ
dr = – µ

… (7.94)

Substituting the value of τ from Equation (7.77) into Equation (7.94) gives
τw .
du
=
–
r
dr
rw µ
du = –

τw .
r dr
rw . µ

… (7.95)
… (7.96)
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Integrating Equation (7.96) with the boundary condition : At r = rw : u = 0, we get
u

r

0

rw

τw
⌠
⌡ du = – r µ . ⌠
⌡ r.dr
w

… (7.97)

τw
… (7.98)
[ r 2 – r 2]
2 rw µ w
The maximum value of the local velocity (umax) is located at the centre of the pipe.
At the centre of the pipe, r = 0 and u = umax . Thus, from Equation (7.98), we get
τw . rw
… (7.99)
umax =
2µ
∆P.rw
Substituting for τw as τw =
into Equation (7.99) yields
2 ∆L
τw rw
umax =
… (7.100)
2µ
u =

2

∆P . rw
… (7.101)
umax =
4µ ∆L
∆P . D2
umax =
[as D = 2 rw]
… (7.102)
16 µ.∆L
Dividing Equation (7.98) by (7.100), we get
u
1 –  r 2
=
 r  
umax
  w 
r 2
or
u = umax 1 – r  
… (7.103)
  w 
It is clear from the form of Equation (7.103) that for laminar flow of Newtonian fluids
through a circular pipe, the velocity distribution/profile with respect to radius is a parabola
with the apex at the centreline of the pipe. Equation (7.103) relates the local velocity to the
maximum velocity.
The average velocity u of the entire stream flowing through any given cross-sectional
area (A) is defined by
1
u = A ⌠
… (7.104)
⌡ u.dA
A

Substituting the values of A, u and dA into Equation (7.104), we get
rw

τ
⌠
u = 3 ⌡
rw µ 0
u =
2

τw rw
4µ

(r2w – r2) r.dr

… (7.105)
… (7.106)

[As A = π rw and dA = 2 π r dr = area of elementary ring of radius r and width dr].
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From Equations (7.100) and (7.106), we get
u
… (7.107)
umax = 0.5
i.e., the average velocity is one half the maximum velocity.
∆P rw
Eliminating τw by replacing it by ∆P, using τw =
, from Equation (7.106) and
2 ∆L
replacing rw by D/2, we get
∆P D2
… (7.108)
u =
32 ∆L µ
Rearranging Equation (7.108), we get
32 ∆L µ u
… (7.109)
∆P =
D2
∆L can be replaced by L.
32 L µ u
∴
∆P =
… (7.109a)
D2
where ∆P is the pressure drop over the length L of the pipe.
Equation (7.109) is the Hagen-Poiseuille equation. The Hagen-Poiseuille equation is
useful to determine experimentally the viscosity of a fluid by measuring the pressure drop
and the volumetric flow rate through a tube of a given length and diameter. This equation
also useful for the calculation of the pressure drop due to friction in laminar/viscous flow if
the viscosity is known.
The head loss due to friction in laminar flow is given by
∆P
32 µ L u
'
hfs = hfs/g =
=
… (7.110)
ρg
ρ g D2
τw . rw
We know that,
u =
4µ
τw.D
u =
[as D = 2 rw]
… (7.111)
8µ
Rearranging Equation (7.111), we get
8 u.µ
τw = D
… (7.112)
Substituting the value of τw from Equation (7.112) into Equation (7.84), we get
2 8 u µ


f =
… (7.113)
ρu2  D 
 µ 
f = 16 
… (7.114)

D ρ u
16
f =
… (7.115)
Duρ




 µ 
16
f = N
… (7.116)
Re
Thus, for laminar flow through pipes, the Fanning friction factor is calculated with the
help of Equation (7.116) knowing NRe (Reynolds number).
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TURBULENT FLOW IN PIPES
The turbulent flow is characterised by the presence of eddies (eddy - a circular
movement of, say, water causing a small whirlpool). The eddies are of various sizes and they
coexist. The fluctuations/oscillations are present in all the three directions. The fluctuations
cause the mixing of different fluid portions by lateral movement. The turbulent flow is of a
great importance because it brings about mixing of the fluid elements which results in higher
rates of heat and mass transfer.
Fanning friction factor as a function of the Reynolds number for turbulent flow through
a smooth pipe is given by
1
= 4 log (NRe f ) – 0.40
… (7.117)
f
Equation (7.117) is known as the Nikuradse equation. This equation requires a trial and
error procedure for estimating the friction factor.
The other empirical relation that can be used for estimating the friction factor from the
Reynolds number for turbulent flow is
0.078
f = (N )0.25
… (7.118)
Re
EFFECT OF ROUGHNESS
Our foregoing discussion was restricted to smooth conduits. In turbulent flow, a rough
pipe results in a larger friction factor than that with a smooth pipe, for a given Reynolds
number. If a rough pipe is made smooth, the friction factor is reduced and ultimately a stage
will come when further smoothening of the pipe does not reduce the friction factor for a
given Reynolds number. The pipe is then said to be hydraulically smooth.
A roughness parameter (k) is a length representing the magnitude of surface roughness.
Relative roughness is the ratio of the roughness parameter to the diameter of pipe, i.e., k/D.
The friction factor dependency on the surface roughness is given through the relative
roughness. For low values of Reynolds number (NRe < 2100), the friction factor is
independent of the surface roughness. For large values of Reynolds number (NRe > 2500), the
friction factor is also a function of the surface roughness. At very large values of Reynolds
number, the friction factor is independent of NRe but is a function of the surface roughness.
k

k
D

(a)

D

(b)

Fig. 7.16 : Types of roughness
FRICTION FACTOR CHART
It is a logarithmic plot of friction factor v/s Reynolds number over a wide range of the
Reynolds number for flow of fluids in smooth as well as rough pipes. The data for the plot
are taken over a wide range of each variable such as velocity, density and pipe diameter, etc.
using liquids and gases. This chart is also termed as the friction factor – Reynolds number
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7

k/d

Reynolds number NRe

Roughness of pipewall in mm : Steel tube : 40, Cast iron : 300, Galvanised iron : 150
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correlation chart. Such a plot is shown in Fig. 7.17. This chart is a graphical representation of
the relationship : f = (NRe, k/D), i.e., the relationship between the friction factor and the
Reynolds number with k/D as a parameter on log-log paper.

Fanning friction factor f

Fig. 7.17 : Friction factors for fluids flowing through pipes / Friction factor chart
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The friction factor is a function of both the Reynolds number and relative roughness. For
laminar flow region, the friction factor is not affected by the relative roughness of a pipe,
therefore, only one line is shown for Reynolds number upto about 2100.
For the laminar flow region, the relation f = 16/NRe expresses the dependency of f on
NRe. A log-log plot of the above relation results in a straight line with a slope equal to minus
one.
For turbulent flow, the relationship between 'f' and NRe is given by the Nukuradse
equation. Since 'f' is also a function of the relative roughness for turbulent flow, curves with
different values of the dimensionless ratio k/D are presented in the chart for NRe > 2100
assuming that turbulent flow exist at all Reynolds number greater than 2100. It is clear from
Fig. 7.17 that the friction factor is low for a smooth pipe as compared to a rough pipe and
increases as the relative roughness increases for a given Reynolds number. For Reynolds
number above 4000, the flow is turbulent and values of f should be read from lines at the
right of Fig. 7.17, where the lowest line represents the friction factor for smooth pipes.

FRICTION LOSSES
When a fluid is flowing through a straight pipe, only skin friction exists and so far we
have considered only this kind of friction. Whenever there are disturbances in a fluid flow
path due to a change in the direction of flow or a change in the size of the pipe or due to the
presence of fittings and valves, friction is generated in addition to the skin friction, i.e.,
additional friction losses occur. When the cross-section of the pipe changes gradually to a
new cross-section or when there is a gradual change in the direction of flow, disturbance to
the normal flow pattern can be small and the amount of mechanical energy loss as friction is
negligible. If the change is sudden, an appreciable amount of mechanical energy is lost as
friction (heat). Similarly, the presence of fittings and valves disturbs the normal flow pattern
and this can cause friction losses. All these losses should be included in the friction term, hf,
of the Bernoulli equation (Equation 7.66).
Now, we will deal with the friction losses occurring as a result of a sudden enlargement
or contraction of the cross-section of the pipe and the losses due to fittings.
Friction Loss from Sudden Enlargement
If the cross-section of the pipe is suddenly enlarged (increased), as shown in Fig. 7.18,
there is a friction loss (mechanical energy loss) due to eddies which are greater at the point of
sudden enlargement than in the straight pipe. Here the fluid stream separates from the wall of
the pipe and issues in the enlarged section as a jet, which then expands and consequently fills
the entire cross-section of the larger pipe. The space between the expanding jet and the pipe
wall is filled with eddies (fluid vortices) and a large amount of friction is generated there.
The friction head loss from a sudden enlargement (expansion) of the cross-section of the
pipe for turbulent flow is proportional to the velocity head of the fluid in the smaller pipe and
is given by
2

hfe

u1
= Ke . 2 g

… (7.119)
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u2

u1

A1

A2

P1
P2

Fig. 7.18 : Flow through sudden enlargement / expansion in a pipeline
In Equation (7.119), the friction loss is expressed in m of flowing fluid.
2
u1
'
In the energy units (J/kg), hfe = Ke 2 .
… (7.120)
where Ke is a proportionality constant and known as the expansion-loss coefficient and u1 is
the average velocity of fluid in the smaller pipe/upstream pipe.
The expansion-loss coefficient is calculated by the following relation :
 A12
Ke = 1 – A 
2

where A1 is the cross-sectional area of the smaller pipe and A2 is the cross-sectional area of
the larger pipe.
Friction Loss from Sudden Contraction
When the cross-section of the pipe is suddenly reduced, as shown in Fig. 7.19, the fluid
stream gets separated from the wall of the pipe and a fluid jet is formed. This jet first
contracts, at a short distance from the sudden contraction, in the smaller pipe and then
expands to fill the entire cross-section of the smaller pipe. The cross-section of minimum
effective flow area at which the fluid jet changes from a contraction to an expansion is
known as the vena contracta. Upto the vena contracta, the fluid is accelerated and losses are
very small. But beyond it, the velocity decreases as the flow area increases and conditions are
equivalent to those for a sudden expansion. The space between the wall and the jet is filled
with eddies (as shown in Fig. 7.19).

u1
u2
A1

Vena
contracta

P2 A2

P1 A1

Fig. 7.19 : Flow through sudden contraction of cross-section/contraction in a pipeline
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The friction loss or frictional head loss from a sudden contraction of the cross-section of
the pipe is proportional to the velocity head of the fluid in the smaller diameter pipe. It is
given by the relation
2
u2
… (7.121)
hfc = Kc 2g , in m of flowing fluid
where Kc is a proportionality constant and is known as the contraction-loss coefficient, u2 is
the average velocity in the smaller or downstream pipe.
For turbulent flow, Kc is given by the following relation :
 A2
… (7.122)
Kc = 0.4 1 – A 
1

where A1 is the cross-sectional area of the larger pipe/upstream pipe and A2 is the crosssectional area of the smaller pipe/downstream pipe.
The frictional loss in J/kg is given by
2
h = K' u /2
… (7.123)
fc

c

2

Friction Losses in Fittings and Valves
Various types of fittings and valves are used in industrial piping systems to change the
direction of flow, for connecting pipes of different diameters, etc. and valves are used to
control the flow or to stop the flow of a fluid. Fittings and valves disturb the normal flow-line
and cause friction and may lead to greater frictional loss than that caused by the straight pipe.
The frictional loss due to fittings and valves may be given either in terms of the velocity head
or in terms of the equivalent length.
The frictional head loss in terms of the velocity head is given by the following equation :
2

u1
hff = Kf 2 g
The frictional loss in J/kg is given by
2

… (7.124)

u1
… (7.125)
hff = K'f 2
where Kf is the loss factor for the fitting and u1 is the average velocity of the fluid in the
piping leading to the fitting.
Equivalent Length
Another way to express the frictional loss in fittings and valves is through the equivalent
length of fittings. The equivalent length of a fitting is that length of straight pipe of the same
nominal size as that of the fitting, which would cause the same friction loss as that caused by
the fitting.
The equivalent length of a fitting/valve is usually expressed as a certain number of pipe
diameters. Thus, if a bend has an equivalent length of X diameters and if the nominal pipe
diameter is 5 cm, then the bend will cause the frictional loss equivalent to that caused by the
straight pipe of length 5 X cm.
The equivalent length of a fitting is to be added to the length of a straight pipe to get the
total equivalent length of a flow system composed of the straight pipe and the fitting.
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Equivalent lengths of some pipe fittings are :
Fitting
Equivalent length, pipe diameters
45o Elbow

15

90o Elbow

32 (upto D = 40 mm)

Tee

60 to 90

Coupler and union joint

Negligible

Gate valve (fully open)

10

Globe valve (fully open)

300

Form-friction losses in the Bernoulli equation
Consider a flow system for the flow of an incompressible fluid as shown in Fig. 7.20,
which is composed of two enlarged headers, the connecting pipes and a globe valve.

Fig. 7.20 : Typical flow system for incompressible fluid
For obtaining the total frictional loss, the losses in the expansion and contraction
headers and the valve must be combined with the skin friction loss of the straight pipe.
Skin friction loss in J/kg =

4 fL u2
2D

… (7.126)

where D is the diameter of the straight pipe, u is the average velocity of the fluid through the
pipe and L is the length of the straight pipe.
4fL
u2
hf = total friction loss in J/kg =  D + K'c + K'e + K'f 2



… (7.127)

Assume that the piping system under consideration involves a straight pipe of length L,
two globe valves and one elbow. Further assume that the equivalent length of the globe valve
is given as X pipe diameters (e.g., 190 D, so X = 190) and that of the elbow is given as Y
pipe diameters.
In this situation, the total friction loss is obtained as follows :
Equivalent length of elbow = YD
Equivalent length of globe valve = XD
Total equivalent length of the piping system = L' = L + YD + 2 XD
hf = total friction loss in J/kg =

4 fL' u2
2D

… (7.128)
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Total head loss due to friction in m of flowing fluid for the system of Fig. 7.20 is
given by
u2
4 fL
… (7.129)
hf =  D + Kc + Ke + Kf 2g


where u is the average velocity of the fluid through the pipe of diameter D and f is the
Fanning friction factor.
Friction Loss at the Exit from a Pipe
The outlet end of a pipe carrying fluid may be either left free so that the fluid is
discharged freely in the atmosphere or it may be connected to a large reservoir where the
pipe outlet is submerged and fluid is discharged into a large body of static fluid.
In such a case, the loss of head at the exit of the pipe is equal to u2/2g, where u is the
average velocity of flow in the pipe.
When the end of a pipe is connected to a large reservoir, tank, etc. where the pipe end is
not submerged, then the flow pattern is similar to that for a sudden enlargement. Hence, the
loss of head in this case can be determined by the equation given for the head loss for a
sudden enlargement.
Friction Loss at the Entrance of Pipe from a Large Vessel
When a fluid enters a pipe from a large vessel (or a tank or a reservoir), some loss of
energy occurs at the entrance of the pipe which sometimes known as the inlet loss of energy.
The flow pattern at the entrance to the pipe is similar to that in the case of a sudden
contraction. So the equations given for the friction loss or head loss due to friction for a
sudden contraction are applicable for this situation.
Frictional Losses in Coils
In some situations a fluid flows through a circular tube arranged/set out in the form of a
coil (e.g., a helical cooling coil incorporated in a batch reactor in which an exothermic
reaction is occurring). The coil accommodates a long tube in a small space. The frictional
pressure drop in a coil (∆Pcoil) is greater than that in a straight tube of the same length (∆Pst).
The relationship between ∆Pcoil and ∆Pst is
3.54 D
∆Pcoil = ∆Pst 1 + D 
… (7.130)

H 
where ∆Pst = pressure drop in the same length of the straight tube
D = diameter of the tube
DH = diameter of a turn of the coil or a helix of the coil (helix diameter)
Pressure Drop in Turbulent Flow of Fluids through Non-circular Conduits/Ducts
For turbulent flow in ducts of constant non-circular cross-sections, the frictional losses
can be estimated by using the equations that are applicable for circular pipes if the diameter
in the Reynolds number and in the definition of the friction factor is replaced by an
equivalent diameter, which is defined as
Equivalent diameter = 4 (Hydraulic radius)
… (7.131)
… (7.132)
De = 4 rH
Wetted cross-sectional area of flow
= 4 Wetted perimeter (for fluid flow)
… (7.133)
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The equivalent diameter is defined as four times the hydraulic radius or defined as four
times the cross-sectional area of the duct divided by the wetted perimeter.
(i) For an annular space between two concentric pipes, the equivalent diameter is
given by
2

De
∴

2

π/4 D2 – π/4 D1
= 4 

 π D1 + π D2 

De = (D2 – D1)

… (7.134)

where D1 be the outside diameter of the inside pipe (inside diameter of the annulus),
and D2 be the inside diameter of the outside pipe (outside diameter of the annulus).
(ii) For a square duct of the side x,
x2
De = 4 4 x = x
 

… (7.135)

(iii) For a rectangular duct of the size x by y :
4 [x.y]
2 xy
De = 2 [x + y] = x + y

… (7.136)

(iv) For a circular pipe :
De = 4

π/4 · D2
πD

De = D
Therefore, the equivalent diameter is the same as the pipe diameter for any circular pipe.
PRESSURE DROP IN FLOW THROUGH POROUS MEDIA
Porous medium : It is a continuous solid phase with many pores or void spaces in it.
Typical examples of porous media include sponges, filters and packed beds used for
absorption and distillation, etc.
Porous media which are not having interconnected pores are said to be impermeable to
fluid flow. In such cases, there is no possibility of a fluid to flow through them, e.g., foamed
polystyrene drinking cups.
Porous media which are having interconnected pores are said to be permeable to fluid
flow. In such cases, there is a flow of fluid through them, e.g., a bed of granular solids.
The flow of fluids through permeable porous media is of great practical importance in
filters, packed columns used for absorption and distillation and fixed-bed catalytic reactors.
Consider the flow of a homogeneous fluid through a bed of spherical particles of
uniform size. If the average velocity at any cross-section perpendicular to the flow is based
on the entire cross-sectional area of the pipe/tower/bed (i.e., empty tower/bed cross-section),
then it is called as the superficial velocity and is given by
… (7.137)
uo = Q/A
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On the other hand, the average velocity may be based on the area actually available for
the flowing fluid, in which case it is called as the interstitial velocity. It is given by
uo
Q
… (7.138)
u = e = e.A
where e is the porosity, or void fraction or voidage of the bed.
total volume of bed – volume of solids in bed
e =
total volume of bed
free volume available for flow
… (7.139)
=
total volume of fixed bed
If D is the diameter of a pipe/bed/tower, h is the height of a bed in the pipe/tower, n is
the number of solids in the bed and vp is the volume of one solid particle then
π/4 D2h – n vp
… (7.140)
π/4 D2 h
From the theoretical point of view, the interstitial velocity is more important since it
determines the kinetic energy, the fluid forces and nature of the flow (i.e., whether the flow is
laminar or turbulent). From the practical point of view, the superficial velocity is usually
more useful.
For a packed bed, the hydraulic radius varies along the bed height and is given by
Wetted cross-sectional area normal/perpendicular to fluid flow
rH =
Wetted perimeter
Multiplying both the numerator and the denominator by the length of the bed / the
height of the bed, we get
Volume open to flow/available for flow
rH = Total wetted surface area of packing
For a porous medium made of spherical particles of uniform size, the hydraulic radius is
given by
Total volume of bed × e
… (7.141)
rH =
Number of particles × Surface area of one particle
The number of solid particles in the bed are given by
Volume of bed × (1 – e)
Number of particles = Volume of one particle
… (7.142)
Therefore, the hydraulic radius becomes
e
rH =
surface
area
(1 – e) ×  volume  of a spherical particle


e
=
2
2
(1 – e) (π dp / π/6 dp)
dp
e
rH = 6 1 – e
…*(7.142)


where dp is the diameter of the spherical particle.
e =
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For flow through packed beds, the Reynolds number and the friction factor become
NRe = De uρ/µ
= (4 rH) (uo/e) ρ/µ
Substituting for rH gives
dp
uo
e
ρ
NRe = 4 6 × 1 – e × e ×
µ
2 dp uo ρ
NRe =
… (7.143)
3 µ (1 – e)
4 f L u2
∆P
= 2D
We have,
ρ
Replacing D by De and rearranging, we get
 ∆P  De
f =   2 u2
ρ L  
Replacing De by 4 rH gives
 ∆P  (4 rH)
f =   2 (u /e)2
o
ρ L
Substituting for rH gives
e
e2
 ∆P  dp
f =   4 6 × 1–e ×
2
ρ L
2 u0
e3
∆P dp
… (7.144)
  2 × 1–e
ρL u0
Hence, the modified friction factor and the Reynolds number for flow through packed
beds are defined as
1
f = 3

e3
∆P dp
fm =   2 × 1 – e
ρL uo
and

NRe,,m =

dp uo ρ
µ (1 – e)

… (7.145)
… (7.146)

The Ergun equation for the flow of homogeneous fluids through packed beds relating
fm and NRe,m is
150
fm = N
+ 1.75
Re‚m

… (7.147)

Equation (7.147) fits experimental data well for NRe‚ m between 1 and 2000.
For NRe‚ m < 10 (i.e., when the flow is laminar/streamline through packed beds), the
viscous forces control and Equation (7.147) reduces to
150
fm = N
Re‚m

… (7.148)
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Substituting the values of fm and NRe‚m, we get
e3
150
∆P dp
  2 × 1–e =
dp u0 ρ / µ (1 – e)
ρL u0

∆P 150 µ u0 L (1 – e)2
×
… (7.149)
  =
2
e3
ρ
dp ρ
Equation (7.149) is known as the Blake-Kozeny equation, or Kozeny-Carman equation.
The flow of fluids through industrial filters is usually streamline/laminar and thus
Equation (7.149) applies.
For NRe, m > 1000 (i.e., when the flow is turbulent), the effect of viscous forces is
negligible and inertial forces control and Equation (7.147) reduces to
fm = 1.75
… (7.150)
2
u0 L
(1 – e)
∆P
= 1.75 d × e3
… (7.151)
or
ρ
p
Equation (7.151) is known as the Burke-Plummer equation.
For non-spherical particles, the diameter dv of a non-spherical particle may be defined as
the diameter of a sphere having the same volume as that of the particle.
For non-spherical particles, the shape factor or sphericity φs is defined as below :
Surface area of a sphere having the same volume
as that of the particle
φs =
… (7.152)
Surface area of a particle
For spheres : φs = 1 and for all other particle shapes : 0 < φs < 1
For beds of non-spherical granular solids, dp in Equations (7.142) and (7.151) is to be
replaced by φs dv so that the Ergun Equation (7.147) becomes
∴

2

µ u0 (1 – e)2
u0
∆P
1–e
= 150
+
1.75
×
3
2
e
e3
ρL
ρ (φs dv)
φs dv

… (7.153)

PRESSURE DROP IN FLUIDISATION
When a fluid (gas or liquid) is passed up through a bed of solid particles at very low
velocity, the particles do not move and the pressure drop is given by the Ergun equation.
If the fluid velocity is steadily increased, the pressure drop and drag on the individual
particles increase, and eventually the particles start to move and become suspended in the
fluid stream.
An operation by which fine granular solids are transformed into a fluid-like state
through contact with a fluid is known as fluidisation. The term fluidised bed is used to
describe the condition of fully suspended particles in a fluid stream.
Advantages of fluidisation : (i) good contact of the fluid with all parts of the solid
particles, (ii) prevents segregation of the solid particles by thoroughly agitating the bed,
(iii) temperature is uniform even in a large reactor due to complete mixing and (iv) high heat
and mass transfer rates. Disadvantages of fluidisation: (i) greater power requirement,
(ii) higher breakage of solid particles, (iii) serious erosion of pipelines and vessels and
(iv) necessity of recovery systems.
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Fluidisation finds applications in catalytic cracking, drying and transportation of solids,
etc.
Consider a vertical tube partially filled with a fine granular particles. The tube is open at
the top and has a porous plate to support the bed of particles and to distribute the flow
uniformly over the entire cross-section.
Granular
solids

L
L

DP
Fluidised bed

Fixed
bed
Perforated
plate/screen

DP

Fluid

O

umf
uo

Fig. 7.21 : Pressure drop and bed heights v/s superficial velocity for bed of solids
Further, consider the upward flow of a fluid through a vertical bed of fine particles. At a
low flow rate, the fluid simply passes through the void spaces between stationary particles
without causing any particle motion. The flow will be laminar and the pressure drop across
the bed will be proportional to the superficial velocity u0.
As we go on increasing steadily the flow rate of the fluid, a stage will be reached when
all the particles are just suspended in the flowing fluid. At this stage, the pressure drop across
the bed equalizes the weight of the bed. The bed in this condition is considered to be just
fluidised and is termed as an incipiently fluidised bed.
Thus, for a bed at minimum fluidisation, we have
∆P A = W = A Lmf (1 – emf) (ρp – ρ) g

… (7.154)

where A = cross-sectional area of the tube and ρp = density of the particle.
Rearranging Equation (7.154) gives
∆P
Lmf = (1 – emf) (ρp – ρ) g

… (7.155)

In many practical applications of fluidisation, since the particles are very small and the
fluid velocity is low, the flow is streamline/laminar. Therefore, Equation (7.149) becomes
150 µ umf
(1 – emf)2
∆P
=
×
2
3
Lmf
dp
emf

… (7.156)
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The superficial fluid velocity at minimum fluidisation conditions is obtained by equating
the right hand sides of Equations (7.155) and 7.156). Therefore, we get umf as
2

3

ρp – ρ  emf 
dp
g 1 – e 
… (7.157)
umf = 150 ×
µ
mf

Once the bed is fluidised, the pressure drop across the bed remains constant but the bed
height increases continuously with increasing velocity (i.e., flow).
Equations (7.155) and (7.156), for a given fluid-solid system, predict that
∆P
L (1 – e) = k1
(1 – e)
= k2 u0 e 3
… (7.158)
where k1 and k2 are constants.
1–e
k1 = k2 u0 e 3
k1 e 3
u0 = k 1 – e , Let k = k1/k2
2
e3
… (7.159)
u0 = k 1 – e
where k is a constant for the system.
Equation (7.159) gives us idea regarding the variation of the bed porosity (e) with
superficial fluid velocity (u0) in a fluidised bed. This equation has been found to apply
equally well for a liquid-solid system for e (bed voidage) less than 0.80.
The relationship between bed heights and bed voidages is given by
1 – emf
L
=
… (7.160)
Lmf
1–e
Equ. (7.160) is applicable for particle Reynolds numbers less than 1.0 NRe, p = dp ut ρ/µ.

MEASUREMENT OF FLUID FLOW
In the chemical process industry, it is desirable to know the amount of a fluid flowing to
or from the process equipment. Many different types of flow meters are used industrially to
measure the rate at which a fluid is flowing through a pipe or a duct. The flow measuring
devices or flow meters are classified as :
1.

Variable head meters, e.g., orifice meter, venturi meter.

2.

Variable area meters, e.g., rotameter.

3.

Current meters, e.g., cup type current meter.

4.

Positive displacement meters, e.g., wet gas meter.

5.

Electromagnetic meters, e.g., magnetic meter.

Variable head meters such as venturi meters, orifice meters and pitot tubes and area
meters such as rotameters of various designs are widely used for flow measurement.
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VENTURI METER
A venturi meter is a variable head meter which is used for measuring the flow rate of a
fluid through a pipe. In this meter, the fluid is gradually accelerated to a throat and then
gradually retarded in a diverging section where the flow expands to the pipe size. A large
portion of the kinetic energy is thus recovered (converted back to pressure energy).
Principle :
The basic principle on which a venturi meter works is that by reducing the crosssectional area of the flow passage, a pressure difference is created and the measurement of
the pressure difference (between the inlet of the meter and at a point of reduced pressure)
enables the estimation of the discharge/flow rate through the pipe.
Construction
Converging section
Throat
Flow
15-20º

5 to 7º

2

Low pressure tap
(at centre of throat)
Initial section

Diverging section

High
pressure tap

Fig. 7.22 : Venturi meter
A venturi meter consists of
(i)

An inlet section followed by a convergent cone/section. The inlet section of the
venturi meter is of the same diameter as that of the pipe line in which it is installed
which is followed by the short convergent section with a converging cone angle of
15-20o and its length parallel to the axis is approximately equal to 2.7 (D – DT),
where D is the pipe diameter and DT is the throat diameter. In the convergent
section, the fluid is accelerated.

(ii)

A cylindrical throat – the section of constant cross-section with its length equal to
diameter. The flow area is minimum at the throat. In general, the diameter of
throat may vary from 1/3 to 3/4 of the pipe diameter and more commonly the
diameter of throat is 1/2 the pipe diameter.

(iii) A long diverging section/a gradual divergent cone with a cone angle of about
5 - 7o wherein the fluid is retarded and a large portion of the kinetic energy is
converted back into the pressure energy.
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The convergent section/cone is a short pipe that tapers from the original pipe size to that
of the throat of the meter. The divergent cone/section of the venturi meter is a gradually
diverging pipe with its cross-sectional area gradually increasing from that of the throat to the
original pipe size. At the inlet section and the throat (centre of throat), i.e., at stations 1 and 2
of the venturi meter, pressure taps are provided through the pressure rings/piezometer rings.
A piezometer ring is an annular chamber provided at the pressure taps with small holes
drilled from the inside of the tube and is used for averaging out the individual pressures
transmitted through the several small holes to a pressure measuring device.
Working :
1

3
2

Air out

Dh

Fig. 7.23 : Venturi meter with U-tube manometer
A venturi meter of known coefficient is installed in the pipeline and the pressure taps are
connected to a pressure measuring device. Air pockets, if any, are removed from connecting
tubings, measuring device, etc. after starting the flow of fluid through the pipeline in which it
is installed for flow measurement. In the meter, the fluid is accelerated in the converging
cone and then retarded in the diverging cone gradually. An increase in the flow velocity at
the throat (a section of minimum flow area) results in a decrease in the pressure at the throat.
Due to this a pressure difference is developed between the inlet section and the throat section
which is measured/noted with the help of manometer or pressure gauges (connected to the
pressure taps) after the steady state is attained. This pressure difference/drop is then related
to the flow rate by a mathematical flow equation for the meter.
In the venturi meter, fluid is accelerated in the convergent cone from the inlet section 1
to the throat section 2 and in the divergent cone, it is retarded from the throat section 2 to the
end section 3 of the venturi meter. In order to avoid the possibility of flow separation and
consequent energy loss, the divergent cone of a venturi meter is made longer with a gradual
divergence. Since the separation of flow may occur in the divergent cone of a venturi meter,
this portion is not used for measuring the flow rate.
Since there is a gradual reduction in the area of flow, there is no vena contracta and the
flow area is minimum at the throat so that the coefficient of contraction is unity.
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FLOW EQUATION FOR A VENTURI METER

2
1

Fig. 7.24 : Schematic view of venturi meter
Let P1, P2 and u1, u2 be the pressures and velocities at section/stations 1 and 2,
respectively. Let A1 and AT be the flow areas at stations 1 and 2, respectively. Section/
station 1 is at the upstream side of the convergent cone (inlet section) and station 2 is at the
throat.
Assume that the flowing fluid is incompressible and there are no frictional losses
between station 1 and station 2.
The Bernoulli equation in terms of energy units (J/kg) between stations 1 and 2 is
2

2

P2
α2 u2
P1 α1 u1
+ 2 + g Z1 =
+ 2 + g Z2
ρ
ρ

… (7.161)

The venturi is connected in a horizontal pipe (Fig. 7.24), so Z1 = Z2 (or if we assume that
a datum is passing through the axis of the venturi meter, then Z1 = Z2 = 0) and the above
equation then reduces to
2

2

P1 α1 u1
P2
α2 u2
+ 2 =
+ 2
ρ
ρ

… (7.162)

From the equation of continuity, we have
· = ρu A =ρu A
m
1
1
2
T

… (7.163)

2

where A1 = π/4.D2 and AT = π/4.DT
in which D = pipe diameter and DT = throat diameter
2

∴

u1 (π/4.D2) = u2(π/4.DT )

… (7.164)

Let

DT/ D = β = diameter ratio, diameter of throat/diameter of pipe
u1 = (DT/D)2 u2

… (7.165)

u1 = β2.u2

… (7.166)

Substituting for u1 from Equation (7.166) into Equation (7.162), we get
2

P1
α1 (β2 u2)2
P2
α2 u2
+
=
+
2
2
ρ
ρ

… (7.167)
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Rearranging, we get
2

2

α1 β4 u2
P1 – P2
α2 u2
–
=
2
2
ρ
2 (P1 – P2)
ρ
2 (P1 – P2)
α2 2
2
α1  u2 – β4 u2 =
ρ
α1

Usually α2/α1 = 1.0. Therefore,
2

… (7.168)

2

α2 u2 – α1 β4 u2 =

2

… (7.169)

2

α1 [u2 – β4 u2] = 2 (P1 – P2) / ρ
2 (P1 – P2)
2
u2 (1 – β4) =
α1 . ρ
1
2 (P1 – P2)
1/2
u2 = 
×
ρ
α1 (1 – β4) 


… (7.170)
… (7.171)

Equation (7.171) is corrected by introducing an empirical factor Cv as

 2 (P1 – P2) 1/2
u2 = Cv 
… (7.172)

(1 – β4) . ρ
where Cv is the coefficient of venturi meter, or the coefficient of discharge of venturi meter,
or simply the venturi coefficient and it takes into account the error introduced by assuming
no frictional losses between stations 1 and 2 as well as assuming α1/α2 = 1 and α1 = 1.0
[i.e., it accounts for the frictional loss between stations 1 and 2 and small effects of kinetic
energy factors α1 and α2].
Volumetric flow rate, Q, is given by
… (7.173)
Q = u2 AT
where AT = cross-sectional area of the throat.
Combining Equations (7.172) and (7.173), we get
2 (P1 – P2)1/2
… (7.174)
Q = Cv AT 

 (1 – β4) ρ 
Cv AT
2(P1 – P2)
Q =
.
… (7.175)
ρ
1 – β4
where Q is the actual discharge / volumetric flow rate
Qth = theoretical discharge and is given by
 2 (P1 – P2) 1/2
Qth = AT 
… (7.176)

(1 – β4) . ρ
… (7.177)
∴
Cv = Q / Qth
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The coefficient of discharge of a venturi meter is the ratio of the actual discharge to the
theoretical discharge of the venturi meter.
Equation (7.176) gives the value of theoretical discharge through the venturi as it has
been obtained by considering no frictional losses in the system.
Equation (7.175) is the desired flow equation for a venturi meter.
For a well designed venturimeter, the coefficient of venturi, Cv is about 0.98 for pipe
diameters ranging from 50 to 200 mm and about 0.99 for larger sizes.
If U-tube manometer is used for measuring the pressure difference between station 1
and station 2 and ∆h is the manometer reading obtained in terms of meters of the manometric
fluid, then pressure drop across the meter is given by
(P1 – P2) = ∆h (ρM – ρ) g
… (7.178)
where

ρM = density of manometric fluid in kg/m3
ρ = density of flowing fluid in kg/m3
and
g = 9.81 m/s2
Combining Equations (7.175) and (7.178), we get
Q =

Cv AT

.

2 ∆h (ρM – ρ) g
ρ

… (7.179)
1–β
If ∆H is the pressure difference across the venturi expressed in terms of meters of the
flowing fluid, then
(ρM – ρ)
∆H = ∆h
… (7.180)
ρ
Combining Equations (7.179) and (7.180), we get
Cv AT
. 2 g ∆H
… (7.181)
Q =
1 – β4
Equation (7.179) is the desired flow equation for a venturi meter, where the pressure
difference is expressed in terms of manometer reading and Equation (7.181) is the desired
flow equation where the pressure difference is expressed in terms of meters of the flowing
fluid.
Pressure Recovery in Venturi meter
Since the angle of divergence in the recovery cone (i.e., in the divergent cone) is small,
the permanent pressure loss from a venturi meter is relatively small. In a well designed
meter, the permanent pressure loss is about 10 percent of the venturi differential P1 – P2
(i.e., 10 percent of the pressure drop across the meter) which means that about 90 percent of
the venturi differential is recovered.
The pressure recovery in a venturi meter is very high and thus may be used where only a
small pressure head is available though it is expensive.
Advantages of Venturi meter :
1.
Low permanent pressure loss and hence high pressure recovery.
2.
High accuracy over wide flow ranges.
4
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3.
It can be used for flow measurement of compressible and incompressible fluids.
4.
It can also be used where only a small pressure head is available.
5.
High reproducibility.
6.
Less power loss.
Disadvantages of Venturi meter :
1.
It is expensive and bulky.
2.
It occupies considerable space.
3.
Relatively complex in construction.
4.
The ratio of throat diameter to pipe diameter cannot be changed.
5.
Not suitable for flow measurement of highly viscous slurries.
6.
Used only for permanent installations.
7.
It cannot be altered once it is installed.
ORIFICE METER
It is a variable head meter used for measuring the discharge / flow rate through a pipe.
In this meter, the fluid is accelerated by causing it to flow through a sudden constriction
(orifice), the kinetic energy of the fluid increases and the pressure energy therefore decreases.
With this meter, the overall pressure drop across the meter is high - a large percentage of the
pressure drop across the meter is not recoverable, but is relatively cheap and reliable
instrument and its installation requires a small length as compared to the venturi meter.
Because of this where the space is limited, the orifice meter may be used for the
measurement of discharge (flow rate) through pipes.
Principle :
The basic principle on which an orifice meter works is that by reducing the crosssectional area of the flow passage, the fluid is accelerated and a pressure difference is
created/developed, and the measurement of the pressure difference (between the inlet of the
meter and a point of reduced pressure) enables the determination of the discharge (flow
rate) through the pipe.
Orifice plate
Fluid jet

Flow

30 to 45º
1
Pressure tap

2
Pressure tap

Fig. 7.25 : Orifice meter
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Construction :
An orifice meter consists of a flat circular plate with an accurately machined and drilled
circular hole called an orifice. The orifice is concentric with the pipe axis and drilled with
sharp edges. The thickness of the plate is less than or equal to 0.05 times the diameter of the
pipe. From the upstream of the plate, the edge of the orifice is made flat for a thickness less
than or equal to 0.02 times the diameter of the pipe and the remaining portion of the plate is
bevelled with the bevel angle of 30 to 45o (preferably 45o). The plate is usually made of
stainless steel [SS – 304 or SS – 316] to resist corrosion.
The orifice plate is clamped between two pipe flanges with the bevelled surface facing
the downstream (Fig. 7.25). The orifice diameter may vary from 0.2 to 0.85 times the pipe
diameter, but generally the orifice diameter of 0.5 times the diameter of pipe is used.
Pressure taps are provided, one each on the upstream side (station 1) and downstream side
(station 2) of the orifice plate. On the downstream side of the orifice plate, the pressure tap is
provided at the section where a converging jet of the fluid has a minimum cross-sectional
area (This point of minimum cross-section of flow is known as the vena contracta) resulting
in almost a maximum velocity and consequently a minimum pressure at this section. Hence,
a maximum possible pressure difference exists between the section/station 1 (at a point short
distance from the plate on the upstream where flow is undisturbed) and the section/station 2
(at a point where the flow area is minimum on the downstream side). This pressure
difference is measured by connecting a manometer or other pressure measuring device, e.g.,
pressure gauges to the pressure taps.
FLOW PATTERN IN ORIFICE METER
C

C

C - C at vena contracta

Fig. 7.26 : Flow pattern in orifice meter
The flow pattern of flowing fluid through an orifice plate is shown in Fig. 7.26. The
flow lines run parallel and widely spaced on the upstream side of the plate but as the flow
approaches the orifice plate, the flow lines slowly converge at the orifice and then diverge
out to pipe area smoothly. Since the flow lines converge and then diverge, the flow area
becomes minimum at a short distance on the downstream side of the orifice plate which is
known as the vena-contracta. The jet of fluid issuing from the orifice plate gradually expands
from the vena-contracta to again fill the entire cross-section of the pipe.
In this meter, since there is a sudden change in the cross-sectional area of the flow
passage and not a gradual change in the cross-sectional area of the flow passage as that in the
venturi meter, there is a greater loss of energy in the orifice meter than in the venturi meter.
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Working :
An orifice meter of known coefficient of discharge is installed in the pipeline and
pressure taps are connected to a pressure measuring device. Air pockets, if any, are removed
from the tubings, measuring device (may be manometer, or pressure gauges) after starting the
flow of the fluid through the pipeline in which it is installed for the flow measurement. In the
meter, the fluid is first accelerated and then retarded so that a pressure drop across the meter
is created. Once the steady state is attained, the pressure drop across the meter is noted (for a
U-tube manometer, it is a manometer reading and for pressure gauges, it is a difference in the
reading of the pressure gauges on both sides of the meter). This pressure drop is then used to
calculate the volumetric flow rate using a mathematical flow equation for the meter.
Venturi and orifice meters require straight runs of pipe before and after the point of
installation. While installing this meter, a sufficiently long run of the straight pipe should be
provided on both the sides of the meter so as to establish normal velocity distributions.
There should not be any pipe fittings or a valve close to the meter (within a distance of about
1 to 1.5 m from the meter on both the sides).
FLOW EQUATION FOR AN ORIFICE METER

1

2 (at vena contracta)

Fig. 7.27 : Orifice plate for flow equation
Let P1, P2 and u1, u2 be the pressures and velocities at stations 1 and 2 respectively.
Applying the Bernoulli's equation between stations 1 (upstream of the meter) and 2 (at the
vena contracta) for compressible fluids and assuming negligible frictional loss and α1 = α2 =
1.0, we get
2
2
P1
P2
u1
u2
+ g Z1 + 2 =
+ g Z2 + 2
… (7.182)
ρ
ρ
Equation (7.182) is the Bernoulli's equation across the orifice meter in terms of energy
units (J/kg).
For the orifice meter installed in a horizontal pipeline, we have : Z1 = Z2
Therefore, Equation (7.182) reduces to
2
2
P2
P1
u1
u2
+ 2 =
+ 2
… (7.183)
ρ
ρ
2

2

P1 – P2
u2 – u1
=
2
ρ
2 (P1 – P2)
2
2
u2 – u1 =
ρ

… *(7.184)
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The mass flow rates at stations 1 and 2 are equal. Therefore,
· = ρ u A =ρ u A
m
1

1

1

2

2

2

but ρ = ρ1 = ρ2 = density of fluid
ρ u1 A1 = ρ u2 A2
u1 = u2 A2/A1
… (7.185)
where A1 = area of the pipe and A2 = area of flow at the vena contracta.
Substituting the value of u1 from Equation (7.185) into Equation (7.184) gives
2 (P1 – P2)
2
2
u2 – u2 (A2/A1)2 =
ρ
∴

2

u2 [1 – (A2/A1)2] = 2 (P1 – P2)/ρ
 2 (P1 – P2) 1/2
u2 = 

ρ [1 – (A2/A1)2]
From the continuity equation, we have
· = ρuA =ρu A
m
2

2

o

o

… (7.186)

… (7.187)

where uo = velocity through the orifice
Ao = area of the orifice
∴
u2 = uo (Ao/A2)
…(7.188)
The area of the vena contracta (A2) can be related to the area of the orifice (Ao) by the
coefficient of contraction.
Coefficient of contraction = Cc = A2/Ao
… (7.189)
A2 = Cc Ao
… (7.190)
Substituting the value of A2 from Equation (7.190) into Equation (7.188), we get
uo Ao
uo
u2 = C . A = C
… (7.191)
c
o
c
Substituting the value of u2 from Equation (7.191) and A2 from Equation (7.190) into
Equation (7.186), we get
2 (P1 – P2)
uo

1/2
=
ρ [1 – (C .A /A )2]
Cc
c
o
1


2 (P1 – P2)

1/2
uo = Cc 
… (7.192)

ρ [1 – (Cc.Ao/A1)2]
For taking into account the frictional losses in the meter and the parameters Cc, α1 and
α2 (kinetic energy correction factors), the coefficient of discharge of orifice meter (also
termed as the coefficient of a orifice meter), Co can be introduced into the above equation
and thus Equation (7.192) can be written as
 2 (P1 – P2) 1/2
uo = Co 
… (7.193)

ρ [1 – (Ao/A1)2]
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where Ao = area of the orifice
2

Ao = π/4 . Do , where Do is the orifice diameter
A1 = π/4 D2, where D is the diameter of the pipe
2

A0/A1 = (π/4 . Do ) / (π/4 . D2) = (Do/D)2
Let β = diameter of orifice/diameter of pipe = Do/D
Then,
(Ao/A1)2 = (Do/D)4 = β4
Substituting for (Ao/A1), Equation (7.193) becomes
2 (P1 – P2)
uo = Co
ρ [1 – β4]
Co
2(P1 – P2)
.
uo =
4
ρ
1–β

… (7.194)
… (7.195)

Equation (7.195) is used to calculate the velocity through the orifice meter.
The volumetric flow rate through the orifice meter is obtained by multiplying the
velocity by the area of the orifice.
Q = uo Ao
… (7.196)
Co Ao
2 (P1 – P2)
∴
Q =
.
… (7.197)
ρ
1 – β4
In the above equation, Q is in m3/s, D0 and D are in m, ρ is in kg/m3 and P1 and P2 are in
N/m .
(P1 – P2) = pressure drop across the meter in N/m2 (Pa).
Q calculated from Equation (7.197) is the actual discharge / flow rate.
Qth = Theoretical discharge
… (7.198)
∴
Q = Qactual = C0 . Qth
A0
2 (P1 – P2)
Q =
.
… (7.199)
ρ
1 – β4
Equation (7.197) is the simple working equation for evaluating the discharge (Q) from
the meter knowing the pressure drop over the meter (i.e., for evaluating the flow rate through
the pipe line in which the meter is installed).
The value of the coefficient of orifice meter is about 0.61 (for Reynolds numbers more
than 104) indicating that there is a substantial loss in pressure over the instrument (i.e., the
pressure recovery in this meter is very poor) which is the most serious disadvantage of the
meter.
The coefficient of discharge of orifice meter is much lower than that of venturi meter.
This is because of the fact in the orifice meter, there are no gradual converging and diverging
flow passages as those exist in the venturi meter, which results in a greater loss of energy and
consequent reduction of the coefficient of the discharge of the orifice meter. The pressure
drop in the orifice meter for the same conditions as in the venturi meter is many times greater
than that in the venturi meter.
2
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If a mercury manometer is used to measure the pressure difference over the meter and if
∆h is the difference in the levels in two limbs of the manometer in terms of the manometric
fluid, then
(P1 – P2) = ∆h (ρM – ρ) g

… (7.200)

= ∆h (ρHg – ρ) g

… (7.201)

Substituting (P1 – P2) from Equation (7.200) in Equation (7.197), we get
C0 A0

Q =

or

1 – β4

Q =

2 ∆h (ρM – ρ) g
ρ

.

C0 A0
1 – β4

.

… (7.202)

2 ∆h (ρHg – ρ) g
ρ
… when the mercury manometer is used … (7.203)

where ρM = density of manometric fluid, ρHg = density of mercury (manometric fluid),
ρ = density of flowing fluid and ∆h = difference in the levels in the two limbs of manometer
in m of the manometric fluid.
∆H =
where

∆h (ρM – ρ)
ρ

… (7.204)

ρM = density of manometric fluid in kg/m3
ρ = density of flowing fluid in kg/m3
∆H = pressure difference across meter in terms of m of the flowing fluid.

Combining Equations (7.203) and (7.204), we get
Q =

C0 A0
1 – β4

.

2 g ∆H

… (7.205)

where A0 is in m2, g is in m/s2, ∆H is in m and Q is in m3/s. Equation (7.205) is used to
calculate the volumetric flow rate through the pipe when the pressure drop across the meter
is expressed in terms of m of the flowing fluid.
Pressure Recovery in Orifice meter
The orifice meter has a low discharge coefficient of about 0.61 which means that there
is a substantial loss in pressure over the meter (the pressure recovery is poor) because of the
large friction losses from eddies generated by the re-expanding jet below the vena contracta.
This results in power loss. The permanent pressure loss from an orifice meter depends on the
value of β (Fig. 7.28). For β = 0.5, the permanent pressure loss is about 73 percent of the
orifice differential.
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Lost head fraction of
orifice differential

1.0
0.8
0.6
0.4
0.2
0

0.1 0.2 0.3 0.4 0.5
b

0.6 0.7

0.8 0.9 1.0

Fig. 7.28 : Overall pressure loss in orifice meters
Orifice meters are used for testing purposes and in steam lines, where the power loss is
of less importance.
Advantages of Orifice meter :
1.
Simple in construction.
2.
It is easy to install.
3.
Installing a new orifice plate with different opening is a simple job. (Greater
flexibility).
4.
It can be used with all types of differential pressure transmitters.
5.
It is cheap.
6.
The ratio of orifice diameter to pipe diameter can be changed.
Disadvantages of Orifice meter :
1.
Substantial loss of pressure over the instrument and thus the pressure recovery is
poor.
2.
Considerable power loss.
3.
It cannot be used for slurries that may clog the orifice opening.
4.
For accurate readings, it requires a certain straight run of pipe without any pipe
fittings or a valve on both sides of the meter.

PITOT TUBE
It is a device used to measure the local or point velocity by measuring the difference
between impact pressure and static pressure. The orifice meter and venturi meter measure the
average velocity of the entire fluid stream, whereas the pitot tube measures the velocity at
one point only.
Principle
The basic principle is that if the velocity of flow at a particular point is reduced to zero
(known as the stagnation point), the pressure at that point increases due to conversion of the
kinetic energy into the pressure energy, and by measuring the increase in the pressure
energy at this point the velocity may be determined.
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Construction and Working :
A simple form of pitot tube is shown in Fig. 7.29. It consists of a glass tube, sufficient
large for capillary effects to be negligible and bent at right angles. A single tube of this kind
may be used for measuring the flow velocity in an open channel.

h

h0

i

A

Fig. 7.29 : Simple Pitot tube for measuring velocity in open channel
The tube is dipped vertically in the flowing stream of fluid with its open end A facing
the flow and the other open end projecting above the liquid surface. The fluid enters the tube
and the level of the fluid in the tube exceeds that of the fluid surface because the end A of the
tube is a stagnation point where the fluid is at rest and the fluid approaching end A divides at
this point and passes around the tube. At the stagnation point, the kinetic energy is converted
into the pressure energy and hence the fluid in the tube rises above the surrounding fluid
surface by a height that corresponds to the velocity of fluid approaching the end A of the
tube.
Consider a point 1 at the upstream of end A lying in a horizontal plane in the flowing
stream where the flow velocity is u.
Applying the Bernoulli's equation between points 1 and A, we get
… (7.206)
ho + u2/2g = ho + h
… (7.207)
∴
u = 2gh
where ho is the height of the fluid raised in the tube above the free surface, (ho + h) is the
stagnation pressure head at point A which consists of a static pressure head ho and dynamic
pressure head/impact pressure head h.
Hence, the velocity at any point in the flowing stream can be determined by dipping the
pitot tube to the required point and measuring the height h of the fluid raised in the tube
above the free surface.
Taking into account the loss of energy, Equation (7.207) is modified to yield the actual
flow velocity as
u = C 2gh
… (7.208)
where C is the coefficient of pitot tube and it is generally taken as 0.98.
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Pitot Tube for Measurement of Velocity of Flow in Pipes
Impact opening

Flow

1

Static opening

2

Dh

Manometric fluid

Fig. 7.30 : Pitot tube used for measuring velocity in pipes
The pitot tube shown in Fig. 7.30 consists of an impact tube, the opening of which
facing to the direction of flow and a static tube, the opening of which is perpendicular to the
direction of flow. The impact tube measures the impact/dynamic pressure and the static tube
measures the static pressure. The two tubes may be connected to the arms of a manometer for
measuring the pressure difference.
Applying Bernoulli's equation between stations 1 and 2, we get
P1
P2
u2
+ 2 =
… (7.209)
ρ
ρ
P2 – P11/2
∴
u = 2
… (7.210)

 ρ 
P2 is greater than P1, where P1 = static pressure, P2 = stagnation / impact pressure.
(P2 – P1) can be expressed in terms of a manometer reading ∆h.
(P2 – P1) = ∆h (ρM – ρ) g
(ρM – ρ) 1/2

u = 2 ∆h
g
ρ


If ∆H is the pressure head expressed in terms of m of flowing fluid, we get
ρM – ρ

∆H = ∆h 
 ρ 
∴
u = [2 ∆H g]1/2

… (7.211)
… (7.212)

… (7.213)
… (7.214)

… (7.215)
u = 2 g ∆H
By taking into account the loss of energy due to friction, the actual point/local velocity
is given by
u = C 2 g ∆H
where C is the coefficient of pitot tube.

… (7.216)
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Pitot - Static Tube
It is a device in which the tubes recording static pressure and stagnation/impact pressure
are combined.
Static opening Impact tube/total head tube

Flow

Impact opening
Static tube

Manometric fluid

Fig. 7.31 : Pitot-static tube (for measuring velocity in pipes)
It consists of two concentric tubes arranged parallel to the direction of flow. The inner
tube has a small opening that faces the flow. The end of the outer tube is sealed and this tube
is perforated with a series of small holes perpendicular to the direction of flow to give an
accurate indication of the static pressure. The impact pressure is measured at the open end of
the inner tube. The tubes are connected to a manometer. If ∆H is the manometer reading
expressed in terms of m of the flowing fluid, then the velocity of the fluid at the location of
the pitot tube is given by
… (7.217)
u = C 2 g ∆H
The pitot tube measures the velocity at a point and hence, it can be used for finding the
velocity distribution across the pipe section. The total flow rate can be obtained from a single
reading (velocity reading) only if the velocity distribution across the pipe section is in hand.
With the help of pitot tube, the maximum velocity which exists at the centre of the pipe
is measured and based on laminar or turbulent flow conditions, the average velocity is
estimated which in turn used for the calculation of the flow rate. For laminar flow, the
maximum velocity is twice the average velocity and for turbulent flow, the maximum
velocity is 1.18 times the average velocity. The Reynolds number is calculated using a value
of the maximum velocity and then flow pattern is decided based on its value. For NRe less
than 4000, the flow is considered to be laminar and for NRe more than 10000, the flow is
considered to be turbulent. The flow is treated to be in a transition region for NRe values
between 4000 and 10,000 and for this region the maximum velocity is 1.33 to 1.18 times the
average velocity .
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ROTAMETER (VARIABLE AREA METER)
In the orifice meter or venturi meter (variable head meters), the area of constriction /
area of flow is constant and the differential pressure / pressure drop across the meter varies
with the flow rate / discharge, while in the variable area meter, the pressure drop across the
meter is constant and the flow rate is a function of the area of constriction / area of flow.
Thus, any change in the flow rate can be measured in terms of the change in the area of flow.
The most important area meter is the rotameter.
Principle :
Rotameter operates on the principle that there is a different constriction / orifice area
(flow area) for each flow rate and the pressure drop across the meter is constant. In other
words, the pressure drop across the meter is constant and the area through which the fluid
flows varies with the flow rate. This area is related, through a proper calibration, to the flow
rate.
Construction :
Perforated plate

Scale for
float position

Scale for
flow rate

Guide (solid rod)

Tapered tube
Float
Float

Flow

Fig. 7.32 : Rotameter
It consists of a tapered glass tube mounted vertically in a frame with the large end up.
The tube contains a freely moving solid float. The diameter of the float is smaller than the
diameter of the bottom of the tapered tube. The density of a float material is higher than that
of the liquid. A perforated plate is provided at both the ends of the tapered tube for arresting
the float in the tube. A guide is provided for the float so it always remains at the centre in the
tube along the axis of the tube. The float is usually constructed out of corrosion resistance
materials such as stainless steel (SS – 304 or SS – 316), aluminium, monel, bronze, nickel
and plastics. The float material decides the flow range of the meter.
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A nearly linear flow scale is etched/marked on the glass tube or it is mounted close to
the tube so that the position of the float can be marked and the flow rate is then obtained
from a calibration curve or a direct scale of the flow rate can also be provided over the
tapered tube or near the tube. The float is the indicating element and the reading edge of the
float is taken at the largest cross-section of the float. The either ends of the meter may be
screwed or flanged. Rotameters do not require straight runs of pipe before and after the point
of installation.
For low pressure and temperature applications, glass tubes are used but for opaque
liquids, high temperature and pressure applications or for other conditions where glass is
impracticable (not suitable), metal tubes are used. When a metal tube is used (the float in this
case is invisible) or when a liquid is very dark or dirty, an external indicator is required (for
the meter reading).
Reading/
Recording edge

Fig. 7.33 : Float shapes
Working :
In rotameter as the flow varies, the float rises or falls, thus changing the area of the
annular space between the float and the wall of the tube. The area available for flow is the
annular space/annulus between the float and the wall of the tube.
When no fluid flows through the meter, the rotameter float rests at the bottom of the
tube. But as the fluid begins to flow from the lower side of the tube, the float rises until the
differential pressure just balance the weight of the float and the fluid flows through the meter
through the annular space. As the flow rate increases, the float rises further in the tube, thus,
increasing the area available for flow (flow area) keeping a differential pressure across it
constant. On the other hand, as the flow rate decreases, the float falls in the tube, thus
decreasing the flow area with constant pressure drop across it. At a given flow rate, float
stabilises at a certain fixed position in the tube and at steady state it is recorded as the
rotameter reading on the scale provided.
The variation of the flow area with flow rate can be measured in terms of change in the
float position. A rotating motion of the float helps to keep it steady.
Rotameters are widely used in the chemical industry for the measurement of flow rates
of compressible as well as incompressible fluids. They provide a directing reading of the
flow rate.
Flow Equation for Rotameter :
For a given flow rate, let P1 and P2 be the pressures across the float at its equilibrium
condition.
At equilibrium condition, the forces acting on the float must be balanced so that no net
force acts to move the float.
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For dynamic equilibrium of the float, the force balance can be written as :
Net upward force = Net downward force
The forces acting on the float are : (i) a buoyant force, (ii) a differential pressure force
and (iii) a gravity force.
∴ Buoyant force + Differential pressure force = Gravity force
(i) Buoyant force of the liquid acting so as to lift the float = Vf ρ g.
(ii) Differential pressure force (drag force on the float resulting from friction for flow
around the float) = (P1 – P2) Af .
(iii) Gravity force (weight of the float) = Vf ρf g.
… A gravity force is acting downward on the float
∴
Vf ρ g + (P1 – P2) Af = Vf ρf g
… (7.218)
(P1 – P2) Af = Vf (ρf – ρ) g
… (7.219)
where mf = mass of float, Vf = volume of float, ρf = density of float, ρ = density of flowing
fluid, Af = the cross-sectional area of the largest part of the float.
For a given float and fluid of fixed density, the right hand side of Equation (7.219) is
constant indicating that ∆P is constant.
Vf (ρf – ρ).g
… (7.220)
(P1 – P2) = ∆P =
Af
Let the area of the annulus between the float and the wall of the tube be A2 at a certain
location of the float and the cross-sectional area of the tube at that location be A1.

Equation (7.220) can be written as
P1 – P2
Vf (ρf – ρ)
= g ∆H =
g
… (7.221)
ρ
Af ρ
Annulus diameter = D1 – Df (at float position)
where
Df = diameter of the largest portion of the float
D1 = diameter of the tube at the float position
Considering the annulus flow area between the tube and float as an orifice of diameter
D1 – Df having a differential pressure of (P1 – P2) across it, the flow equations derived for the
orifice meter can be used to express the flow rate through the rotameter.
CD A2
2 (P1 – P2)
Q =
.
… (7.222)
ρ
1 – β4
where

2

2

A2 = π/4 (D1 – Df )
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Combining Equations (7.221) and (7.222), we get
Q =

CD A2

.

2 g Vf
Af

1 – β4
D1 – Df
β = D
= (A2/A1)1/2
1

Here,
Q =

∴

CD A2
×
1 – (A2/A1)2

ρf – ρ


 ρ 

… (7.223)
…(7.224)

2 gVf ρf – ρ
Af  ρ 

… (7.225)

The velocity is given by
u2 = Q/A2 =

CD
.
1 – (A2/A1)2

2 g Vf (ρf – ρ)
Af . ρ

… (7.226)

The mass flow rate is given by
· = ρu A =ρQ
m
2
2
· =
m

ρ CD A2
1 – (A2/A1)2

2 g Vf (ρf – ρ)
Af . ρ

· =
m

CD A2
1 – (A2/A1)2

2 g Vf (ρf – ρ) ρ
Af

… (7.227)

The coefficient of discharge of rotameter (CD) depends on the shape of the float and the
Reynolds number (based on the velocity in the annular space and the equivalent diameter of
the annular space/annulus).
This meter can be made relatively insensitive to the density changes of the fluid by
·
selection of ρ . Therefore, when dm/dρ
= 0, the flow rate for a given rotameter is independent
f

of ρ.
From Equation (7.227),
·
CDA2 2 gVf 
dm
1
1
=
(ρf – ρ)1/2 . 2 ρ– 1/2 – ρ1/2 . 2 (ρf – ρ)1/2 
2


dρ
1 – (A2/A1)
· / dρ = 0
when dm
1
1
(ρf – ρ)1/2 . 2 ρ– 1/2 = ρ1/2 2 (ρf – ρ) – 1/2
(ρf – ρ)1/2 (ρf – ρ)1/2 = ρ1/2 . ρ1/2
(ρf – ρ) = ρ
∴

ρf = 2 ρ

Therefore, if the density of the float is twice that of the fluid, then the position of the
float for a given flow rate is independent of the density of the fluid.
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Calibration of a Rotameter
The calibration chart for a given rotameter prepared over its entire range is a
relationship between the rotameter reading (i.e., height of float, float position) and the
volumetric flow rate. A typical calibration chart is shown in Fig. 7.35. The calibration chart
as well as a proper correction for the density and the viscosity of a fluid when the chart of
one fluid is to be used for the other fluid may usually be supplied by a manufacturer.
Glass tube
Scale

Measuring tank

Rotameter

Fig. 7.34 : Set up for calibration of a given rotameter
For calibrating a given rotameter, the flow of the fluid (liquid e.g., water) through the
meter is started by slightly opening a valve at the inlet to the meter. Time is allowed to attain
a steady state and for this valve opening, the float position is noted and the liquid is collected
in a measuring tank over a known period of time. The volumetric flow rate is obtained from
the volume collected and time noted. This procedure is repeated for several valve positions to
cover the entire range of the meter and the calibration chart is prepared.

Volumetric flow rate

On the calibration chart, we should provide information such as : name, density and
temperature of the fluid handled.
Volume of liquid collected
Volumetric flow rate =
time

O

Float position

Max.

Fig. 7.35 : Calibration chart of rotameter
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DIFFERENCE BETWEEN ORIFICE METER AND VENTURI METER
Orifice meter

Venturi meter

1.

Simple in construction.

1.

Relatively complex in construction.

2.

Low space requirement.

2.

Occupies considerable space.

3.

Relatively cheap.

3.

Expensive.

4.

Ratio of orifice diameter to pipe 4.
diameter can be changed simply by
installing a new orifice plate.

Ratio of throat diameter to pipe
diameter cannot be changed.

5.

Pressure recovery is very poor.

5.

Pressure recovery is very high.

6.

Coefficient of discharge is about 0.61.

6.

Coefficient of discharge is about 0.98.

7.

Larger power loss.

7.

Smaller power loss.

8.

Fluid is retarded at once.

8.

Fluid is retarded gradually.

9.

Flow separates from the wall, i.e., flow 9.
separation is there.

No flow separation (possibility very
less).

10. Area is minimum at the vena contracta.

10. Area is minimum at the throat and there
is no vena contracta.

11. Coefficient of contraction is not unity.

11. Coefficient of contraction is unity.

12. Cannot be used where only small 12. Can be used where only a small
pressure head is available.
pressure head is available.
DIFFERENCE BETWEEN VARIABLE HEAD METERS AND VARIABLE AREA METERS

Variable Head Meter

Variable Area Meter

1.

In variable head meters, the area of 1. In variable area meters, the pressure
constriction/area of flow is constant and
drop is constant and the area of
the pressure drop varies with the flow
flow/area of constriction varies with the
rate.
flow rate.

2.

Variables head meters include orifice 2.
meter and venturi meter.

Variable area meters include rotameters
of various designs.

3.

Simple in construction.

3.

Complex in construction.

4.

Relatively cheaper.

4.

Relatively costly.

5.

Needs straight runs of pipe before and 5.
after the meter (i.e., without fittings,
valve).

Does not need straight runs of pipe
before and after the meter.

6.

It cannot give direct visual reading of 6.
the flow rate.

It can give direct visual reading of the
flow rate.
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MAGNETIC FLOW METER
It consists of a non-magnetic pipe enclosed by an electromagnet (which generates a
uniform magnetic field) as shown in Fig. 7.36. Two or more metal electrodes are mounted
flush with the inner wall of the pipe. A fluid flows through the non-magnetic pipe.

Non-magnetic pipe
Electrode

Fluid

Electrode

Electromagnet

Fig. 7.36 : Magnetic flow meter
In this meter, the fluid flows through a magnetic field and generates a voltage which is
directly proportional to the velocity of the fluid through the meter. The use of this meter is
limited to fluids having some electrical conductivity, such as liquid metal coolants. They are
now developed to handle liquids having poor electrical conductivity, such as tap water.
Special features of the meter include – a very negligible drop in pressure and ability to
handle fluids containing a high percentage of solids.

QUANTITY METERS
These meters measure directly the total quantity of fluid which has passed in a given
time. This quantity of fluid divided by the time of passage gives the average flow rate. The
wet and dry gas meters are examples of flow meters falling in this class for the measurement
of the flow of gas through a pipe.
A wet gas meter (Fig. 7.37) consists of a segmented cylindrical rotor in four equal parts.
A narrow slot is provided in the axis of the rotor for gas inlet in the meter and a narrow slot
parallel to the axis of rotor is provided for gas discharge at the outer edge of the rotor. The
rotor is immersed in water or suitable liquid in which the gas is insoluble. Gas is introduced
into the hollow axis and bubbles into the segment by displacing the liquid.
Gas outlet on
back of meter
Gas inlet on
back of meter

Gas inlet slot to bucket
Gas measuring rotor

Fig. 7.37 : Wet gas meter
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Gas fills the segment, and causes the segment to rotate, expelling an equal volume of
gas from another segment. One complete revolution of the rotor indicates the volume swept
which is equal to the volume of four segments. The volumetric flow rate is obtained by
measuring the number of revolutions per minute.
MEASUREMENT OF FLOW IN OPEN CHANNELS
A notch may be defined as an opening provided in the side of a tank/vessel/reservoir
such that the liquid surface in the tank (i.e., the upstream liquid level) is below the top edge
of the opening (See Fig. 7.38).

Fig. 7.38 : A notch
A notch may have only the bottom edge and sides because its top edge above the liquid
surface/level serves no purpose. The bottom edge of a notch, over which the liquid flows,
is known as sill or crest of the notch.
Usually, a notch is made of a metallic plate. It is used to measure the rate of discharge of
liquids/the rate of flow of liquids flowing in open channels, not in closed pipelines.
The notches are usually classified according to their shapes :
(i) Rectangular notch.
(ii) Triangular notch/V-notch and
(iii) Trapezoidal notch.
RECTANGULAR NOTCH
h

H

dh

dh

B

Fig. 7.39 : Rectangular notch
For a rectangular notch, the rate of discharge of liquid at a depth h below the free
surface through a horizontal strip of thickness dh is given by
dQ = Cd B dh

2gh

… (7.228)

where B is the width or length of the notch and Cd is the coefficient of discharge (usually
about 0.60).
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The theoretical velocity of liquid through the strip at a depth h from the liquid-free
surface is
V = 2gh
A = Area of the strip = B · dh

… (7.229)

Theoretical discharge = VA = B · dh 2gh
Actual discharge
Coefficient of discharge = Cd = Theoretical discharge
∴

… (7.230)

Actual discharge = Cd (Actual discharge)

∴ Actual discharge through the strip, i.e., the rate of discharge or rate of flow
through the strip is
dQ = Cd B dh

2gh

… Equation (7.228)

The total discharge/the total rate of flow through the whole notch is found out by
integrating the above equation within the limits 0 and H.
H

Q = Cd B 2g ⌡
⌠ h · dh

∴

0
H

h3/2
= Cd B 2g 3/2
 0

2
2
Q = 3 Cd B 2g (H)2/3 = 3 Cd B 2g (H)1.5

∴

… (7.231)

where H is the height of liquid sill/crest of the notch.
Triangular notch
A triangular notch is also called a V-notch.

h
H

dh
q

Apex of the notch

Fig. 7.40 : Triangular notch/V-notch
Consider a V-notch/triangular notch as shown in Fig. 7.40. Let H be the height of the
liquid above the apex of the notch, θ be the angle of the notch and Cd is the coefficient of
discharge. Let us find the width of the notch at the liquid surface.
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H

Fig. 7.41
From the geometry of Fig. 7.41,
x
θ
H = tan 2
θ
x = H tan 2
θ
Width of the notch at the liquid surface = 2x = 2H tan 2 .
For a V-notch, the rate of discharge of liquid at a depth h below the liquid free surface
through a horizontal strip of thickness dh (of liquid) is given by
θ
dQ = Cd · 2 (H – h) tan 2 dh

2gh

… (7.232)

The velocity of liquid through the strip at a depth h from the liquid free surface is
V =

2gh

θ
Width of the strip = 2 (H – h) tan 2 (from the geometry of the figure)
A = area of the strip = width × thickness
θ
= 2 (H – h) tan 2 · dh
θ
Theoretical discharge through the strip = A · V = 2 (H – h) tan 2 · dh ·
Cd =

2gh

Theoretical discharge
Actual discharge

Actual discharge through the strip = dQ.
dQ = Cd × theoretical discharge
θ
dQ = Cd · 2 (H – h) tan 2 · dh ·

2gh

The total discharge/the total rate of flow through the notch may be obtained by
integrating the above equation within the limits 0 and H.
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H

∴

θ
Q = ⌠
⌡ Cd · 2 (H – h) tan 2 · dh ·

2gh

0

H

= 2 Cd

θ
2g tan 2 ⌡
⌠ (H – h) h dh

= 2 Cd

θ
1/2
3/2
2g · tan 2 ⌠
⌡ [H h – h ] dh

0

H

0

H

= 2 Cd

θ H · h3/2 h5/2
2g tan 2  3/2 – 5/2

0

θ H5/2 H5/2
= 2 Cd 2g tan 2  3/2 – 5/2 – 0 + 0


8
8
θ
θ
Q = 15 Cd 2g tan 2 H5/2 = 15 Cd 2g tan 2 (H) 25

… (7.233)

For a 90° notch for which Cd = 0.6 and for g = 9.81 m/s2,
Q = 1.417 H5/2 = 1.417 (H)25 … in SI units

… (7.234)

Advantages of a triangular notch/V-notch over a rectangular notch
1. For a triangular notch, the rate of discharge is proportional to the liquid depth raised
to a power of 2.5 and for a rectangular notch to a power of 1.5. Therefore, a
triangular notch can handle a wider range of flow rates.
2. For low discharges, a triangular notch gives more accurate results than a rectangular
notch.
3. For a triangular notch only one reading, i.e., head/liquid depth (H) is needed to be
taken for the measurement of discharge.
4. In case of a triangular notch if the angle of the notch is 90°, then the total discharge
equation becomes very simple [i.e., Q = 1.417 (H)2.5] to remember.
Calibration of an orifice meter (or a venturi meter) :
Calibration of a given orifice meter means establishing a graphical relationship between
the volumetric flow rate and the pressure drop across the meter (may be the manometer
reading if a manometer is used).
A set up for calibrating a given orifice meter is as shown in Fig. 7.42.
The flow of the fluid (liquid e.g., water) is started by slightly opening a valve at the exit
of the pipe line. Time is allowed to attain a steady state and afterwards for this valve opening
the manometer reading is noted and the liquid is collected in a measuring tank over a known
period of time.
The volumetric flow rate is obtained as
Volume of liquid collected
Volumetric flow rate =
time

Unit Operations-I

7.70

Flow of Fluids
Orifice meter

Tubing

Measuring tank
Glass tube
Scale

Overflow

Manometer

Fig. 7.42 : Set up for calibration of an orifice meter
This procedure is repeated for several valve positions to cover the entire range of flow rate
and the calibration chart is prepared [it is a plot of volumetric flow rate v/s manometer
reading (on an ordinary graph paper)].
This plot is used to obtain the volumetric flow rate knowing the manometer reading
across the meter (i.e., for a known/observed manometer reading).
SOLVED EXAMPLES
Example 7.1 : An open reservoir contains a liquid having a density of 1250 kg/m2. At a
certain point the gauge pressure is 32.424 kN/m2 g. What height above the given point is the
liquid level ?
-

Solution :
Density of liquid = 1250 kg/m3
At point 2 the pressure is atmospheric (as it is open to
atmosphere), i.e., 101.325 kN/m2
Fig. Ex. 7.1
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At point 1 the pressure is 32.424 kN/m2g. Let h be the height of liquid above the point 1.
∆P = (P1 – P2) = hρg
… (1)
We know that :
Absolute pressure = gauge pressure + atmospheric pressure.
P1 = 32.424 + 101.325

∴

= 133.749 kN/m2
= 133749 N/m2
Pressure at point 2 = P2 = 101.325 kN/m2
= 101325 N/m2
g = 9.81 m/s2
ρ = density of liquid = 1250 kg/m3
Substituting the values of ρ, g, P1 and P2 in Equation (1), we get
(P1 – P2) = hρg
(133.749 – 101.325) × 103 = h × 1250 × 9.81
h = 2.644 m
= 264.4 cm

… Ans.

Example 7.2 : A simple U-tube manometer is installed across an orifice meter. The
manometric fluid is mercury (sp. gr. 13.6) and flowing fluid through piping is carbon
tetrachloride (sp. gr. 1.6). The manometer reads 200 mm. What is the pressure difference
over a manometer in N/m2 ?
Solution :
ρA = density of manometric fluid = 13.6 g/cm3 = 13600 kg/m3
ρB = density of flowing fluid = 1.6 g/cm3 = 1600 kg/m3
h

= manometer reading = 200 mm
= 0.2 m

Pressure difference over the manometer = ∆P = h.(ρA – ρB) . g
∆P = 0.2 (13600 – 1600) 9.81
∆P = 23544 N/m2

… Ans.

Example 7.3 : The pressure difference over a manometer is 2452 N/m2. If the
manometric fluid is carbon tetra-chloride (sp. gr. 1.6) and water is flowing through the
pipeline and fills the manometer leads, what will be the manometer reading ?
Solution :
∆P = pressure difference over the manometer = 2452 N/m2
ρA = density of the manometric fluid = 1600 kg/m3
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density of the flowing fluid = 1000 kg/m3
manometer reading, m
h . (ρA – ρB) g
h (1600 – 1000) 9.81
manometer reading = 0.416 m = 41.6 cm

… Ans.

Example 7.4 : A U-tube manometer is used to measure pressure drop across an orifice
meter. The manometric fluid is mercury (sp. gr. 13.6) and fluid flowing through the pipeline
and filling manometric leads is brine (sp. gr. 1.26).
When the pressure at taps are equal, the level of mercury in the manometer is one meter
below the taps. In operating conditions, the pressure at the upstream tap is 115.324 kN/m2
absolute and that at the downstream tap is 33.864 kN/m3 below the atmospheric pressure.
What is the reading of manometer in centimeters ?
Solution :
P1 = pressure at the upstream tap (absolute pressure) = 115.324 kN/m2
P1 = 115324 N/m2
P2 = pressure at the downstream tap (absolute pressure)
P2
∆P
We have :
∆P
where ρA
ρB
h
47863
h
Manometric reading

=
=
=
=
=
=
=
=
=
=
=

101.325 – 33.864 = 67.461 kN/m2
67461 N/m2
P1 – P2 = 115324 – 67461
47863 N/m2
h⋅(ρA – ρB) g
13600 kg/m3
1260 kg/m3
manometer reading
h (13600 – 1260) × 9.81
0.3954 m
39.54 cm

… Ans.

Example 7.5 : Water (density = 1000 kg/m3) flows through the piping system shown in
Fig. Ex. 7.5. An equal quantity of water flows through each of the pipes C. The flow through
pipe A is 10 m3/h. Calculate (a) mass-flow rate in each pipe, (b) the average velocity in
each pipe and (c) mass velocity in pipes A and B.
C
A

B
C

Fig. Ex. 7.5
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Pipe A = 50 mm i.d. pipe = D1
Pipe B = 75 mm i.d. pipe = D2
Pipe C = 40 mm i.d. pipe = D3
Solution :
Volumetric flow rate of water through the pipe A = QA = 10 m3/h
2

Cross-sectional area of the pipe A = π/4 D1
Density of water = ρ = 1000 kg/m3
⋅
Mass flow rate through the pipe 'A'= m1 = QA . ρ
= 10 × 1000
= 10000 kg/h

… Ans. (a)

⋅
Mass flow rate through the pipe 'B' = m2 = mass flow rate through the pipe A
= 10,000 kg/h
… Ans. (a)
1
⋅
Mass flow rate through the pipe 'C' = m3 = 2 (mass flow rate through the pipe A)
1
= 2 × 10000
= 5000 kg/h
… Ans. (a)
·
We have : Mass flow rate = m = ρ . u. A
For pipe A :
u1 = Velocity of water through the pipe A
A1 = Cross - sectional area of the pipe A
2
A1 = π/4 D1 ,
where D1 = 50 mm = 50 × 10–3 m
–3
2
= π/4 (50 × 10 )
A1 = 1.963 × 10–3 m2
·
We have for pipe A :
m1 = ρu1A1
∴
10,000 = 1000 × u1 × 1.963 × 10–3
u1 = 5092 m/h
5092
Average velocity through the pipe A = 3600 = 1.41 m/s
… Ans. (b)
For pipe B :
Velocity through B is obtained by the relation :
u1
D2 2
=
D 
u2
 1
D1 2
u2 = u1 D 
 2
where u2 = velocity through the pipe B
u1 = velocity through the pipe A = 1.41 m/s
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D1 = diameter of the pipe A = 50 × 10–3 m
D2 = diameter of the pipe B = 75 × 10–3 m
50 × 10–3 2
u2 = 1.41 

75 × 10–3 
u2 = Velocity through pipe B = 0.63 m/s
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… Ans. (b)
For pipe C :
Mass flow rate through the pipe C = 5000 kg/h
·
We know,
m = ρ.u.A
·
m3 = ρ u3 A3
·
where m3 = 5000 kg/h
ρ = 1000 kg/m3
A3 = area of flow of pipe C
π
A3 = 4 (D3)2 ,
where D3 = 40 mm = 40 × 10–3 m
= π/4 (40 × 10–3)2 = 1.25 × 10–3 m2
·
m
u3 = Average velocity through the pipe C =
ρA3
5000
= 3978.8 m/h
=
1000 × 1.25 × 10–3
= 1.1 m/s
… Ans. (b)
mass flow rate
Mass velocity through the pipe A = G1 = cross-sectional area of pipe A
10000
=
1.963 × 10–3
= 5094243.5 kg/(m2.h)
= 1415 kg/(m2.s)
… Ans. (c)
mass flow rate through the pipe B
Mass velocity through the pipe B = cross-sectional area of the pipe B
1000
Mass velocity through the pipe B =
= 226337 kg/(m2 . h)
π/4 (75 × 10–3)
= 628.76 kg/(m2.s)
… Ans. (c)
2
Example 7.6 : The wall shear stress, τw = 0.981 N/m and average shear rate in circular
pipe, γ = 981 (s)–1 is obtained for the fluid flow. Calculate the viscosity of the fluid.
Solution : Relationship between shear rate and shear stress is given by
τ = µ (du/dy)
τ = µ (γ)
τ = shear stress = 0.981 N/m2
γ = shear rate = 981 (s)–1
µ = viscosity

Unit Operations-I

7.75

Flow of Fluids

0.981 = µ (981)
… Ans.
∴
µ = viscosity of the fluid = 1.0 × 10–3 (N.s)/m2
Example 7.7 : Calculate the friction factor when the Reynolds number is 1600 for flow
of fluid through the pipe.
Solution : Reynolds number = NRe = 1600
As NRe given is less than 2100, the flow is laminar.
For laminar flow, the relationship between the friction factor (f) and the Reynolds
number (NRe) is
16
f = N
Re
16
= 1600
f = 0.01
… Ans.
Example 7.8 : Calculate the critical velocity of water flowing through 25 mm i.d. pipe.
Data : Density of water = 1000 kg/m3
Viscosity of water = 0.0008 (N.s)/m2
Solution : The velocity at which flow changes from laminar to turbulent is called as the
critical velocity. It occurs at the Reynolds number of 2100.
Let uc = critical velocity
D = diameter of water = 25 mm = 25 × 10–3 m.
ρ = density of water = 1000 kg/m3
µ = viscosity of water = 0.0008 (N.s)/m2
= 0.0008 kg/(m.s)
Duc . ρ
NRe,c = 2100 =
µ
–3
25 × 10 uc × 1000
2100 =
0.0008
∴
uc = 0.0672 m/s
Critical velocity of water flowing through 25 i.d. pipe = 0.0672 m/s
… Ans.
Example 7.9 : Water of density 1000 kg/m3 and viscosity 0.0008 (N.s)/m2 is pumped at a
rate of 1000 cm3/s through a 25 mm i.d. pipe. Calculate the Reynolds number.
Solution :
Density of water = ρ = 1000 kg/m3
Viscosity of water = µ = 0.0008 (N.s)/m2
= 0.0008 kg/(m.s)
I.D. of pipe = D = 25 mm
= 25 × 10–3 m
Volumetric flow rate = Q = 1000 cm3/s
= 1000 × 10–6 m3/s
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π
Area of flow = 4 D2
π
Area of flow = A = 4 (25 × 10–3)2
= 4.9 × 10–4 m2
Volumetric flow rate
Average velocity = u = Q/A = Cross-sectional area
1000 × 10–6
=
4.9 × 10–4
= 2.041 m/s
Duρ
Reynolds number = NRe =
µ
25 × 10–3 × 2.041 × 1000
=
0.0008
= 63,662
Reynolds number = 63,662.
… Ans.
Example 7.10 : Acetic acid is to be pumped at a rate of 0.02 m3/s through a 75 mm i.d.
pipe line. What is the pressure drop in the pipe line over a length of 70 m ?
Date : Density of acetic acid = 1060 kg/m3
Viscosity of acetic acid = 0.0025 (N.s)/m2
Solution :
Volumetric flow rate of acetic acid = Q = 0.02 m3/s
D = inside diameter of pipe = 75 mm = 0.075 m
π
A = Cross-sectional area of the pipe = 4 × D2
π
= 4 (0.075)2
A = 4.418 × 10–3 m2
u = Average velocity through the pipe = Q/A
0.02
= 4.53 m/s
=
4.418 × 10–3
NRe = Reynolds number =

Duρ
µ

where ρ = 1060 kg/m3
µ = 0.0025 (N.s)/m2 ≡ (0.0025 kg/(m.s))
NRe =

0.075 × 4.53 × 1060
0.0025

= 144054
As the Reynolds number is greater than 4000, the flow is turbulent.

Unit Operations-I

7.77

Flow of Fluids

The relationship between 'f' and NRe for the turbulent flow is
0.078
f = (N )0.25
Re
0.078
f = (144054)0.25
f = 0.004
∆P
4 f L u2
= 2D
ρ
∆P = pressure drop over length L
4f Lu2
∆P = ρ  2 D 
… (1)


where ρ = 1060 kg/m3
f = 0.004
u = 4.53 m/s
L = 70 m
D = 0.075 m
Substituting the values of various terms in Equation (1) gives
4 × 0.004 × 60 × (4.53)2
∆P = 1060 

2 × 0.075


2
= 139213.8 N/m
= 139.214 kN/m2
… Ans.
Example 7.11 : A fluid is flowing through a 5 cm diameter pipe at a velocity of 2 m/s.
Suddenly it enters into a larger cross-sectional part of the pipe having diameter of 10 cm.
Calculate the frictional loss due to sudden expansion of the flow area.
Solution :

Fig. Ex. 7.11
Friction loss due to sudden expansion (hfe ) is given by the equation
2

 A1 2
1 – A 
2 

where u1 = velocity of flowing fluid through the smaller pipe
u1
(hfe ) = 2

A1 = Cross-sectional area of the smaller pipe
A2 = Cross-sectional area of the larger pipe
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where D1 = 50 mm = 0.05 m

where D2 = 10 cm = 0.1 m

A2 = 7.854 × 10–3 m2
u1 = 2 m/s
Substituting values of the terms involved in the above equation of hfe, we get
(2)2 
(1.963 × 10–3) 2
hfe = 2 1 –

(7.854 × 10–3) 

hfe = 1.125 J/kg

… Ans.

Example 7.12 : In a flow system there are two globe valves, each equivalent to 200 pipe
diameters and fittings equivalent to 100 pipe diameters. What will be the total equivalent
length of the piping system, if the diameter of pipe is 40 mm and pipe line is 200 m long ?
Le
Solution : D for valve = 200
Le
D for fitting = 100
D = diameter of pipe = 40 mm = 0.04 m
Total equivalent length = L + Le of valves + Le of fittings
= 200 + 2 [200 × 0.04] + 100 × 0.04
= 220 m

… Ans.

Fittings are equivalent to a straight pipe of four meters. Each valve is equivalent to a
straight pipe of eight meters as far as the frictional losses are concerned.
Example 7.13 : Water is flowing at a rate of 500 cm3/s through an orifice of 25 mm
diameter installed in a 75 mm diameter pipe. What will be the difference in the level on a
mercury manometer connected across the meter ? The coefficient of orifice meter is 0.65.
Solution : Volumetric flow rate of water = 500 cm3/s
The flow equation for an orifice meter is
Co . Ao
Q =
. 2 g ∆H
1 – β4

… (1)
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where Q = Volumetric flow rate = 500 cm3/s = 5 × 10–4 m3/s
Co = Coefficient of meter = 0.65
Ao = Orifice flow area
π 2
= 4 Do

where Do = 25 mm = 0.025 m

g = 981 m/s2
Do
0.025
β = d = 0.075 = 0.333
∆H = Pressure drop across the meter in terms of m of H2O
2

π Do
π
Ao = 4 = 4 × (0.025)2 = 4.909 × 10–4 m2
Substituting the values, Equation (1) gives
5 × 10–4 =

0.65 × 4.909 × 10–4
1 – (0.333)4

2 × 9.81 × ∆H

Solving, we get
∆H = 0.1236 m of H2O
∆h = difference in levels in the mercury manometer.
(ρHg – ρH O)
2
∆H = ∆h
ρH O
2

0.1236 = ∆H = ∆h

(ρHg – ρH O)
2

ρH

2O

where ρ

Hg

ρ

H2O

= 13600 kg/m

3

= 1000 kg/m3

(13600 – 1000)
1000
∆h = 9.81 × 10–3 m
= 9.81 mm
… Ans.
Example 7.14 : A venturimeter is installed in a pipe line for the measurement of flow
rate of water. The pressure drop across the throat and upstream of the meter is ten
centimeters of mercury. Calculate the volumetric flow rate of water in m3/s.
Data : Diameter of throat = 15 mm
Diameter of pipe
= 25 mm
Coefficient of meter = 0.98
Density of water
= 1000 kg/m3
Density of mercury = 13600 kg/m3
0.1236 = ∆h
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Solution : The flow equation for a venturi meter is
Cv . AT
2g ∆H
Q =
1 – β4
where Q = volumetric flow rate in m3/s
Cv = 0.98
AT = cross-sectional area of throat
DT
diameter of throat
β = diameter of pipe = D
∆H = pressure drop in meters of flowing fluid
π 2
AT = 4 DT ,
where DT = 15 mm = 0.015 m
π
= 4 (0.015)2
= 1.767 × 10–4 m2
DT
15
β = D = 25 = 0.6
ρ –ρ
Hg
H2O
∆H = ∆h
ρ

(

)

H2O

where ∆h = pressure drop in meters of mercury
∆h = 10 cm = 0.10 m
= 1000 kg/m3
ρHg = 13600 kg/m3, ρ
H2O

∴

13600 – 1000 
∆H = 0.1 
1000


= 1.26 m of H2O (flowing fluid)

Substituting the values of various terms involved in the above equation of Q, we get
Q =

0.98 × 1.767 × 10–4
×
1 – (0.6)4

2 × 9.81 × 1.26

= 9.23 × 10–4 m3/s

… Ans.

Example 7.15 : Water is flowing at a velocity of 2.5 m/s through 25 mm internal
diameter pipe. Find out the friction factor ' f '.
Data : Density of water = 1000 kg/m3
Viscosity of water = 0.0008 (N.s)/m2
Duρ
Solution :
NRe =
µ
where D = diameter of pipe = 25 mm = 0.025 m
u = velocity = 2.5 m/s
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ρ = density = 1000 kg/m3
µ = viscosity = 0.0008 (N.s)/m2 = 0.0008 kg/(m.s)
0.025 × 2.5 × 1000
∴
NRe =
0.0008
= 78125
∴ Flow is turbulent
For turbulent flow, the relationship between NRe and 'f ', friction factor is
1
= 4.0 log (NRe f ) – 0.4
f
= 4 log NRe + 4 log f – 0.4
∴

1
f – 4 log f = 4 log NRe – 0.4
= 4 log (78125) – 0.4

∴

1
– 4 log f = 19.17
f

Here we have to adopt a trial and error procedure to find f.
Assume a certain value of 'f', calculate the L.H.S. of the above equation and see that
whether the L.H.S. calculated is equal to 19.17 or not. If not, assume a new value of f and
repeat the procedure till we get,
L.H.S.
with f
L.H.S.
R.H.S.
f

≅
=
=
=
=

R.H.S.
0.004
20.60
19.17
0.0045

But
∴
1
– 4 log 0.0045 = 19.17
0.0045
19.60 = 19.17
Since there is a considerable difference between L.H.S. and R.H.S., assume a new value
for f, and repeat the procedure till we get the L.H.S. approximately equal to the R.H.S.
(19.17). Doing this, we get
f = friction factor = 0.00475

… Ans.

Example 7.16 : A sugar syrup is flowing through a pipe of 55 mm i.d. at a rate of
66.67 cm3/s. The viscosity of the syrup is 0.15 (N.s)/m2 and its density is 1040 kg/m3.
Calculate the frictional loss over a length of 10 metres.
Solution :
Density = ρ = 1040 kg/m3
I.D. of pipe = D = 55 mm = 0.055 m
Volumetric flow rate = 66.67 cm3/s
= 6.67 × 10–5 m3/s
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Viscosity = 0.15 (N.s)/m2 = 0.15 kg/(m.s)
π
π
Area = 4 D2 = 4 (0.055)2 = 2.376 × 10–3 m2
6.67 × 10–5
Velocity = u =
2.376 × 10–3
= 0.028 m/s
Duρ
Reynolds number = NRe =
µ
=

0.055 × 0.028 × 1040
= 10.67
0.15

As NRe is less than 2100, the flow is laminar. For laminar flow, the relationship between
f and NRe is
f = 16/NRe = 16/10.67 = 1.5
Frictional loss =

4 fL u2
2D

4 × 0.15 × 10 × (0.028)2
2 × 0.055
= 0.043 (N.m)/kg = 0.043 J/kg
… Ans.
Example 7.17 : Calculate the friction factor for the flow of a fluid, with Reynolds
number = 10,000.
Solution : Reynolds number 10,000 indicates that the flow is turbulent. Therefore, the
relationship between f and NRe that can be used is
0.078
f = (N )0.25
Re
where
f = Fanning friction factor
NRe = 10,000 = Reynolds number
Substituting the value of NRe in the above equation gives
0.078
f = (10‚000)0.25
= 7.8 × 10–3 = 0.0078
… Ans.
OR
Another equation for a trial and error procedure is
1
= 4 log (NRe f) – 0.4
f
= 4 log NRe + 4 log f – 0.4
1
∴
– 4 log f = 4 log NRe – 0.4
f
= 4 log (10,000) – 0.4
= 4 (4) – 0.4 = 15.6
=
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Here we have to adopt a trial and error procedure to find f.
Assume a certain value for 'f', calculate L.H.S. and check for L.H.S. ≈ R.H.S. If not, take
a new value of f and repeat the procedure till L.H.S. ≈ R.H.S..
Take 'f' = 0.007, 0.0075, 0.0077, 0.0078
For
For
For

f = 0.0077 , L.H.S. = 15.62
f = 0.0078 , L.H.S. = 15.54
f = 0.00773 , L.H.S. = 15.597
∴
f = 0.00773 …… same as calculated above.
… Ans.
Example 7.18 : Orifice meter is installed in a pipe line for measurement of flow rate of
water. The pressure drop across the orifice meter is 10 centimetres of mercury. Estimate the
volumetric flow rate in m3/s.
Data :
Diameter of orifice
= 25 mm
Diameter of pipe
= 50 mm
Coefficient of orifice
= 0.62
Density of water
= 1000 kg/m3
Density of mercury
= 13,600 kg/m3
Solution : The flow equation of an orifice meter is
Co Ao
Q =
× 2g ∆H
… (1)
1 – β4
where
Q = Volume flow rate in m3/s
Co = Coefficient of orifice = 0.62
g = 9.81 m/s2
Ao = Area of orifice, m2
∆H = Pressure drop in metres of flowing fluid.
Diameter of throat
25
β = Diameter of pipe = 50 = 0.5

where

π 2
Ao = 4 Do
Do = 25 mm = 0.025 m
π
Ao = 4 (0.025)2 = 4.909 × 10–4 m2
∆H =

where

∆h =
∆H =
=

ρHg – ρH O 
2 
∆h 
 ρ

H2O


10 cm Hg (given) = 0.10 m Hg
13600 – 1000 
0.1 
1000


1.26 m of H2O
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Substituting the values of the terms involved in Equation (1), we get
0.62 × (4.909 × 10–4)
× 2 × 9.81 × 1.26
Q =
1 – (0.5)4
… Ans.
Volumetric flow rate = 1.56 × 10–3 m3/s
Example 7.19 : Water is flowing through a 25 mm internal diameter pipe at the rate of
1 kg/s. Calculate the pressure drop over a length of 100 metres.
Data :
Friction factor 'f ' = 0.0001
Density of water = 1000 kg/m3
Viscosity of water = 8.0 × 10–4 Pa . s
Solution : The equation for the pressure drop is
4 f u2 L
∆P
= 2D
… (1)
ρ
where
∆P = Pressure drop in N/m2 (Pa)
ρ = Density of water = 1000 kg/m3
f = Friction factor = 0.0001
L = Length of pipe = 100 m
D = Diameter of pipe = 25 mm = 0.025 m
Mass flow rate = 1 kg/s = ρuA
where
ρ = Density in kg/m3
u = Linear velocity in m/s
A = Cross-sectional area of pipe in m2
π
where D = 0.025 m
A = 4 D2,
π
= 4 (0.025)2 = 4.909 × 10–4 m2

⋅

Mass flow rate = m = ρuA
= 1 = 1000 × u × (4.909 × 10–4)
∴
u = 2.04 m/s
Substituting the values of all the parameters in equation (1), we get
∆P
4 (0.0001) × (2.04)2 × (100)
=
1000
2 × (0.025)
∆P
∴
1000 = 0.3329
∆P = 3329 N/m2

… Ans.

Example 7.20 : A venturimeter is installed in a 25 mm internal diameter pipe line. The
pressure drop across the upstream side and throat of the venturimeter is two meters of water.
Calculate the volumetric flow rate of water in m3/s through the pipe line.
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Data : Diameter of throat of venturimeter = 15 mm
Density of water = 1000 kg/m3
Coefficient of venturi = 0.98
Solution : D = I.D. of pipe = 25 mm = 0.025 m
DT = diameter of throat = 15 mm = 0.015 m
Cv = venturi coefficient = 0.98
Density of water = ρ = 1000 kg/m3
∆H = pressure drop at the upstream side
= 2 m of H2O
For a venturi meter, the flow equation is
Cv . AT
Q =
× 2g ∆H
1 – β4
g = 9.81 m/s2, Cv = 0.98
15
Diameter of throat
β = Diameter of pipe = 20 = 0.6
∆H = 2 m of water
π 2
π
AT = area of throat = 4 DT = 4 (0.015)2 = 1.767 × 10–4 m2
Q = volumetric flow rate, m3/s
Q =

0.98 × (1.767 × 10–4)
×
1 – (0.60)4

= 1.163 × 10–3 m3/s

2 × 9.81 × 2
… Ans.

Example 7.21 : An orifice meter is used to measure the flow rate of water flowing in a
pipe line of 78 mm I.D. The orifice diameter is 15 mm. Mercury manometer reads 18 cm. The
volumetric flow rate in this case is 719 cm3/s.
(i) Calculate the coefficient of discharge of the meter.
(ii) If the pressure drop is decreased to 9 cm of Hg, what will be the flow rate ?
Solution :
Pipe diameter = 78 mm = 0.078 m
Orifice diameter = 15 mm = 0.015 m
∆h = 18 cm = 0.18 m
Q = 719 cm3/s = 7.19 × 10–4 m3/s
Density (mercury) = 13,600 kg/m3
Density (water) = 1000 kg/m3
g = 9.81 m/s2
The discharge through an orifice meter is given by
Co AAo 2g ∆H
Q =
… (1)
2
A2 – Ao
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where

(i)

Q = volumetric flow rate in m3/s
Co = coefficient of discharge
A = area of pipe in m2
Ao = area of orifice in m2
g = acceleration due to gravity in m/s2
∆h = pressure drop in metres of flowing fluid
We have to find Co. Thus rearranging Equation (1), we get
2

Q A2 – Ao
Co =
AAo 2g ∆H
Q = 719 cm3/s
= 0.719 × 10–3 m3/s
π D2
π × (0.078)2
A = 4 =
= 4.778 × 10–3 m2
4
2
π Do
π × (0.015)2
Ao = 4 =
= 1.767 × 10–4 m2
4
ρHg – ρH O 
13600 – 1000 
2 
= 0.18 
∆H = ∆h 
1000
 ρ



H2O


= 2.268 m of H2O
Substituting these values in Equation (2), we get
Co =

0.719 × 10–3 (4.778 × 10–3)2 – (1.767 × 10–4)2
4.778 × 10–3 × 1.767 × 10–4 × 2 × 9.81 × 2.268

Co = 0.6096 ~
– 0.61

∴

… (2)

… Ans.

(ii) Given : Pressure drop is decreased to 9 cm of Hg and for this we have to find Q by
making use of Co obtained.
∆h = 9 cm
Co = 0.61
A = 4.778 × 10–3 m2
Ao = 1.767 × 10–4 m2
g = 9.81 m/s2
13600 – 1000 
∆H = 0.09 
1000


= 1.134 m
Substituting these values in Equation (1) gives
0.61 × 4.778 × 10–3 × 1.767 × 10–4 2 × 9.81 × 1.134
(4.778 × 10–3)2 – (1.767 × 10–4)2
Q = 5.1 × 10–4 m3/s
… Ans.

Q =
∴
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Example 7.22 : Water is flowing at a rate of 5 m3/h through a pipe line of 78 mm i.d. The
viscosity of water is 8.0 × 10–4 Pa.s. Calculate the pressure drop and frictional loss over a
length of 50 metres of the pipeline.
Solution :
Volumetric flow rate = 5 m3/h
Diameter of pipe = 78 mm = 0.078 m
Viscosity of water = 8.0 × 10–4 Pa.s
Length = 50 m
Reynolds number, NRe =

D× u × ρ
µ

D = 0.078 m
ρ = 1000 kg/m3
µ = 8 × 10–4 kg/(m.s) = Pa.s
Q = 5 m3/h = 1.39 × 10–3 m3/s
πD2
π × (0.078)2
A = 4 =
= 4.778 × 10–3 m2
4
u = Q/A
1.39 × 10–3
∴
u =
= 0.3 m/s
4.778 × 10–3
0.078 × 0.3 × 1000
∴
NRe =
= 29250
8 × 10–4
Since NRe > 4000, the flow is turbulent.
The friction factor for turbulent flow is given by
1
= 4.0 log (NRe f) – 0.4
f
= 4 log NRe + 4 log f – 0.4
1
– 4 log f = 4 log NRe – 0.4
f
= 4 log (29250) – 0.4
1
– 4 log f = 17.46
f
To evaluate f we have to adopt a trial and error procedure. Assume a value of f, calculate
the LHS, check for LHS ≈ RHS. If not, repeat the procedure such that LHS ≈ RHS.
We have :
R.H.S. = 17.46
With f = 0.005
L.H.S. = 18.74
for
f = 0.006 , L.H.S. = 17.35
f = 0.0059 , L.H.S. = 17.478
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Since for f = 0.0059,
L.H.S. (17.478) ≈ R.H.S. (17.46), f = 0.0059
OR
f = 0.078/(NRe)0.25 = 0.078/(29250)0.25 = 0.00596
∴
f = 0.0059
Pressure drop is given by the relation :
∆P
4 f L u2
= 2D
ρ
f = 0.0059, L = 50 m
u = 0.3 m/s, D = 0.078 m
∆P
4 × 0.0059 × 50 × (0.30)2
=
1000
2 × 0.078
∆P = 681 N/m2

∴

… Ans.

Example 7.23 : An oil is contained between two identical parallel plates of 2.0 m2 area
each. The top plate is pulled to the left (–x-direction) with a force of 0.33 N at a velocity of
0.3 m/s. The bottom plate is pulled in the opposite direction with a force of 0.11 N at a
velocity of 0.10 m/s. Find the viscosity of the oil if the plates are 5 mm apart.
Solution :
(i) Top plate pulled :
Given : F = 0.33 N, u = 0.3 m/s, A = 2 m2, τ = F/A = 0.33/2 = 0.165 N/m2 or Pa
Assuming linear velocity distribution, we can write
du
∆u
0.3
=
=
= 60 s–1
dy
∆y
5 × 10–3
Therefore, the viscosity of oil is given by
µ = τ / (∆u/∆y)
= 0.165/60 = 2.75 × 10–3 Pa . s
Viscosity of the oil = 2.75 m Pa . s

… Ans.

(ii) Bottom plate pulled :
Given : F = 0.11 N, u = 0.1 m/s, A = 2 m2
τ = F/A = 0.11/2 = 0.55 N/m2 or Pa
du/dy = ∆u/∆y =

0.10
= 20 s–1
5 × 10–3

µ = τ / (∆u/∆y) = 0.055/20 = 2.75 × 10–3 Pa .s
Viscosity of the oil = 2.75 mPa . s

… Ans.
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Example 7.24 : Water flows through a 25 mm diameter pipeline at a rate of 0.8 l/s. If the
temperature of water is 303 K (30oC), determine the type of flow. At 303 K (30oC) the
density of water is 996 kg/m3 and the viscosity of water is 0.8 mPa.s.
Solution : D = 25 mm = 0.025 m
ρ = 996 kg/m3, µ = 0.8 mPa.s = 0.8 × 10–3 Pa.s
π
Cross-sectional area of pipeline = 4 (0.025)2
= 4.909 × 10–4 m2
Volumetric flow rate of water = 0.8 l/s = 0.8 × 10–3 m3/s
0.8 × 10–3
Velocity of water, u =
= 1.63 m/s
4.909 × 10–4
Duρ
0.025 × 1.63 × 996
=
Reynolds number, NRe =
µ
0.8 × 10–3
= 50734
As the Reynolds number is greater than 4000, the flow is turbulent.
… Ans.
Example 7.25 : In an air pipeline, the flow has following conditions at station 1 :
Temperature = 298 K (25oC), pressure = 1.8 bar, velocity = 15 m/s and pipe inside the
diameter = 50 mm.
The conditions at station 2 are :
Temperature = 298 K (25oC), pressure = 1.3 bar and pipe inside the diameter = 75 mm.
Density of air at 298 K and 1.8 bar pressure is 2.1 kg/m3.
Estimate the mass flow rate of air and the velocity at station 2.
Solution :
At station 1 : D1 = 50 mm = 0.05 m
T1 = 298 K, P1 = 1.8 bar, u1 = 15 m/s and ρ1 = 2.1 kg/m3
At station 2 : D2 = 75 mm = 0.075 m, T2 = 298 K, P2 = 1.3 bar, u2 = ?, ρ2 = ?
Cross-sectional area of pipe at station 1
= π/4 (0.05)2 = 0.00196 m2
Mass flow rate of air = ρ1 A1 u1 = 2.1 × 0.00196 × 15
= 0.062 kg/s
… Ans.
Density of air at station 2 :
We know that for an ideal gas :
ρ ∝ P
When applied to two stations, this becomes
ρ1
P1
= P
ρ2
2
P2
2.1 × 1.3
ρ2 = ρ1 . P =
= 1.517 kg/m3
1.8
1
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The continuity equation is
ρ1 u1 A1 = ρ2 u2 A2
2

2

ρ1 u1 (π/4) D1 = ρ2 u2 (π/4) D2
2
ρ1 u1 D1
ρ1  D12
= u1   D 
u2 =
2
ρ2 D2
ρ2   2
2.10
0.05
= 15 1.517 0.075

 

= 9.23 m/s
… Ans.
Example 7.26 : For laminar flow, the velocity profile in a circular pipe is given by
r 2
u = umax 1 – R 
   
where
umax is the velocity at the centre line of the pipe
r is the radial distance from the centre line of the pipe
R is the radius of the pipe.
(i) What is the average velocity ?
(ii) Show that the velocity gradient varies linearly with radius.
(iii) Find the velocity gradient at the wall and at the centre line.
Solution : Consider a differential element of a fluid of radius r and thickness dr
concentric with the pipe. This fluid element moves with a velocity u.

dr

u

r

Fig. Ex. 7.26 : Fluid element at radius r of thickness dr moving with velocity u
Cross-sectional area of the fluid element = 2 π r dr
Volumetric flow rate of the fluid through the differential area = (2 π r dr) . u
The average velocity is given by
Volumetric flow rate
uavg. = Cross-sectional area of pipe
R

R

2π ⌠
⌡ r.u dr
=

0
R

2π ⌠
⌡ r dr
0

⌠
⌡ umax [1 – (r/R)2] r dr
=

0
R

⌠
⌡ r dr
0
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Since umax is constant, we can write
R

umax ⌠
⌡ [1 – (r/R)2] dr
uavg =

0

R2/2
R

2 umax
2 umax R2
R4 
= R2 ⌠
⌡ (r dr – r3/R2) r dr = R2  2 – 4 R2
0

2 umax R2
uavg. = R2 · 4
1
= 2 umax = 0.5 umax
We have,
u = umax (1 – r2/R2)
Differentiating with respect to r gives
du
1


dr = umax 0 – R2 · 2 r
2r . umax
du
= k.r
dr = – R2
where
k = – 2 umax/R2
∴
du/dr ∝ r
Therefore, the velocity gradient varies linearly with r.
– r umax
du
We have
=
R2
dr
At the wall of the pipe, we have
r = R
– R umax – umax
du
∴
=
= R
dr
R2
At the centre line of the pipe, we have : r = 0
– r umax
– 0 . umax
du
=
= 0
∴
R2
dr = R2
du
dr = 0

… Ans. (i)

… Ans. (ii)

… Ans. (iii)

… Ans. (iv)

Example 7.27 : For turbulent flow in a smooth pipe, the velocity profile is given by
r n
u = umax 1 – R


where
n = 1/7 for NRe upto 105
n = 1/8 for NRe more than 105 upto 4 × 105
For n = 1/7, determine :
(i) The average velocity.
(ii) The velocity gradient at the wall and at the centre line of the pipe.
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Solution : The average velocity is given by
Volumetric flow rate
uavg. = Cross-sectional area of pipe
R

R

2π⌠
⌡ ur dr
0
R

=

⌠
⌡ u r dr
=

2π⌠
⌡ r dr

0

R2/2

0
n

Substituting for u by umax (1 – r/R) gives
R

2⌠
⌡ umax (1 – r/R)n r dr
uavg =

0

R2

Integrating, we get
2 umax
uavg. = (n + 2) (n + 1)

… Ans.

Integration is done as given below :
r
Let 1 – R = y ∴
r = (1 – y) R
dr = – R dy
At r = 0, y = 1 and at r = R, y = 0
0

2 umax ⌠
⌡ yn (1 – y) R (–R dy)
uavg. =

1

R2
0

1

= – 2 umax ⌠
⌡ yn (1 – y) dy = 2 umax ⌠
⌡ yn (1 – y) dy
1

0

1
1


n
n
+
1
⌠
⌠
= 2 umax ⌡ y dy – ⌡ y dy
0

0
1

1

 yn + 1
yn + 2 
= 2 umax n + 1 – n + 2 
 0
0 


[(n + 2) – (n + 1)]
1
1
= 2 umax n + 1 – n + 2 = 2 umax (n + 1) (n + 2)


uavg. = 2 umax / (n + 1) (n + 2)

… Ans. (i)
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r n
u = umax 1 – R


Let 1 – r/R = y
r = (1 – y) R
u = umax . yn
du
n–1
dy = n . umax y
r = (1 – y) R
dr = – R dy
dy/dr = – 1/R
du dy
du
=
dy . dr
dr
–1
= n . umax . yn – 1  R 
 
umax
r n–1
= – R . n ⋅ 1 – R 


n
–
1
– umax . n R – r
du
=
dr
R
 R 

At the wall, r = R
du
… Ans. (ii)
dr = ∞
This implies that the wall shear stress becomes infinitely large. This impossibility can be
clarified by the fact that the given velocity distribution ceases to be valid near the wall of the
pipe.
– umax . n R – rn – 1
du
=
dr
R
 R 
At the centreline of pipe, r = 0
– umax . n
du
∴
R
dr =
For n = 1/7
– umax
du
=
7R
dr

… Ans. (ii)

Example 7.28 : By doubling the flow in a pipe it is found that the frictional losses
increase by 3.5 times, how do the frictional losses vary with velocity and what is the nature
of the flow ?
Solution : Pressure drop due to friction varies with u as
∆P ∝ un
where u is the average velocity.
Let at u = u1 , ∆P = ∆P1

Unit Operations-I

7.94

Flow of Fluids

and at u = u2 , ∆P = ∆P2
∆P = c . un
n

n

∆P1 = c u1 and ∆P2 = c . u2

∆P2
u2n
  = u 
 1
∆P1
Given : ∆P2 = 3.5 ∆P1 at u2 = 2u1
∴

3.6 = (2)n

or

n = 1.81

∴

∆P ∝ u1.81

… Ans.

We know that the frictional losses in the turbulent flow region vary about 1.7 to 2 power
of the velocity, i.e., ∆P ∝ u1.7 – 2 and the frictional losses in the laminar flow region vary
directly as the flow velocity, i.e., ∆P ∝ u.
Since n = 1.81 which is between 1.7 and 2, the flow is turbulent.

… Ans.

Example 7.29 : Estimate the size of a pipe required to convey 15 l/s of an oil to a
distance of 3 km with a frictional head loss of 24 m.
Data : Kinematic viscosity of oil is 10–5 m2/s.
Solution : For solving this problem a trial and error procedure is to be adopted.
The frictional head loss is given by
∆P
4 f L u2
hf =
= 2gD
ρg
Volumetric flow rate = 15 l/s = 15 × 10–3 m3/s
Let the diameter of pipe be 'D' m.
15 × 10–3
0.0191
Velocity of oil through the pipe =
= D2
π/4 . D2
L = 3 km = 3000 m, υ = 10–5 m2/s.
4 × f × 3000 0.01912
hf = 24 =
2 × 9.81 × D  D2 
∴
D5 = 9.3 × 10–3 f
D = (9.3 × 10–3 f)1/5
Duρ
Du
D × (0.0191/D2)
NRe =
=
=
10–5
µ
ν
NRe = 1910/D
We have, for turbulent flow
0.078
f = (N )0.25
Re

… (1)

… (2)
… (3)
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Now assume f, calculate D by Equation (1), calculate NRe by Equation (2) and then
calculate f by Equation (3). Repeat this procedure till 'f ' assumed is approximately equal to
'f ' calculated.
NRe
f , calculated
f , assumed
D,m
0.005

0.136

14044

0.0071

0.007

0.145

13172

0.0073

0.0072

0.146

13082

0.00729

0.0073

0.147

12993

0.00731

Therefore, f = 0.0073 and D = 0.147 m, since f, assumed (0.0073) ≈ f, calculated (0.00731)
Check :
u = 0.0191/D2 = 0.0191/ (0.0147)2 = 0.884 m/s
f = 0.0073
4 f L u2
4 × 0.0073 × 3000 × (0.884)2
∴
hf = 2 g D =
2 × 9.81 × 0.147
= 23.74 m
~
– 24 m
∴

Size of the pipe, i.e., diameter of the pipe = 0.147 m = 147 mm.

… Ans.

Example 7.30 : Two pipes, each 300 m long, are available for connecting to a reservoir
from which the flow at a rate of 0.085 m3/s is required. The diameters of the two pipes are
300 mm and 150 mm respectively. Determine the ratio of the head lost when pipes are
connected in series to the head lost when they are connected in parallel. Neglect minor
losses. Assume the flow to be turbulent.
Solution : When pipes are connected in series, the head lost due to friction is given by
hf , series = hf1 + hf2
2

2

4 f L u2
4 f L u1
= 2gD + 2gD
1
2
2

2

u2 
2 f L  u1
= g D + D 
2 
 1
u1 is the velocity through the pipe of diameter D1 and u2 is the velocity through the pipe
of diameter D2.
D1 = 300 mm = 0.30 m, D1 = 150 mm = 0.15 m, L = 300 m, g = 9.81 m/s2.
Volumetric flow rate through the pipes in series = 0.085 m3/s
Cross-sectional area of pipe of diameter D1 = π/4 (0.30)2
= 0.0707 m2
∴
u1 = 0.085/0.0707 = 1.2 m/s
Cross-sectional area of pipe of diameter D2 = π/4 (0.15)2
= 0.01767 m2
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u2 = 0.085/0.01767 = 4.81 m/s
2 × f × 300 (1.2)2 (4.81)2 
+ 0.15
hf , series =
9.81
 0.30

= 9727 f
A

1

B

2

Fig. Ex. 7.30
When the pipes are connected in parallel, flow takes place under the difference of head
between sections A and B and hence the loss of head between sections A and B will be the
same whether the liquid flows through the pipe 1 or the pipe 2.
The rate of discharge in the main line is equal to the sum of discharges in each of the
parallel pipes.
Q = Q1 + Q2 = 0.085 m3/s
Q1 is the volumetric flow rate through the pipe of diameter D1.
Q2 is the volumetric flow rate through the pipe of diameter D2.
The head loss due to friction is given by
2

2

4 f L u1
4 f L u2
hf , parallel = 2 g D = 2 g D
1
2
∴

4 f L (Q2 / A2)2
4 f L (Q1 / A1)2
=
2 g D1
2 g D2

∴

(Q1 / A1)2
(Q2 / A2)2
=
D1
D2
2

We have,

2

Q2
Q1
5 =
5
D1
D2
0.30 5 2
2
2
2
D12
Q1 = D  . Q2 = 0.15 Q2 = 32 Q2


2
 
Q1 = 5.66 Q2
Q1 + Q2 = 0.085
5.66 Q2 + Q2 = 0.085
Q2 = 0.0128 m3/s

∴

Q1 = 5.66 × 0.0128 = 0.0724 m3/s
4 f L (Q2 / A2)2
hf , parallel =
2 g D2
2

where A2 = π/4 D2 = π/4 (0.15)2 = 0.01767 m2
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4 × f × 300 × (0.0128/0.01767)2
2 × 9.81 × 0.15

= 214.2 f
hf ‚ series
Head loss when pipes in series
=
Head loss when pipes in parallel
hf ‚ parallel
hf ‚ series
9727 f
=
hf ‚ parallel
214.2 f = 45.41

… Ans.

Example 7.31 : A 250 mm diameter pipe carries oil at a rate of 120 l/s and pressure at
a point A (station 1) is 19.62 kN/m2 . g. If the point A is 3.5 m above the datum line, calculate
the total energy at point A in m of oil. The specific gravity of oil is 0.8 and the density of
water is 1000 kg/m3.
Solution : D = 250 mm = 0.25 m
density of oil
Specific gravity of oil = density of water
∴

Density of oil = 0.8 × 1000 = 800 kg/m3
Pressure at station A = 19.62 kN/m2.g
= 19.62 × 103 N/m2.g
= 120945 N/m2 (Pa)
= 19.62 × 103 + 101325

Volumetric flow rate of the oil = 120 l/s = 120 × 10–3 m3/s
Cross-sectional area of the pipe = π/4 (0.25)2 = 0.04909 m2
Velocity of oil through the pipe = 120 × 10–3 / 0.04909
= 2.44 m/s
The total energy at point A in terms of m of oil is given by
P
u2
120945
(2.44)2
+ 2g + Z =
+
+ 3.5
2 × 9.81
ρg
800 × 9.81
= 15.41 + 0.30 + 3.5 = 19.21 m of oil.
u2
P
+ 2 + gZ
Total energy in J/kg =
ρ
=

120945
(2.44)2
+
+ 9.81 × 3.5 = 188.5 J/kg
800
2

Total energy in J/kg = energy in m of oil × g
= 19.21 × g
= 19.21 × 9.81
= 188.45 J/kg.

… Ans.
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Example 7.32 : A 300 mm pipe carries water at a velocity of 24 m/s. At stations A and B
measurements of pressure and elevation were 361 kN/m2 and 288 kN/m2 and 30.5 m and
33.5 m, respectively. For steady flow, find the loss of head between stations A and B.
Solution : Total energy in terms of metres of water is given by
u2
P
+ 2g + Z
ρg
(2u)2
361 × 103
+
+ 30.5
1000 × 9.81
2 × 9.81
= 96.66 m of H2O

Total energy at point A =

288 × 103
(24)2
+
+ 33.5
1000 × 9.81
2 × 9.81
= 92.21 m of H2O
Loss of head = 96.66 – 92.21 = 4.45 m
… Ans.
Example 7.33 : A pipe 300 m long has a slope of 1 in 100 and tapers from 1.2 m
diameter at high end to 0.6 m diameter at the low end. Water is flowing at a rate of 90 l/s.
If the pressure at the high end is 68.67 kPa, find the pressure at the lower end. Neglect the
losses.
Total energy at point B =

Solution : Volumetric flow rate of water = 90 a/s = 90 × 10–3 m3/s
Higher end : station 1
Lower end : station 2
Pipe diameter at the higher end = 1.2 m
Cross-sectional area of pipe at the higher end = π/4 (1.2)2 = 1.131 m2
Velocity at station 1 = u1 = 90 × 10–3 / 1.131 = 0.08 m/s
Pipe diameter at the lower end = 0.6 m
Cross-sectional area of pipe at the lower end = π/4 (0.6)2
= 0.283 m2
Velocity at station 2 = u2 = 90 × 10–3 / 0.0283 = 0.318 m/s
The Bernoulli equation between the higher and lower ends of the pipe is
2

2

2

P1
u1
P2
u2
+ 2 g + Z1 =
+ 2g + Z2
ρg
ρg
Assuming a datum line/level passing through the lower end of the pipe, we have
Z2 = 0
Length of the pipe = 300 m, slope of the pipe line = 1 in 100
1
∴
Z1 = 100 × 300 = 3 m.
P1 = 68.67 kPa = 68.67 × 103 Pa (N/m2)
ρ = 1000 kg/m3 and g = 9.81 m/s2

… (1)
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Substituting the values in Equation (1), we get
P2
(0.08)2
(0.318)2
68.67 × 103
+
+ 3.0 =
+
+ 0
1000 × 9.81
2 × 9.81
1000 × 9.81
2 × 9.81
P2 = 98053 N/m2 (or Pa)
= 98.05 kN/m2 (or kPa)

… Ans.

Example 7.34 : A 15 kW pump with 80% efficiency is discharging oil of specific gravity
0.85 to a overhead tank from a storage tank. The surface of the oil in the storage tank from a
datum line is 5 m and that in the overhead tank from the datum line is 25 m. Both the tanks
are open to atmosphere. If the losses in the piping system are 1.75 m of flowing fluid,
calculate the volumetric flow rate of oil.
Solution :

25 m

2

Z2

5m

1

Z1

Datum level

Fig. Ex. 7.34
Frictional losses in the system = 1.75 m
Density of oil = 0.85 × 1000 = 850 kg/m3
P1 = P2 = 101.325 kPa
The velocity at both 1 and 2 stations being small is neglected.
Z1 = 5 m , Z2 = 25 m
(Z2 – Z1) = 25 – 5 = 20 m

∴

Total head = 20 + 1.75 = 21.75 m
Efficiency of the pump = 80 % = 0.80
Power requirement of the pump = 15 kW = 15000 W
We have :

Power = (mass flow rate × head × g)/η
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Power × η
Head × g
15000 × 0.80
21.75 × 9.81

· = 56.24 kg/s
m
·
Volumetric flow rate of the oil = m / ρ
56.24
= 850
= 0.0662 m3/s or
= 66.2 l/s

… Ans.

The Bernoulli equation between stations 1 and 2 is
2

2

P2
P1
u1
u2
+ 2 g + Z1 + η Wp =
+ 2 g + Z2 + hf
ρg
ρg
We have : P1 = P2 , u1 = u2 , Z1 = 5 m , Z2 = 25 m and hf = 1.75 m
ηWp = Z2 – Z1 + hf
∴

ηWp = 25 – 5 + 1.75 = 21.75 m
Wp = 21.75/0.8 = 27.2 m of oil

.

Power requirement = 15000 = m × 27.2 × 9.81
· = 56.21 kg/s … almost same as previously calculated.
m
Example 7.35 : Crude oil having a specific gravity of 0.91 and a viscosity of
0.124 Pa.s is pumped at a rate of 7 l/s through a pipe line 75 mm diameter having a length of
62 m and whose outlet is 3 m higher than its inlet. Calculate the power required for the pump
if its efficiency is 60%.
Solution : D = 75 mm = 0.075 m, L = 62 m
ρ = 0.91 × 1000 = 910 kg/m3 , µ = 0.124 Pa.s
Volumetric flow rate of the oil = 7 l/s = 7 × 10–3 m3/s
Cross-sectional area of the pipe = π/4 (0.075)2
= 4.418 × 10–3 m2
Velocity of oil through the pipe, u = 7 × 10–3 / 4.418 × 10–3
u = 1.584 m/s
· = 7 × 10–3 × 910 = 6.37 kg/s
Mass flow rate of the oil, m
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Duρ
0.075 × 1.584 × 910
=
= 872
0.124
µ

Since NRe < 2100, the flow is laminar.
The head loss due to friction is given by
hf =

32 µ u L
32 × 0.124 × 1.584 × 62
=
= 7.76 m
2
ρ.gD
910 × 9.81 × (0.075)2

Total head in this case is
u2
Total head = Z + 2g + hf
= 3 + (1.584)2 / (2 × 9.81) + 7.76
= 10.9 m
Efficiency of the pump is 60%
∴
η = 0.6
.
Power required for the pump = (m × head × g) / η
= 6.37 × 10.9 × 9.81 / 0.60
= 1135 W = 1.13 kW
… Ans.
Example 7.36 : A pump draws a solution of sp. gr. 1.84 from a storage tank through
75 mm pipe. The velocity in the suction line is 0.914 m/s. The pump discharges through a
pipe of 50 mm diameter to an overhead tank. The end of the discharge pipe is 15.2 m above
the level of the solution in the tank. Frictional losses in the entire piping system are
29.9 J/kg. What pressure must the pump develop and what is the power requirement of the
pump if efficiency of the pump is 60% ?
Solution :

15.2 m

2

50 mm pipe
1

75 mm pipe

Fig. Ex. 7.36
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Take station 1 at the surface of the liquid in the tank and station 2 at the discharge end of
the 50 mm pipe. As the pressure at both the ends is atmospheric, P1 = P2.
Take datum level for elevation through station 1, so Z1 = 0 and Z2 = 15.2 m.
The velocity at station 1 is negligible because the diameter of the tank is large in
comparison with that of pipe (u1 ≈ 0).
ρ of the solution = 1.84 × 1000
Diameter of the suction line
Velocity in the suction line
Diameter of the discharge line
.
m = ρ1 u1 A1
∴
u2 A2
u2
u2

=
=
=
=

1840 kg/m3
75 mm = 0.075 m
0.914 m/s
50 mm = 0.05 m

=
=
=
=

ρ2 u2 A2 but ρ1 = ρ2
u1 A1
velocity through the discharge line
u1 A1 / A2
π/4 (0.075)2
= 0.914 ×
π/4 (0.05)2
= 2.06 m/s
hf = frictional losses in the entire piping = 29.6 J/kg
2

∴

Work done by the pump =
=
=

Mass flow rate of the solution =
=
=
Efficiency of the pump is 60%.
Power required by the pump =
=
=
Frictional head loss in  =
 terms of m of solution

u2
2 + g Z2 + hf
(2.06)2
+ 9.81 × 15.2 + 29.6
2
181 J/kg.
.
m = ρ u2 A2
1840 × 2.06 × π/4 (0.05)2
7.44 kg/s
7.44 × 181/0.60
2244 W
2.24 kW
29.6 J/kg/g

kg.m m
N.m
= 29.6 kg = s2 . kg
= 29.6 m2/s2
= 29.6/g (m2/s2) × (1/(m/s2))
= 29.6/9.81 m
= 3.02 m
2
Velocity head = u2 /2g
= (2.06)2/2 × 9.81 = 0.105 m

… Ans.
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Total head = 0.105 + 15.2 + 3.02 = 18.325 m
Power required = Mass flow rate × head × g / η
= 7.44 × 18.325 × 9.81/0.60
= 2229 W
= 2.23 kW
… Ans.
Pressure developed by the pump can be calculated by applying the Bernoulli's equation
over the pump itself.
Let Pa and Pb be the pressure at the pump suction and discharge. Neglect the level
difference between pump suction and discharge. So Za = Zb.
2

2

Pa
Pb
ua
ub
+ 2 + g Za + ηWP =
+ 2 + g Zb
ρ
ρ
Pressure developed by the pump = Pb – Pa
2

Pb – Pa =
=
=
=

2


ua – ub 
ρ ηWP + 2 


(0.914)2 – (2.06)2
1840 181 +
2


329904 N/m2 or Pa
329.9 kN/m2 (or kPa)

… Ans.

Units of ρ : kg/m3
Units of ηWp or u2/2 : J/kg or m2 / s2
kg m2
Units of (Pb – Pa) : m3 . s2
kg.m
1
kg
= m.s2 =  s2  m2

  
= N/m2 [as N = (kg.m)/s2]
Example 7.37 : Find the pressure drop due to friction in a 60 m long and 25 mm i.d.
pipe when water is flowing at a rate of 3 kg/s. If the pressure drop falls by one half, what will
the new flow rate be ?
Data : Density of water = 1000 kg/m3, viscosity of water = 0.0008 Pa.s
.
Solution : Mass flow rate of water = m = 3 kg/s
D = 25 mm = 0.025 m, ρ = 1000 kg/m3, µ = 0.0008 Pa.s, L = 60 m
Cross-sectional area of the pipe = π/4 × (0.025)2 = 4.909 × 10–4 m2
.
We have :
m = ρuA
.
u = m /ρA = 3 / (1000 × 4.909 × 10–4) = 6.11 m/s
Reynolds number, NRe = Duρ/u
NRe = 0.025 × 6.11 × 1000 / 0.0008 = 190937
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As the Reynolds number is greater than 4000, the flow is turbulent. For turbulent flow,
we have :
f = 0.078 / (NRe)0.25
= 0.078 / (190937)0.25 = 0.00373
Pressure drop due to friction is given by
∆P
4 f L u2
= 2D
ρ
∆P = 1000 × 4 × 0.00373 × 60 × (6.11)2/2 × 0.025
= 668394 N/m2 = 668.394 kN/m2

… Ans.

The new pressure drop is half of the pressure drop calculated above.
∴

∆P' = ∆P/2 = 668394/2 = 334197 N/m2

New velocity and thus the new flow rate is calculated as follows :
∆P'
4 f L u2
= 2D
ρ
f u2 =
∴

… (1)

u = 0.264/(f)0.5
NRe =

We have

∆P' × D
334197 × 0.025
=
= 0.0696
ρ × 2L
9000 × 60 × 2
Duρ
0.025 × 1000 × u
=
= 31250 u
0.0008
µ

… (2)

0.078
0.078
f = (N )0.25 = (31250 u)0.25
Re

∴
f = 0.00587 / (u)0.25
From equations (1) and (3), we get
1
×

… (3)

1

0.264 (u)4 2
u = [0.00587]0.5 = 3.446 u1/8
∴
u1 – 1/8 = 3.446
u7/8 = 3.446
∴
u = 4.11 m/s
Putting value of u in equation (3), we get
f = 0.00587 / (u)0.25 = 0.00587/(4.11)0.25 = 0.00412
∴
u = 4.11 m/s and f = 0.00412
OR : assume a certain value of 'f ', calculate u with the help of Equation (1), then NRe
by Equation (2) and finally calculate 'f' by using Equation (3) till 'f' assumed approximately
matches 'f' calculated and take the corresponding value of 'u' for the calculation of the new
flow rate.
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f, assumed
u , m/s
NRe
f, calculated
0.003
4.82
150625
0.00396
0.004
4.17
1303125
0.0041
0.0041
4.12
128750
0.00412
Take u = 4.11 m/s.
New water velocity through the pipe = 4.11 m/s
.
New mass flow rate of water = m = ρuA
= 1000 × 4.11 × 4.909 × 10–4
= 2.02 kg/s
… Ans.
2
1000 × 4 × 0.00412 × 60 × (4.11)
New ∆P =
2 × 0.025
= 334058 N/m2
which is approximately equal to ∆P' of 334197 N/m2.
Example 7.38 : Sulphuric acid is pumped at a rate of 3 kg/s through a pipeline of 25 mm
diameter. Calculate the drop in pressure over a length of 60 m. If the pressure drop falls by
one half, what will be the new flow rate ?
Data :
Density of acid = 1840 kg/m3
Viscosity of acid = 25 (mN.s)/m2
Solution :
.
Mass flow rate of acid = m = 3 kg/s
D = 25 mm = 0.025 m, L = 60 m
Cross-sectional area of pipe = π/4 (0.025)2 = 4.909 × 10–4 m2
Velocity of acid = 3 / 1840 × 4.909 × 10–4 = 3.32 m/s
NRe = D u ρ/µ
= 0.025 × 3.32 × 1840 / (25 × 10–3) = 6109
f = 0.078 / (NRe)0.25
= 0.078 / (6109)0.25 = 0.0088
The pressure drop due to friction is given by
4 f L u2
∆P = ρ. 2D
= 1840 × 4 × 0.0088 × 60 × (3.32)2 / 2 × 0.025
= 856678 N/m2
The new pressure drop is 50% of the original.
∴ ∆P' = 0.5 (∆P) = 0.5 (856678) = 428339 N/m2
The new velocity will be calculated as follows :
ρ 4 f L u2
∆P' =
2D
and
So

NRe = Duρ/µ
u = NRe µ/Dρ
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Substituting this value of u in the equation for ∆P' gives
∆P' =

(ρ . 4 f L (NRe µ/Dρ)2)
2D

Rearranging the above equation, we get
2

NRe f = ∆P' D3 ρ/2 L µ2
= 428339 × (0.025)3 × 1840 / 2 × 60 × (25 × 10–3)2
= 164197
NRe f = 405.2
The relation between f and NRe for turbulent flow is
1 / f = 4 log (NRe f) – 0.4
1 / f = 4 log (405.2) – 0.4
∴
f = 0.00994
ρ 4 f L u2
∆P' =
2D
u2 = ∆P' 2 D / ρ 4 f L
= 428339 × 2 × 0.025 / 1840 × 4 × 0.00994 × 60
= 4.88
∴
u = 2.21 m/s
The new velocity is 2.21 m/s.
New mass flow rate = ρ u A
= 1840 × 2.21 × 4.909 × 10–4
= 1.996 ~
– 2.0 kg/s
… Ans.
Example 7.39 : Crude oil of density 840 kg/m3 is pumped at a rate of 3 l/s through a
52 mm i.d. steel pipe under a pressure drop of 550 kPa over a length of 600 m. Calculate the
Fanning friction factor using the Hagen-Poiseuille equation.
Solution : The Hagen-Poiseuille equation is
∆P
32 µ u
= D2
∆L
∆P = 550 kPa = 550 × 103 Pa
∆L = 600 m, D = 52 mm = 0.052 m
Cross-sectional area of the pipe = A = π/4 . (0.052)2 = 2.124 × 10–3 m2
Volumetric flow rate = Q = 3 l/s = 3 × 10–3 m3/s
Q
3 × 10–3
Velocity of oil through the pipe = A =
= 1.41 m/s
2.124 × 10–3
ρ = 840 kg/m3
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NRe = Du ρ/µ
and f = 16 / NRe (for laminar flow)
f = 16 / (Duρ/µ)
µ = f Du ρ/16

∴

∆P
32 u
= D2
∆L

f Duρ
 16 



2 f D u2 ρ
∆P
=
D2
∆L
f =
=

∆P D
∆L . 2 u2 ρ
550 × 103 × 0.052
600 × 2 × (1.41)2 × 840

f = 0.0143
For laminar flow, we have
NRe = 16/f = 16/0.0143 = 1119
Fanning friction factor = f = 0.0143

… Ans.

Example 7.40 : Water at 303 K (30oC) flows through a horizontal pipe 25 mm in
diameter, in which the pressure drop per metre length is to be limited to 2.35 Pa/m.
Calculate the volumetric flow rate.
Data : ρ of water = 996 kg/m3, µ of water = 0.8 mPa.s
Solution : D = 25 mm = 0.025 m
∆P/L = 2.35 Pa/m (N/m2 per m)
The pressure drop due to friction is given by
∆P
4 f L u2
= 2D
ρ
4 f u2 ρ
∆P
=
2D
L
Duρ
NRe =
∴
µ

u = NRe µ / Dρ

2

2 f NRe µ2 . ρ
∆P
=
L
D3 ρ2
∴

∆P D3 . ρ
2
NRe f = L .
2 µ2

where D = 0.025 m, ρ = 996 kg/m3, µ = 0.8 mPa.s = 0.8 × 10–3 Pa.s
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∆P / L = 2.35 Pa/m
2

NRe f =

∴

2.35 × (0.025)3 × 996
= 28572
2 × (0.8 × 10–3)2

∴
NRe f = 169
For turbulent flow, the relation between f and NRe is
1 / f = 4 log (NRe f) – 0.4
= 4 log (169) – 0.4 = 8.51
∴
f = 0.0138
∆P
4 f L u2
= 2D
ρ
∆P
2D
1
u2 = L × 4 f ×
ρ
2.35 × 2 × 0.025
=
= 2.13 × 10–3
4 × 0.0138 × 996
∴
u = 0.046 m/s
Cross-sectional area of the pipe = π/4 . (0.025)2 = 4.909 × 10–4 m2
Volumetric flow rate of water = u . A
= 0.046 × 4.909 × 10–4
= 2.26 × 10–5 m3/s = 22.6 cm3/s
… Ans.
Example 7.41 : Calculate the flow rate of natural gas flowing through a 300 mm i.d.
pipe with a frictional pressure drop of 21.5 kPa/km. For the calculation purpose consider the
gas to be an incompressible fluid having a density of 3.48 kg/m3 and a viscosity of
0.012 mPa.s at the average temperature and pressure at its transportation.
Solution : D = 300 mm = 0.3 m, ρ = 3.48 kg/m3
µ = 0.012 mPa.s = 0.012 × 10–3 Pa.s ((N.s)/m2)
∆P/L = 21.5 kPa/km = 21.5 Pa/m (i.e., N/m2 per m)
The pressure drop due to friction is given by the relation
∆P
4 f L u2
= 2D
ρ
∴

∆P
D
21.5 × 0.30
f u2 = L .
=
= 0.927
2ρ
2 × 3.48

∴

u = (0.927/f)0.5 = 0.963/ f

∴
We have,
NRe =
∴

Duρ
0.963
3.48
= 0.30 × 
×

µ
 f  0.012 × 10–3

NRe f = 83781
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For turbulent flow, f is related to NRe by
1/ f = 4 log (NRe f ) – 0.4
Substituting the value of NRe f gives
1/ f = 4 log (83781) – 0.4 = 19.3
f = 0.0027
u = 0.963 / f = 0.963/
Velocity of gas
Cross-sectional area of the pipe
Volumetric flow rate = u.A
∴

0.0027 = 18.6 m/s
= 18.6 m/s
= π/4 . (0.3)2 = 0.0707 m2
= 18.6 × 0.0707
= 1.315 m3/s
… Ans.
OR : Friction factor f for turbulent flow may be calculated by
… (1)
f = 0.078 / (NRe)0.25
0.5
We have :
u = 0.963 / (f)
… (2)
Duρ
NRe =
µ
0.3 × 3.48
NRe =
u = 87000
… (3)
0.012 × 10–3
Here we have to adopt a trial and error procedure.
Assume a suitable value of f and calculate u with the help of Equation (1) and then
calculate NRe with the help of Equation (2) and then finally calculate value of 'f' with the help
of Equation (3). This value should be close to the assumed value.
f, assumed
u, m/s
NRe
f, calculated
0.004
0.003
0.0025
0.0020
0.0021

15.23
17.58
19.26
21.53
21.0

1325010
1529460
1675620
1873110
1827000

0.0023
0.0021
0.00217
0.0021
0.0021

The velocity of gas is therefore,
u = 21 m/s
Volumetric flow rate = 21 × 0.0707
= 1.485 m3/s

… Ans.

By this method the deviation in volumetric flow rate as compared to the previous method
is :
1.485 – 1.315
× 100 = 12.92%
1.315
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Example 7.42 : Water at 294 K (21oC) is flowing at a velocity of 3 m/s through the
annulus between a pipe with an outside diameter of 25 mm and the other pipe with an
internal diameter of 50 mm in a double pipe heat exchanger. Estimate the pressure drop due
to friction per 1 m length of the annulus.
Data : ρ of water = 1000 kg/m3, µ of water = 1.0 mPa.s
Solution : Let us determine De.
De = equivalent diameter of the annulus.
De = 4.rH
(Cross-sectional area for flow)
= 4 Wetted perimeter for fluid flow
2

=
De

2

4 [π/4 . D2 – π/4 . D1]

[π D1 + π D2]
2
2

2

D – D1
= (D + D ) = D2 – D1
1
2

We have : D2 = 50 mm and D1 = 25 mm.
De = 50 – 25 = 25 mm = 0.025 m
D1 is the outside diameter of the inside pipe and
D2 is the inside diameter of the outside pipe.
ρ = 1000 kg/m3, µ = 1.0 mPa.s = 1 × 10–3 Pa.s
NRe for flow in the annulus is given by
De u ρ
0.025 × 3 × 1000
NRe =
=
= 75000
µ
1 × 10–3
Since NRe > 4000, 'f' may be calculated by
f = 0.078 / (NRe)0.25
= 0.078 / (75000)0.25 = 0.0047
The pressure drop due to friction is given by
4 f L u2
∆P
= 2D
ρ
e
∆P
4fρu2
L = 2De
∆P
4 × 0.0047 × 1000 × (3)2
∴
=
= 3384 Pa/m or N/m2 per m
L
2 × 0.025
≈ 3.4 kPa/m or kN/m2 per m
… Ans.
Example 7.43 : A kerosene storage tank drains by gravity to a tank truck. The pipeline
between the tank and the truck is of 60 m length and of 25 mm internal diameter. Both tank
and truck are open to the atmosphere. The flow rate of kerosene through the pipeline is
800 cm3/s. Calculate the difference between the level in the tank and that in the truck.
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Data : Density of kerosene = 800 kg/m3, Viscosity of kerosene = 5 × 10–4 Pa.s
For turbulent flow use the relation : f = 0.078 / (NRe)0.25
Solution : Volumetric flow rate of kerosene = Q = 800 cm3/s = 8 × 10–4 m3/s
D = 25 mm = 0.025 m
Cross-sectional area of the pipe = A = π/4 . (0.025)2 = 4.909 × 10–4 m2
Q
Velocity of kerosene in the pipeline = A = 8 × 10–4 / 4.909 × 10–4 = 1.63 m/s
ρ = 800 kg/m3, µ = 5 × 10–4 Pa.s
NRe = Duρ/µ = 0.025 × 1.63 × 800 / 5 × 10–4 = 65200
Since NRe > 4000, the flow is turbulent and f and NRe are thus related by
f = 0.078/(NRe)0.25
f = 0.078 / (65200)0.25 = 0.0049
The head loss due to friction is given by
4 f L u2
hf = 2 g D
= 4 × 0.0049 × 60 × (1.63)2 / (2 × 9.81 × 0.025)
= 6.37 m
The Bernoulli equation in energy units is
2

2

P2
P1
u1
u2
+ 2g + Z1 =
+ 2g + Z2 + hf
ρg
ρg
P1 = P2, since tanks open to atmosphere and u1 = u2
Setting Z2 = 0, we get
Z1 = hf = 6.37 m
∴

Difference between the levels in the tank and that in the truck = 6.37 m.

… Ans.

Example 7.44 : Calculate the pressure drop due to friction in a 300 m long pipe of
150 mm i.d. through which water is flowing at a rate of 0.05 m3/s.
Data : ρ of water = 1000 kg/m3, µ of water = 1.0 × 10–3(N.s)/m2
Solution : Volumetric flow rate = Q = 0.05 m3/s
D = 150 mm = 0.15 m, L = 300 m
ρ = 1000 kg/m3, µ = 1.0 × 10–3 (N.s)/m2 ≡ kg/(m.s)
Cross-sectional area of pipe = A = π/4 . (0.15)2 = 0.01767 m2
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Velocity of water through the pipe = Q/A = 0.05/0.01767 = 2.83 m/s
Reynolds number,

NRe = Duρ/µ

= 0.15 × 2.83 × 1000 / 1.0 × 10–3 = 424500
Since NRe > 4000, the flow is turbulent and therefore, f may be calculated by
f = 0.078 / (NRe)0.25
= 0.078 / (424500)0.25 = 0.00305
The pressure drop due to friction is
4 f L u2
∆P = ρ . 2 D
= 1000 × 4 × 0.00305 × 300 × (2.83)2 / (2 × 0.15)
= 97708 N/m2
= 97.708 kN/m2 = 97.71 kN/m2 (kPa)

… Ans.

Example 7.45 : Acetic acid flows through a 75 mm internal diameter pipe at a rate of
0.015 m3/s. Calculate the pressure drop in the horizontal pipe of length 70 m.
Data :
Viscosity of acid = 2.5 (mN.s)/m2
Density of acid = 1060 kg/m3
Solution : Volumetric flow rate = 0.015 m3/s
D = 75 m = 0.075 m, L = 70 m
ρ = 1060 kg/m3, µ = 2.5 (mN.s)/m2 = 2.5 × 10–3 (N.s)/m2 ≡ kg/(m.s)
Cross-sectional area of the pipe = π/4 . (0.075)2 = 4.418 × 10–3 m2
Velocity of acid in the pipe = 0.015 / 4.418 × 10–3 = 3.4 m/s
Reynolds number, NRe = Duρ/µ
= 0.075 × 3.4 × 1060/2.5 × 10–3 = 108120
For turbulent flow, the Fanning friction factor, f may be calculated by
f = 0.078 / (NRe)0.25
= 0.078 / (108120)0.25 = 0.0043
The pressure drop through a pipe is given by
4 f L u2
∆P = ρ  2 D 



4 × 0.0043 × 70 × (3.4)2
= 1060 

2 × 0.0075


= 98355 N/m2
= 98.35 kN/m2 (kPa)

… Ans.

Unit Operations-I

7.113

Flow of Fluids

Example 7.46 : A petroleum product having a viscosity of 0.5 (mN.s)/m2 and specific
gravity of 0.7 is pumped through a pipe of 150 mm inside diameter to a storage tank placed
100 m away. The pressure drop along the pipe is 70 kN/m2. This pipe line has to be repaired
and therefore it is necessary to pump it using an alternative route which consists of 70 m
long 200 mm i.d. pipe followed by 50 m long 100 mm i.d. pipe. The existing pump is capable
of developing a pressure of 300 kN/m2. Show by calculations whether it is suitable for use for
the period required for the repairs or not ?
Solution : µ = 0.5 (mN.s)/m2 = 0.5 × 10–3 (N.s)/m2, ρ = 700 kg/m3
D of existing pipe = 150 mm = 0.15 m, L = 100 m
∆P = 70 kN/m2 = 70 × 103 N/m2
∆P
4 f L u2
= 2D
ρ
NRe = Duρ/µ

2

u2 = NRe µ2/D2 ρ2

∴

2

4 f L NRe µ2
∆P
=
ρ
2 D . D2 ρ2
2

NRe f =

∆P D3 ρ
70 × 103 × (0.15)3 (700)
=
= 2.205 × 1010
2 L µ2
2 × 100 × (0.5 × 10–3)2

NRe f = (2.205 × 1010)1/2 = 14849
1
= 4 log (NRe f ) – 0.40
f
1
= 4 log (14849) – 0.4
f
∴

f = 0.00243
∆P
ρ

=

4 f L u2
2D

u2 = ∆P . 2D/ρ 4 f L = 70 × 103 × 2 × 0.15/700 × 4 × 0.00243 × 100
∴

u = 5.55 m/s

Cross-sectional area of the existing pipe = π/4 . (0.15)2 = 0.0177 m2
Volumetric flow rate = u.A = 5.55 × 0.0177 = 0.098 m3/s
u1 = velocity in 200 mm pipe = 0.098 / π/4 . (0.2)2 = 3.12 m/s
u2 = velocity in 100 mm pipe = 0.098/ π/4 . (0.1)2 = 1.56 m/s
NRe in 200 mm diameter pipe :
NRe1 = 0.2 × 3.12 × 700 / 0.5 × 10–3 = 873600
∴

f1 = 0.078 / (NRe)0.25 = 0.078 / (873600)0.25 = 0.00255
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NRe in 100 mm diameter pipe :
NRe2 = 0.1 × 1.56 × 700 / 0.5 × 10–3 = 218400
f2 = 0.078 / (NRe)0.25 = 0.078 / (218400)0.25 = 0.00361
Pressure drop in the alternate route :
2
2
4 f1 L1 u1
4 f2 L2 u2
∆P = ρ  2 D
+ 2D 
2
1


L1 = 70 m ‚ L2 = 50 m
D1 = 0.2 m, D2 = 0.10 m
4 × 0.00361 × 50 × (1.56)2
4 × 0.00255 × 70 × (3.12)2
+
∆P = 700 

2 × 0.20
2 × 0.10


= 181313 N/m2
= 181.313 kN/m2
Hence, the existing pump is satisfactory for this duty.

… Ans.

Example 7.47 : Estimate the pressure drop when 3 kg/s of sulphuric acid flows through
a pipe of 25 mm inside diameter and 60 m length.
Data : Density of acid = 1840 kg/m3, Viscosity of acid = 0.025 (N.s)/m2
·
Solution : Mass flow rate of acid = m = 3 kg/s
ρ = 1840 kg/m3, µ = 0.025 (N.s)/m2 ≡ kg/(m.s)
D = 25 mm = 0.025 m
Cross-sectional area of the pipe = π/4 . (0.025)2 = 4.909 × 10–4 m2
.
Velocity of acid in the pipe = m/ ρ A = 3 / 1840 × 4.909 × 10–4 = 3.32 m/s
Reynolds number, NRe = Duρ/µ
0.025 × 3.32 × 1840
= 6109
=
0.025
As NRe is greater than 4000, the flow is turbulent.
The Fanning friction factor, f for turbulent flow is given by
f = 0.078 / (NRe)0.25
= 0.078 / (6109)0.25 = 0.0088
The pressure drop due to friction is given by
4 f L u2
∆P
= 2D
ρ
4 f L u2 ρ
, where L = 60 m
2D
∆P = 4 × 0.0088 × 60 × (3.32)2 × 1840 / (2 × 0.025)
= 856678 N/m2
~
– 857 kN/m2
… Ans.

∆P =
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Example 7.48 : 98% sulphuric acid of viscosity 0.025 (N.s)/m2 and density 1840 kg/m3 is
pumped at a rate of 685 cm3/s through a 25 mm pipe line. Estimate the value of Reynolds
number.
Solution : Flow rate of sulphuric acid = Q = 685 cm3/s = 685 × 10–6 m3/s
Density of acid = ρ = 1840 kg/m3, Viscosity of acid = 0.025 (N.s)/m2
Diameter of pipe = D = 25 mm = 0.025 m
Average velocity of acid through pipe = u = Q/A
A = Cross-sectional area of the pipe = (π/4) D2 = (π/4) (0.025)2 = 4.909 × 10–4 m2
u = (685 × 10–6)/ 4.909 × 10–4 = 1.398 m/s
Duρ
0.025 × 1.398 × 1840
Reynolds number, NRe =
=
= 2572
… Ans.
0.025
µ
As the Reynolds number is in between 2100 and 4000, the flow is in a transition region.
Example 7.49 : Water flows at the rate of 0.147 m3/s through a 150 mm diameter orifice
inserted in a 300 mm diameter pipe. If pressure gauges fitted at the upstream and the
downstream of the orifice plate give readings of 176.58 kN/m2 and 88.29 kN/m2 respectively,
find the coefficient of discharge of the orifice meter.
Data : Density of water = 1000 kg/m3
Solution : The flow equation of an orifice meter is
Co Ao
2 (Pa – Pb)
Q =
×
ρ
1 – β4
Do = 150 mm = 0.15 m, D = 300 mm = 0.30 m
D0
150
β = D = 300 = 0.5
Volumetric flow rate = 0.147 m3/s
ρ = 1000 kg/m3
Pa = 176.58 kN/m2 = 176580 N/m2
Pb = 88.29 kN/m2 = 88290 N/m2
2

Ao = π/4 Do = π/4 (0.15)2 = 0.01767 m2
Rearranging the flow equation gives
Co =

Q
Ao ×

1 – β4
2 (Pa – Pb) / ρ

0.147 1 – (0.5)4
2 (176580 – 88290)
0.01767
1000
= 0.606
~
– 0.61
Coefficient of discharge of the orifice meter = 0.61
=

… Ans.
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Example 7.50 : A venturimeter is to be fitted in a pipe of 250 mm diameter where
pressure head is 7.6 m of flowing fluid and the flow rate is 8.1 m3/min. Determine the
diameter of the throat. Take the coefficient of venturimeter as 0.96.
Solution : Q = Volumetric flow rate = 8.1 m3/min = 8.1/60 = 0.135 m3/s
D = 250 mm = 0.250 m, DT = diameter of throat.
The flow equation for a venturi meter is
Q =

Cv AT

2 g ∆H

(1 – β4)

where ∆H = 7.6 m , g = 9.81 m/s2
β = DT/D = DT/0.250 = 4 DT
2

AT = area of throat = π/4 DT
2

∴

0.96 × π/4 × DT × 2 × 9.81 × 7.6
0.135 =
1 – (4 DT)4

Solving, we get
2

1 – (4 DT)4 = 68.2 DT
2

1 – (4 DT)4 = (68.2 DT )2
4

4

1 – 256 DT = 4651.24 DT
4

DT = (1 / 4907.24)
DT = (1 / 4907.24)0.25
= 0.1195 m
Diameter of the throat = DT = 0.1195 m
= 119.5 mm
… Ans.
Example 7.51 : Find the size of an orifice that would give a pressure difference of
0.333 m of petroleum product for the flow of a petroleum product at a rate of 0.05 m3/s in a
150 mm diameter pipe.
Data : Coefficient of orifice meter = 0.62.
Solution : Volumetric flow rate of the petroleum product = 0.05 m3/s
D = 150 mm = 0.15 m and Co = 0.62.
The flow equation of an orifice meter is
Co Ao
. 2g ∆H
Q =
1 – β4
∴

where Q = 0.05 m3/s, Co = 0.62 and ∆H = 0.333 m
Let Do be the diameter of orifice in m.
∴

2

Ao = π/4 Do
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Do
Do
β = D = 0.15 = 6.67 Do
2

0.62 × π/4 × Do
0.05 =
1 – (6.67 Do)4
0.04017

2 × 9.81 × 0.333

2

1 – (6.67 Do)4 = Do
4

4

1.614 × 10–3 [1 – 1979.3 Do] = Do
4

4

1.614 × 10–3 – 3.1946 Do = Do
4

Do = 3.8478 × 10–4
Do = [3.8478 × 10–4]1/4
= 0.140 m
Size of the orifice = 0.140 m
= 140 mm

… Ans.

Example 7.52 : A sharp edged circular orifice is to be used to measure the flow rate of
water at 293 K (20oC) in a pipeline of internal diameter of 250 mm. The orifice diameter is
50 mm. The reading of a mercury manometer is 242 mm.
Calculate the flow rate in l/s.
Data : Density of water = 1000 kg/m3, Viscosity of water = 1.0 mPa.s
Density of mercury = 13600 kg/m3
For turbulent flow, NRe,O > 30000 , Orifice coefficient = 0.61.
Solution :
D = 250 mm = 0.25 m, Do = 50 mm = 0.05 m
β = Do/D = 50/250 = 0.20
ρ of water = 1000 kg/m3, ρ of Hg = 13600 kg/m3
Ao = area of orifice = π/4 (0.05)2 = 0.00196 m2
∆h = 242 mm Hg = 0.242 m Hg
ρHg – ρH O
2 
13600 – 1000
∆H = ∆h 
1000
 ρ
 = 0.242 

H2O 

= 3.05 m of H2O
The volumetric flow rate using this meter is calculated by
Co Ao
Q =
2g ∆H
1 – β4
Taking Co = 0.61,
0.61 × 0.00196
Q =
2 × 9.81 × 3.05
1 – (0.2)4
= 0.00926 m3/s
= 9.26 l/s
Volumetric flow rate of water = 9.26 l/s

… Ans.
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Douoρ
µ
uo = 0.00926/0.00196 = 4.72 m/s
µ = 1 mPa.s = 1 × 10–3 Pa.s
0.05 × 4.72 × 1000
= 236000
NRe, o =
1 × 10–3
> 30000, Co = 0.61 taken is correct.
NRe, o =

As NRe, o

Example 7.53 : The flow rate of water in a 150 mm pipeline is measured with the help of
a venturimeter having a throat diameter of 50 mm. When the pressure drop over the
converging section is 120 mm of water, the water flow rate is 3 kg/s. Find out the coefficient
of discharge for the converging cone and the Reynolds number.
Data : ρ of water = 1000 kg/m3, µ of water = 1.0 mPa.s
Solution : Mass flow rate of water = 3 kg/s
D = 150 mm = 0.15 m
DT = 50 mm = 0.05 m
ρ of water = 1000 kg/m3, µ of water = 1 × 10–3 Pa.s
Volumetric flow rate of water = Q = 3/1000 = 0.003 m3/s
∆H = 120 mm of H2O = 0.12 m of water
AT = Area of throat = π/4 (0.05)2
= 0.00196 m2
The flow equation of a venturi meter is
Cv AT
Q =
2g ∆H
1 – β4
β = DT/D = 0.05/0.15 = 0.333
Cv = ?
Cv × 0.00196 2 × 9.81 × 0.12
1 – (0.333)4
∴
Cv = 0.99
Coefficient of discharge of the venturi meter = 0.99
… Ans.
Velocity of water through the pipe = Q/A = 0.003 / π/4 (0.15)2 = 0.17 m/s
Duρ
0.15 × 0.17 × 1000
NRe =
=
µ
1 × 10–3
= 25500
… Ans.
Example 7.54 : Water flowing at a rate of 1.5 l/s through a 50 mm diameter pipe is
metered by means of a simple orifice of diameter 25 mm. The coefficient of discharge of the
orifice meter is 0.62. What will be the reading on a mercury – under – water manometer
connected across the meter ?
What is the Reynolds number for the flow in the pipe ?
0.003 =
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Data : ρ of water = 1000 kg/m3, µ of water = 1.0 (mN.s)/m2
ρ of mercury = 13600 kg/m3
Solution : Volumetric flow rate of water = 1.5 l/s = 1.5 × 10–3 m3/s
D = 50 mm = 0.05 m, Do = 25 mm = 0.025 m
Co = 0.62
Ao = area of orifice = π/4 (0.025)2 = 4.909 × 10–4 m2
β = 25/50 = 0.5
The flow equation of an orifice meter is
Co Ao
2g ∆H
Q =
1 – β4
0.62 × 4.909 × 10–4
1.5 × 10–3 =
1 – (0.5)4
∴
∆H = 1.16 m of H2O
The reading on the water manometer is 1.16 m
Let us convert ∆H to ∆h.

Reading on the mercury  = ∆h =
–under–water manometer

(

2 × 9.81 × ∆H

ρHg – ρH2O
∆H × ρ
, since ∆H = ∆h 

ρ –ρ
 ρH2O 
Hg

)

1.16 × 1000
= (13600 – 1000) = 0.0921 m Hg
= 92.1 mm Hg
… Ans.
Example 7.55 : Water flows through an orifice of 25 mm diameter installed in a 75 mm
i.d. pipe line at the rate of 0.3 l/s. What will be the difference in level on a water manometer
connected across the meter. The coefficient of discharge of the meter is 0.61 ?
Solution : Volumetric flow rate of water = Q = 0.3 l/s = 0.3 × 10–3 m3/s
Do = 25 mm = 0.25 m,
D = 75 mm = 0.075 m
β = Do/D = 25/75 = 0.333
Co = 0.61
Ao = area of orifice = π/4 (0.025)2
= 4.909 × 10–4 m2
The flow equation of an orifice meter is
Co Ao
Q =
2g ∆H
1 – β4
0.61 × 4.909 × 10–4
2 × 9.81 × ∆H
0.3 × 10–3 =
1 – (0.333)4
∴
∆H = 0.0505 m of H2O
∴
Difference in the levels on the water manometer = 0.0505 m = 50.5 mm… Ans.

Unit Operations-I

7.120

Flow of Fluids

Example 7.56 : Sulphuric acid is flowing through a pipe of 50 mm internal diameter.
A thin orifice of 10 mm diameter is fitted in the pipe and the differential pressure shown by a
mercury manometer is 10 cm. Calculate
(a) the mass flow rate of acid in kg/s and
(b) the approximate loss of pressure in kN/m2 caused by the orifice.
Data : Sp.gr. of acid = 1.3, ρ of water = 1000 kg/m3
ρ of mercury = 13600 kg/m3 and coefficient of orifice meter = 0.61
Solution :
D = 50 mm = 0.05 m, Do = diameter of orifice = 10 mm = 0.01 m
sp.gr. of acid = 1.3, density (ρ) of acid = 1.3 × 1000 = 1300 kg/m3
ρ of mercury = 13600 kg/m3
Differential pressure on the mercury manometer shows 10 cm difference in the limbs of
manometer.
∆h = 10 cm = 0.10 m of Hg
Let us convert ∆h to ∆H.
ρHg – ρacid
 = 0.10 13600 – 1300 = 0.946 m of acid
∆H = ∆h 
1300
 ρ



acid


Co = 0.61, β = 10/50 = 0.20
Area of orifice = Ao = π/4 (0.01)2 = 7.854 × 10–5 m2
The flow equation of an orifice meter is
CoAo
2 g ∆H
Q =
1 – β4
0.61 × 7.854 × 10–5
=
2 × 9.81 × 0.946
1 – (0.2)4
= 2.06 × 10–4 m3/s.
Mass flow rate of acid = Q × ρ of acid
= 2.06 × 10–4 × 1300 = 0.27 kg/s
… Ans. (a)
P1

P2

Zm
hm
a

a

Manometric fluid-mercury

Fig. Ex. 7.56
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Approximate loss of pressure or the drop in pressure is
∆P = h ρ g
= 0.946 × 1300 × 9.81
= 12064 N/m2
= 12.064 kN/m2
Pressure balance at a – a,
P1 + Zm ρ g = P2 + (Zm – hm) ρg + hm ρm g
(P1 – P2) ∆P = hm (ρm – ρ) g
= 0.10 (13600 – 1300) × 9.81
= 12066 N/m2
= 12.066 kN/m2

Flow of Fluids

… Ans. (b)

… Ans. (b)

Example 7.57 : The flow of water through a 50 mm pipe is measured by means of an
orifice metre having an aperture of 40 mm. The pressure drop recorded across the meter is
150 mm on a mercury manometer. If the coefficient of discharge of the orifice meter is 0.60,
what is the Reynolds number in the pipe and what will be the pressure drop over 30 m length
of the pipe ?
Data : Density of mercury = 13600 kg/m3, Density of water = 1000 kg/m3,
Viscosity of water = 1 (mN.s)/m2
Solution : D = 50 mm = 0.05 m, Do = 40 mm = 0.04 m
ρ of water = 1000 kg/m3, ρ of mercury = ρHg = 13600 kg/m3
L = 30 m, Viscosity of water = 1 (mN.s)/m2 = 1 × 10–3 (N.s)/m2
β = 40/50 = 0.8
Ao = π/4 (0.04)2 = 0.001257 m2
∆h = 150 mm of mercury = 0.15 m of mercury
ρHg – ρH2O
We have : ∆H = ∆h 

 ρH2O 
Let us convert ∆h to ∆H.
13600 – 1000
∆H = 0.15 
= 1.89 m of water
1000


Co = 0.60
The flow equation for an orifice meter is
Co Ao
Q =
2g ∆H
1 – β4
0.60 × 0.001257
2 × 9.81 × 1.89
=
1 – (0.8)4
= 0.006 m3/s
Cross-sectional area of the pipe = A = π/4 (0.05)2 = 0.00196 m2
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Velocity of water through the pipe = Q/A = 0.006 / 0.00196
= 3.06 m/s
Duρ
Reynolds number, NRe =
µ
0.05 × 3.06 × 1000
=
1 × 10–3
= 153000
As NRe > 4000, the flow is turbulent.
The friction factor is given by
0.078
0.078
f = (N )0.25 = (153000)0.25 = 0.004
Re

Flow of Fluids

… Ans.

The pressure drop is given by
4 f L u2
∆P
= 2D
ρ
ρ 4 f L u2
∆P =
2D
1000 × 4 × 0.004 × 30 × (3.06)2
=
2 × 0.05
2
= 44945 N/m
= 44.945 kN/m2
… Ans.
Example 7.58 : A rotameter tube with an internal diameter of 25 mm at the top and
20 mm at the bottom is 0.3 m long. The diameter of the float is 20 mm. Water flows through
the rotameter. Calculate the flow rate of water when the float is halfway up the tube.
Data : sp. gr. of float material = 4.80, density of water = 1000 kg/m3
volume of float = 6.0 cm3, coefficient of discharge = 0.70
Solution : The mass flow rate through a rotameter is given by
.
m = CD A2

2 g Vf (ρf – ρ) ρ
Af [1 – (A2/A1)2]

Vf = Volume of float = 6.0 cm3 = 6 × 10–6 m3
ρf = Density of float material = 4.80 × 1000 = 4800 kg/m3
ρ = Density of water = 1000 kg/m3
Diameter of float = 20 mm = 0.02 m
Af = Area of float = π/4 (0.02)2 = 3.141 × 10–4 m2
A1 – Cross-sectional area of the tube at float position (i.e., at the highway up).
A2 – Area of annulus between tube and float at the float position (i.e., at the halfway up).
Diameter at 300 mm is 25 mm
Diameter at 0 mm is 20 mm
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Diameter at halfway up i.e. at 150 mm is D1
D1 = 20 +

(25 – 20)
× 150
300

= 22.5 mm
= 0.0225 m

150

300

25

20

Fig. Ex. 7.58
A1 = π/4 . (0.0225)2 = 3.976 × 10–4 m2
A2 = A1 – Af = 3.976 × 10–4 – 3.141 × 10–4 = 0.835 × 10–4 m2
A2/A1 = 0.835 × 10–4 / 3.976 × 10–4 = 0.21
.
m = 0.7 × 0.835 × 10–4

2 × 9.81 × 6 × 10–6 (4800 – 1000) × 1000
3.141 × 10–4 [1 – (0.21)2]

= 0.071 kg/s
Mass flow rate of water when the float is halfway = 0.071 kg/s.

… Ans.

Example 7.59 : A rotameter with a stainless steel float has a maximum capacity of
1.2 l/s of water at 301 K (28oC). Find out the maximum capacity for kerosene in l/s for the
same rotameter and the same float.
sp. gr. of stainless steel = 7.92
sp. gr. of kerosene = 0.82
Solution : For the same rotameter and for the same float position, Vf, Af A2 and A1 are
constant. Generally, floats are of such a shape that they set up eddy currents, and CD is nearly
constant.
ρf – ρ1/2

∴
Q ∝ 
 ρ 
ρf – ρ11/2
For water :
Q1 = k 
… (1)

 ρ1 
ρf – ρ21/2
For kerosene :
Q2 = k 
… (2)

 ρ2 
ρf = 7920 kg/m3, ρ1 = 1000 kg/m3, ρ2 = 820 kg/m3
Q1 = 1.2 l/s = 1.2 × 10–3 m3/s
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Dividing equation (2) by equation (1),
[(ρf – ρ2) / ρ2]1/2
Q2
=
Q1
[(ρf – ρ1) / ρ1]1/2
Q2
[(7920 – 820) / 820]1/2
= [(7920 – 1000) / 1000]1/2
–3
1.2 × 10
Q2 = 1.34 × 10–3 m3/s = 1.34 l/s

∴

Maximum capacity for kerosene = 1.34 l/s

… Ans.

Example 7.60 : A rotameter tube is 0.3 m long with an internal diameter of 25 mm at
the top and 20 mm at the bottom. The diameter of float is 20 mm. Find the height/position of
the float when metering water at the rate 100 cm3/s.
Data : Sp. gr. of float = 4.80, volume of float = 6.0 cm3
Coefficient of discharge of the meter = 0.72, density of water = 1000 kg/m3.
Solution : Volumetric flow rate of water = 100 cm3/s = 100 × 10–6 m3/s
The volumetric flow rate through a rotameter is given by
2 g Vf (ρf – ρ)
ρ Af [1 – (A2/A1)2]

Q = CD A2

where, CD = 0.72 , Vf = 6 cm3 = 6 × 10–6 m3,
ρ = 1000 kg/m3 , ρf = 4.80 × 1000 = 4800 kg/m3,
Diameter of float = 20 mm = 0.02 m,
Af = area of float = π/4 (0.02)2 = 3.141 × 10–4 m2,
A1 = Cross-sectional area of the tube at float position (top of the float)
A2 = Area of the annulus between tube and float at float position (top of the float)
A2 = A1 – Af = A1 – 3.141 × 10–4 m2
Putting values gives
100 × 10–6 = 0.72 A2
1.164 × 10–4 = A2 /

2 × 9.81 × 6 × 10–6 (4800 – 1000)
1000 × 3.141 × 10–4 [1 – (A2/A1)2]

1 – (A2/A1)2

Trial and error procedure is to be adopted.
A2 = A1 – Af = A1 – 3.141 × 10–4 m2
2

A1 = π/4 D1
D1 is the diameter of tube at the float position.

… (1)
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D1, m
0.022
0.025
0.023
0.024
0.0235
0.0232
0.0234
0.0233

A1, m2
A2, m2
0.659 × 10–4
3.80 × 10–4
4.909 × 10–4
1.768 × 10–4
4.155 × 10–4
1.014 × 10–4
4.524 × 10–4
1.383 × 10–4
4.337 × 10–4
1.196 × 10–4
4.227 × 10–4
1.086 × 10–4
4.3 × 10–4
1.159 × 10–4
4.264 × 10–4
1.123 × 10–4
For D1 = 0.0233 m, LHS of Eqn. (1) = RHS of Eqn. (1)

Flow of Fluids

RHS of Eq. (1)
6.69 × 10–5
5.26 × 10–4
1.046 × 10–4
1.45 × 10–4
1.244 × 10–4
1.124 × 10–4
1.20 × 10–4
1.164 × 10–4

∴
D1 = 0.0233 m = 23.3 mm
Diameter of tube at the top (i.e., at 300 mm) = 25 mm
Diameter of tube at the bottom (i.e., at 0 mm) = 20 mm
D1 is the diameter of tube at a distance x mm from the bottom.
25 – 20
∴
D1 = 20 +  300  x


5
23.3 = 20 + 300 . x
Solving, we get
x = 198 mm
Height of the float when
metering 100 cm3/s
= 198 mm
… Ans.
of water
Example 7.61 : A venturimeter is to be installed in a 100 mm diameter line to measure
the flow of water. The maximum flow is expected to be 73.8 m3/h. The mercury is to be used
as a manometric fluid and the corresponding manometer reading is 1.27 m of mercury. Find
the throat diameter required for the venturi and the power that would be required to operate
the meter at the full load if the permanent loss in pressure is 10% of the venturi differential
(i.e., pressure drop across the meter).
Data : Density of water = 1000 kg/m3, Density of mercury = 13600 kg/m3,
Coefficient of venturimeter = 0.98.
Solution : Volumetric flow rate = Q = 73.8 m3/h = 0.0205 m3/s
ρ of water = 1000 kg/m3, ρ of mercury = 13600 kg/m3
∆h = 1.27 m of mercury
ρHg – ρH2O
We have : ∆H = ∆h 

 ρH2O 
Let us convert ∆h to ∆H.
13600 – 1000
∆H = 1.27 
= 16 m of H2O
1000


D = 100 mm = 0.10 m
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DT = diameter of throat in m
β = DT/D = DT/0.1 = 10 DT
2
AT = Area of throat = π/4 DT , Cv = 0.98
The flow equation of a venturi meter is
Cv AT
Q =
2 g ∆H
1 – β4
2
0.98 × π/4 × DT
0.0205 =
2 × 9.81 × 16
1 – (10 DT)4
2

1 – (10 DT)4 = 665 DT
4
4
1 – 10000 DT = 442225 DT
∴
DT = 0.0386 m
DT = 38.6 mm
Diameter of venturi = 38.6 mm
.
m = Mass flow rate of water = 0.0205 × 1000 = 20.5 kg/s
Pressure differential across the meter = 1.27 m of Hg

… Ans.

= 1270 mm Hg
1270
= 760 × 101325
= 169320 N/m2
The permanent loss in pressure = 10% of the differential
= 0.10 (169320)
= 16932 N/m2
N
1
kg
16932
Power required to

operate venturi at full flow = 1000 × 20.5 m2 ×  kg  × s
m3
N.m
kg
J
kg
= 347  kg  .  s  = kg  s 

      
= 347 J/s = 347 W

… Ans.

Example 7.62 : An orifice meter is to be installed to measure the flow rate of crude oil to
a cracking unit. The oil is flowing through a 100 mm i.d. pipe and an adequate run of the
straight horizontal pipe is available for the installation of the meter. The expected maximum
flow rate is 79.5 m3/h. Mercury is to be used as a manometer fluid, and glycol is to be used in
the leads as a sealing liquid. The maximum reading of the meter is 762 mm. Calculate
(a) The diameter of the orifice and
(b) The power loss if 68% of the orifice differential is permanently lost.
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Data : sp. gr. of oil = 0.89, sp. gr. of glycol = 1.11, sp. gr. of mercury = 13.6,

ρ of water 1000 kg/m3, coefficient of meter = 0.61.
Solution :
Volumetric flow rate = 79.5 m3/h = 0.0221 m3/s
Pressure differential across the meter = 762 mm Hg = 0.762 m Hg
∆P across the meter = hm (ρm – ρ) g
= 0.762 (13600 – 1100) × 9.81
= 93440 N/m2
[ρ of mercury = 13600 kg/m3, ρ of glycol = 1100 kg/m3]
ρ of crude = 890 kg/m3
.
m = mass flow rate of the crude oil = 0.0221 × 890
= 19.67 kg/s
Differential pressure permanently lost is 68% of the orifice differential.
Permanent loss in the pressure = 0.68 × 93440
= 63539.2 N/m2
63539.2 N 1
N.m
= 890 m2  kg  = kg
m3
 
= 71.39 J/kg
Power consumption in J/s = Loss in pressure (J/kg) × mass flow rate (kg/s)
Maximum power consumption of the meter = 19.67 × 71.39
= 1404 J/s = 1404 W
= 1.4 kW
… Ans. (b)
Do = orifice diameter in meters
D = 100 mm = 0.10 m
2

Ao = π/4 Do
β = Do/D = Do/0.10 = 10 Do
Co = 0.61
The flow equation for an orifice meter is
Q =

Co Ao
1– β

4

2 ∆P
ρ
2

0.61 × π/4 × Do
0.0221 =
1 – (10 Do)4

2 × 93440
890
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2

1 – (10 Do)4 = 314.13 Do
4

4

1 – 10000 Do = 98678 Do
∴

Do = 0.055 m
Do = 55 mm
Diameter of orifice = 55 mm

… Ans. (a)

Example 7.63 : A rectangular notch 2.5 m wide has a constant head of 0.40 m. Find the
rate of discharge of water through the notch if the coefficient of discharge for the notch is
0.60.
Solution : We have,
B = Width of the notch = 2.5 m
H = Head of water = 0.40 m
g = 9.8 m/s2
Cd = Coefficient of discharge = 0.60
The relation to be used is
2
Q = 3 Cd B 2g (H)1.5
2
= 3 × 0.60 × 2.5 (2 × 9.81)1/2 (0.40)1.5
= 1.120 m3/s or 1120 l/s
The rate of discharge of water is 1.12 m3/s or 1120 l/s
… Ans.
Example 7.64 : A rectangular notch with Cd = 0.60 has a discharge of 360 l/s when
the head of water is half the length of the notch. Find the length of the notch.
Solution : Given : Cd = Coefficient of discharge = 0.60
Q = Rate of discharge = 360 l/s = 0.36 m3/s
B = Length/width of the notch
H = Head of water (depth) = Half the length of the notch = B/2
For the rectangular notch, Q is given by
2
Q = 3 Cd B 2g (H)1.5, but H = B/2
2
Q = 3 Cd B 2g (B/2)1.5
B2.5
2
0.36 = 3 × 0.6 × 2 × 9.81 (2)1.5 ∴ (B)2.5 = 0.5747
∴
B = 0.80 m = 800 m
Length of the rectangular notch = 800 mm.
… Ans.
Example 7.65 : A right-angled V-notch was used to measure the discharge of a
centrifugal pump. Find the discharge through the notch, if the depth of water at the notch is
200 mm. Take Cd = 0.60.
Solution :

θ = Angle of the notch = 90°
H = Depth of water at the notch = 200 mm = 0.20 m
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Cd = Coefficient of discharge = 0.60
Q = Discharge through the notch
8
θ
Q = 15 Cd 2g tan 2 (H)2.5
8
= 15 × 0.60 ×

90
2 × 9.81 tan 2 (0.20)2.5

= 0.02535 m3/s or 25.35 l/s
Or : For a 90° V-notch for Cd = 0.60, we have

… Ans.

Q = 1.417 H5/2 … in SI units
= 1.417 (0.20)5/2
= 0.02535 m3/s or 25.35 l/s

… Ans.

Example 7.66 : In an experiment in a laboratory, 50 l of water flowing over a rightangled V-notch was collected in one minute. If the head of the sill is 50 mm, calculate the
coefficient of discharge of the notch.
Solution : Water collected in one minute = 50 l
∴
Q = rate of flow of water
50
= 1 = 50 l/min
50 × 10–3
=
= 8.333 × 10–4 m3/s
60
Head of the sill = H = 50 mm = 0.05 m
θ = 90° … given
8
θ
We have :
Q = 15 Cd 2g tan 1 (H)2.5
15Q
Cd =
θ
8 2g · tan 2 · (H)2.5
=
8×

15 × 8.333 × 10–4
90
2 × 9.81 × tan 2 × (0.05)2.5

Cd = 0.6309 ≈ 0.63

… Ans.

Example 7.67 : A crude oil of viscosity 0.9 poise and relative density of 0.90 is flowing
through a horizontal pipe of 120 mm and length 12 m. Calculate the difference in pressure at
the two ends of pipe, if 785 N weight of the oil is collected in a tank in 25 s.
Solution :

Weight of oil = 785 N
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The force becomes weight when the body acts under gravitational acceleration (g).
m· g
Weight = g
c
where,

g = 9.81 m/s2
gc = 1 (kg·m)/(N·s2)

Weight = 785 N
m × 9.81
785 =
1
m = 80.02 kg
(kg) × (m/s2)
Units of weight ⇒ (kg·m)/(N·s2) ⇒ N
80.02 kg oil is collected in 25 s. Therefore,
80.02
·
Mass flow rate of oil = m = 25 = 3.2 kg/s
Diameter of pipe = D = 120 mm = 12 cm = 0.12 m
Viscosity of oil = µ = 0.9 P = 0.09 kg/(m.s)
Density of oil = ρ = 0.90 g/cm3 = 900 kg/m3
Area of pipe = A = π /4 D2
= π/4 (0.12)2
= 0.0113 m2
·
We have :
m = uρA
·
m
3.2
u =
=
ρA
900 × 0.0113
= 0.3146 ≈ 0.315 m/s
Duρ
Reynold's number = NRe =
µ
0.12 × 0.315 × 900
=
0.09
= 378
Since NRe is less than 2100, the flow is laminar.
The Hagen-Poiseuille equation is
32 µuL
∆P = D2
We have,
µ = 0.09 kg/(m.s)
and
1 kg/(m.s) = 1 (N.s)/m2
(N.s)
m m
2
Units of ∆P ⇒
m2 × s × m2 ⇒ N/m = Pa (pascal)

Unit Operations-I

∴

7.131

Flow of Fluids

µ = 0.09 (N.s)/m2
32 × 0.09 × 0.315 × 12
∆P =
(0.12)2
= 756 N/m2 = 0.756 kN/m2 = 0.756 kPa

... Ans.

Example 7.68 : Fuel oil is pumped up in a 300 mm diameter and 16 km long pipeline at
the rate of 15 kg/s. The pipe line is laid at a slope of 1 in 300. The density of fuel oil is
950 kg/m3 and its kinematic viscosity is 21.4 stokes. Find the power required to pump the oil.
Solution :
Diameter of pipe = 300 mm = 0.30 m
Length of pipe = L = 16 km = 16000 m
Slope of the pipe = i = 1/300
Density of oil = ρ = 950 kg/m3
·
Mass flow rate of oil = m = 15 kg/s
µ
= 21.4 stokes = 21.4 × 10–4 m2/s
Kinematic viscosity = υ =
ρ
π
A = 4 D2
π
= 4 (0.3)2 = 0.07068 m2
·
We have :
m = ρuA
·
m
u =
ρA
15
=
= 0.223 m/s
950 × 0.07068
Duρ
Du
Reynolds number = NRe =
=
µ
υ
0.3 × 0.223
=
= 31.26
21.4 × 10–4
Since the Reynolds number is less than 2100, the flow is laminar. Therefore,
16
16
f = N = 31.26 = 0.5118 ≈ 0.512
Re
4fLu2
Head loss due to friction = hf = 2gD
4 × 0.512 × 16000 × (0.223)2
hf =
= 276.85
2 × 9.81 × 0.30
The total head against which the pump has to work is
H = hf + L · i
1
= 276.85 + 16000 × 300 = 330.18 m
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The power required to pump the oil is
ρQH
P = 75 , hp
·
m
Q =
ρ
·
mH
P = 75

We have :
∴

=
OR :

P =
=
=
=
=

15 × 330.18
= 66 h.p.
75
QHρg
·
m⋅H⋅g
15 × 9.81 × 330.18
48585.987 J/s = 48585.987 W
48586 W = 48.586 kW

… Ans.

… Ans.

Example 7.69 : Water in a tank comes out through a sharp edged orifice of 10 cm2 area.
Head of water above the centre of orifice is 3 m. If Cc = 0.6 and Cv = 0.98, find the
discharge and area of jet at vena contracta.
Solution : Given :
Cv = coefficient of velocity = 0.98
Cc = coefficient of contraction = 0.60
Area of orifice = 10 cm2 = 10 × 10–4 m2 = 10–3 m2
ac
area of jet at vena contracta
Cc =
= a
area of orifice
a c = a · Cc

∴

= 10 × 0.60 = 6 cm2
Area of jet at vena contracta = 6 cm2

H
c

c

Fig. Ex. 7.69

… Ans.

Section c-c is known as vena contracta. Where jet
is more or less horizontal where maximum
contraction takes place - which is slightly on the
downstream side of the orifice.
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Cd = coefficient of discharge
= Cv · Cc = 0.98 × 0.60 = 0.588
H = Head of water = 3 m
Actual discharge = Cd · a ·

2gH

= 0.588 × 10–3 (2 × 9.81 × 3)1/2
= 4.511 × 10–3 m3/s

… Ans.

= 4.511 l/s

… Ans.

Example 7.70 : A pitot tube is a pipe in which air is flowing, is connected to a
manometer containing water. If the difference in water levels in the manometer is 87.5 mm,
what is the velocity of flow in the pipe assuming a tube coefficient of 0.99 ?
Solution : The velocity of flow is given by
u = c
where

2g∆H

c = tube coefficient = 0.99
∆H = manometer reading expressed in terms of m of the
flowing fluid (air)
∆H' = manometer reading in terms of water
= 87.5 mm = 8.75 cm
= 0.0875 m of H2O

where,

ρH2O – ρair

∆H = ∆H' 
 ρair 
ρH O = 1 g/cm3 = 1000 kg/m3
2

ρair = 1.29 × 10–3 g/cm3 = 1.29 kg/m3
1000 – 1.29
∆H = 0.0875  1.29
= 67.74 m of air


Velocity of flow of air = u = 0.99 [2 × 9.81 × 67.74]1/2
= 36.09 m/s
In this problem, the density of air is taken as 1.29 × 10–3 g/cm3.

… Ans.

Example 7.71 : A crude oil of specific gravity 0.92 and viscosity of 1.2 poise is pumped
through a pipe of 100 mm i.d. laid at a slope of 1 in 100. The oil is pumped at the rate of
15 l/s. Find the difference between the pressure gauge readings if they are fitted 300 m
apart.
Solution :
Sp. gr. of oil = 0.92
Density of oil = 0.92 g/cm3
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Viscosity of oil = 1.2 poise = 1.2 g/(cm.s)
Diameter of pipe = 100 mm = 10 cm
Volumetric flow rate = Q = 15 l/s = 15000 cm3/s
1
Slope of pipe i = 1 in 100 = 100 = 0.01
15000
Q
=
Velocity of oil = u =
2
π/4 (10)2
π/4 D
= 190.98 ≈ 191 cm/s
Reynolds' number = NRe =
=

Duρ
µ
10 × 191 × 0.92
1.2

= 1464
Since NRe is less than 2100,
16
16
f = N = 1464 = 0.01093
Re
Length = L = 300 m = 30000 cm
4fLu2
Head loss due to friction = hf = 2gD
=

4 × 0.01093 × 30000 × (191)2
2 × 9.81 × 10

= 2438.76 cm
Taking the lower point of pipe as station-1 and the upper point as station-2 apply
Bernoulli's equation.
2

2

P1
P2
u1
u2
z1 +
+ 2g = z2 +
+ 2g + hf
ρ
ρ
With u1 = u2 and z1 = 0, it becomes
0+

P1
P2
1
= 30000 × 100 +
+ 2438.76
ρ
ρ

P2
P1
–
= 300 + 2438.76 = 2738.76 cm
ρ
ρ
P1 – P2 = 2738.76 × ρ
= 2738.76 × 0.92 = 2519.66 gm/cm2
= 2.51966 ≈ 2.52 kg/cm2

… Ans.
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Important Points
•
•
•
•
•
•

•
•
•
•
•
•

•
•
•

A fluid is a substance which is capable of flowing if allowed to do so.
A fluid is a substance which undergoes continuous deformation when subjected to a
shear force.
If the density of a fluid is affected appreciably by changes in temperature and
pressure, then the fluid is said to be compressible. e.g., air.
If the density of a fluid is not appreciably affected by moderate changes in
temperature and pressure, the fluid is said to be incompressible. e.g., water.
The viscosity of a fluid at a given temperature is a measure of its resistance to flow.
The SI unit of viscosity is Pa⋅s.
Fluids which follow Newton’s law of viscosity are called Newtonian fluids and
fluids which do not follow Newton’s law of viscosity are called non-Newtonian
fluids.
The vertical height or the free surface above any point in a liquid at rest is called the
pressure head.
⋅
The equation of continuity is : m = ρuA = constant.
The average velocity of a fluid through a pipe is defined as the ratio of the
volumetric flow rate of the fluid to the cross-sectional area of the pipe.
The mass flow rate of a fluid through a pipe is related to the volumetric flow rate by
⋅
m = Qρ, where ρ is the density of the fluid.
P/ρg + z + u2/2g = constant – it is the Bernoulli equation in which each term
represents energy per unit mass of the fluid and has the dimension of length.
Various manometers that are used for pressure measurement or differential pressure
measurement include U-tube manometer, inclined tube manometer and differential
manometer.
The flow in which the fluid flows in parallel, straight lines without lateral mixing is
called laminar flow.
The flow in which the fluid flows eratically in the form of cross currents and eddies
and there is a complete mixing in the radial direction is called turbulent flow.
The relation used to find the frictional loss through a straight pipe is hfs = 4fLu2/2D.

•

The friction fraction chart is a logarithmic plot of friction factor v/s Reynolds
number.

•

If NRe is less than 2100, the flow is laminar and if NRe > 4000, the flow is turbulent.

•

For turbulent flow, the friction factor (f) is related to the Reynolds number (NRe) by
the relation : f = 0.0078/ (NRe)0.25.

•

For laminar flow, the friction factor (f) is related to the Reynolds number (NRe) by
f = 16/NRe

•

The equivalent length of a fitting is that length of a straight pipe of the same
nominal size as that of the fitting, which would cause the same frictional loss as that
caused by the fitting.
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Orifice and venturi meters are variable head meters used for flow measurement.
Advantages of orifice meter are: simple in construction, easy to install, cheap and
greater flexibility.
Advantage of venturi meter are: high pressure recovery, lower power loss, high
accuracy, used for flow measurements of compressible as well as incompressible
fluids and higher reproducibility.
Rotameters provide a direct reading of the flow rate.

Practice Questions
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

Give the classification of fluids.
Draw a sketch of U-tube manometer and explain its construction.
Draw a sketch of Differential manometer and give its construction.
Explain briefly Reynolds experiment with its sketch.
Explain in brief different flow regimes.
Derive the flow equation for a venturi meter.
Derive the flow equation for an orifice meter.
Draw a neat sketch of orifice meter and explain its construction.
Draw a neat sketch of venturi meter and explain its construction.
Draw a neat sketch of rotameter and explain its construction.
Differentiate between orifice meter and venturi meter.
Differentiate between variable head meter and area meter.
Derive the Bernoulli equation for incompressible fluid without fluid friction.
State the Bernoulli equation and give the meaning of each term in it.
Explain briefly the procedure for calibrating a given rotameter.

❐❐❐

CHAPTER EIGHT

TRANSPORTATION OF FLUIDS
INTRODUCTION
In the chemical process industries for the transportation of fluids from one process
equipment to another, or through long pipes or ducts we have to use some form of a
mechanical pumping device. Such a mechanical device may be a pump, fan, blower or
compressor, which increases the fluid energy. For the transportation (handling) of liquids,
pumps are used, whereas for the transportation of gases, fans, blowers or compressors are
used. The power required by the pump depends on the height through which the fluid is
raised, the pressure required on delivery, the length and diameter of the pipe, the flow rate
required and the physical properties of the fluid such as density and viscosity of the fluid to
be pumped. The fluid to be pumped may be a gas or a liquid of low viscosity, or a highly
viscous liquid. It may be corrosive or may be clear or may contain suspended particles. All
these factors influence the choice of a pump.
The pumping of crude oil over a long distance, feeding water to a boiler, feeding
reactants into a reactor at a control rate, pumping of fluids through heat exchangers, transfer
of raw materials such as sulphuric acid, benzene, caustic lye, etc. from a bulk storage to a
processing area, etc. are some examples of use of pumps.
The pipeline through which a fluid is transferred from one particular location to another
contains a large number of fittings such as socket, reducer, elbow, bend, valve etc. and these
add resistance to the flow of fluids.
PIPE, TUBING AND FITTINGS
In the chemical industry, fluids are usually transferred from one point to another through
pipe or tubing. Pipe or tubing is circular in cross-section and may be made in different
diameters and in different wall thickness, from any available material of construction
depending upon the service conditions. The materials of construction include iron, steel,
brass, copper, glass, plastics, etc.
Pipe is heavy walled, whereas tubing is thin walled. Metal pipe is available in standard
lengths of about 6 m, whereas tubing is available in coils several meters long. Tubes from
6 to 50 mm are frequently made from non-ferrous metals, such as brass, copper or aluminium
and are widely used in heat exchangers. Pipe is relatively larger in diameter than tubing. Pipe
surface is slightly rough, whereas the tube surface is very smooth. Pipe sections may be
joined by screwing, flanging or welding, whereas tube pieces may often be joined by brazing,
soldering or by flared fittings.
(8.1)
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Plug

Nipple

Reducer

Tee

Elbow

Cross

Bend

Fig. 8.1 (a) : Threaded pipe fittings
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(iii) 45º Elbow

(vi) 45º Lateral

(iv) Tee

(v) Cross

(vii) Reducer

Fig. 8.1 (b) : Flange pipe fittings
Fittings :
Fittings refer to the pieces that can be employed in pipelines for one of the following
purposes :
(a) Joining two pipe pieces., e.g., coupling/socket, union, nipple.
(b) Changing the pipeline diameter, e.g., reducer.
(c) Termination of the pipeline, e.g., plug.
(d) Changing the direction of flow, e.g., elbow, bend.
(e) Branching of the pipeline, e.g., tee, cross.
(f) Controlling the flow through a pipeline, e.g., valves.
Fittings may be threaded or flanged. Common fittings are shown in Fig. 8.1.
Valves :
A valve is a device used either to control the flow rate or to stop the flow of a fluid
through pipelines and to and from process equipments. Various types of valves are used in
the chemical process industry and are constructed out of a variety of materials based upon
the service requirements. Various types of valves in use are :
1.

gate valve

2. globe valve

3.

ball valve

4.

plug valve

5. diaphragm valve

6.

needle valve

7.

butterfly valve

8. check/non return valve

9.

control valve, etc.

Gate valves are commonly used to minimize the pressure drop in the open position and to
stop the flow rather than controlling it. Globe valves are used to control the flow of fluid but
pressure drop through this valve is much greater than that through gate valves (due to the
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change in the direction of flow in the valve body). A needle valve is a modification of the
globe valve and generally used for an accurate control of the flow. Plug valves and ball
valves are used for on-off service and they operate through 90o. Non-return valve is used
when unidirectional flow is desired.
Diaphragm valves are used for fluids such as viscous liquids, slurries or corrosive liquids.
They make use of a flexible diaphragm usually of rubber. A butterfly valve is used in a large
size pipeline and operate on the same principle as a damper in a stove pipe. Control valves
are used in modern chemical processes for controlling the flow automatically. These valves
are operated either electrically or pneumatically. Fig. 8.2 shows various types of valves.
Fully open position
Valve plug
Body
Flow

Valve seat
(i) Globe valve
Stem

Body

Valve plug

Valve plug
Flow
Flow

Body
Valve seat
(ii) Lift check valve globe

(iii) Plug cock valve

Spindle/stem
Diaphragm (fully open position)
Body

Flow

(iv) Diaphragm valve
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Diaphragm

Stem
Spring

Fully open position
Scale

Body

Stem

Valve
Body

Flow

Flow

(v) Control valve

(vi) Gate valve

Fully open position

Flow

(vii) Butterfly valve

Fig. 8.2 : Valves

PUMPING DEVICES FOR LIQUIDS
A pump is a machine which converts mechanical energy supplied to it from some
external source into pressure energy which is used to lift a liquid from a lower level to a
higher level.
A pump is a machine used for handling liquids, solution or slurries.
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CLASSIFICATION OF PUMPS
1. Centrifugal pumps.
2. Positive displacement pumps.
In centrifugal pumps, the kinetic energy of the liquid to be pumped is increased by the
action of centrifugal force and is then converted into pressure energy that is needed to pump
the liquid.
In positive displacement pumps, a definite or fixed quantity of liquid is pumped in every
revolution.
Since a fixed quantity of liquid is pumped after each revolution they can develop a very
high pressure if the delivery valve or line is closed.
In reciprocating pumps, the displacement is by reciprocation of a piston or plunger, while
in rotary pumps, the displacement is by rotary action of a gear or vane.
Positive displacement pumps are further classified as :
1. Reciprocating pumps, e.g., piston pump, plunger pump, etc.
2. Rotary pumps, e.g., gear pump, mono pump.
Factors which influence the choice of pump for a particular operation
While selecting a pump for a particular duty we have to consider the following factors :
(i) The quantity of liquid to be handled.
(ii) The head against which the liquid to be pumped/raised.
(iii) The nature of liquid to be handled (viscosity, clear liquids, suspensions, corrosive
nature).
(iv) The nature of power supply.
(v) The method of operation – continuous or intermittent.
(vi) The flow rate required.
(vii) The pressure on delivery.
(viii) Cost and mechanical efficiency.
Measurement of performance
(i) Capacity : It is the rate at which the fluid is pumped by a fluid moving device. It is
expressed in various units – based on the type of pumping device. For liquids, it is expressed
in litres per minute or gallons per minute and for gases, it is expressed in cubic feet per
minute at inlet conditions of gases to the machine.
(ii) Overall efficiency : It is the ratio of the useful hydraulic work performed to the
actual work input, irrespective of the type of drive.
CENTRIFUGAL PUMPS
A pump which lifts a liquid from a lower level to a higher level by the action of a
centrifugal force is called as a centrifugal pump. Centrifugal pumps are very widely used in
the chemical and petroleum industries because of its many advantages such as simplicity of
design, low initial cost, low maintenance and flexibility of operation. The centrifugal pump
can handle liquids of a wide range of properties. It is equally suitable for handling
suspensions with a high solid content. It may be constructed from a wide range of corrosion
resistant materials and it may be directly coupled to an electric motor as it operates at high
speeds.
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In a centrifugal pump, power from an outside source is applied to the shaft, the impeller
then rotates within the stationary casing. The impeller blades in revolving produce a
reduction in pressure at the eye of the impeller. Due to this, liquid flows into the impeller
from the suction pipe. The liquid is thrown outward by the centrifugal action along the
blades. As a result of high speed of rotation, the liquid acquires a high kinetic energy. The
kinetic energy acquired is then converted into pressure energy when it leaves the blade tips
and the liquid passes into the volute chamber and finally it is discharged through the outlet
(discharge) on the pump. This action of the centrifugal pump is shown in Fig. 8.3.
Construction or Component Parts of a Centrifugal Pump
Delivery pipe
Delivery valve

Impeller

Eye

Casing
Suction pipe

Valve open

Sump

Valve close
Valve body
Valve seat
Valve (rubber disc)

Foot valve
strainer
Foot valve-swing type

Fig. 8.3 : Component parts of a centrifugal pump
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Impeller
It is a wheel or rotor that is provided with a series of curved blades or vanes. It is
mounted on a shaft which is coupled to an electric motor (an external source of energy). The
blades/vanes are shaped in such a way that the flow within the pump is as smooth as
possible. The impeller is the heart of the centrifugal pump.
Impeller types :
(i) Open impeller, (ii) Semi-open impeller, and (iii) Closed or shrouded impeller.
The open impeller has the blades fixed to a central hub. Such impellers are suited for
pumping liquids containing suspended solids, e.g., paper pulp, sewage, etc.
The closed impeller has the blades held between two supporting plates / shrouds (crown
plate and base plate). This impeller provides better guidance for the liquid and is more
efficient. This type of impeller is suited for pumping clear liquids (liquids containing no
suspended particles, dirts, etc.).
The semi-open impeller has only one plate (base plate) and no crown plate (i.e., it has a
plate on one side of the blades/vanes). Such impellers are suitable for liquids containing
some solid particles or dirts.
For viscous liquids or liquids containing solids, open or semi-open type impellers are
used. The most efficient impeller is the closed or shrouded type. The impeller may be a
single suction type or double suction type. In the former type, the liquid enters the impeller
from one side; while in the latter type, the liquid enters from both the sides.
Open type
impeller

Semi-open type impeller

(i) Open impeller

(ii) Semi-open impeller

Shrouded or closed
type impeller

(iii) Closed impeller
Fig. 8.4 : Types of impeller

Unit Operations-I

8.9

Transportation of Fluids

Casing
It is an airtight chamber in which the impeller rotates. It is provided with an inlet
(suction) and outlet (discharge) for the liquid to be pumped. The function of the casing is to
convert the kinetic energy imparted to the liquid by the impeller into useful pressure energy.
Types of casing :
(i) volute type casing and

(ii) diffuser type casing.

In a volute type casing, the
liquid is discharged by the
impeller into the volute - a
chamber of gradually increasing
cross-sectional area towards the
outlet [Fig. 8.5 (a)]. In the volute,
the fluid velocity decreases
gradually thereby increasing fluid
pressure, i.e., the volute converts
the kinetic energy of the liquid
imparted by the impeller into
pressure energy. In this design, a
considerable loss of energy takes
place due to formation of eddies.

Y

Impeller

Volute casing
Y

(a) Volute pump
Impeller
Y

A vortex chamber is an
improved version of the volute
design. In this case, a circular
chamber is provided between the
impeller and the volute chamber
[Fig. 8.5 (b)]. This design
reduces eddies to a considerable
extent
with
increase
in
efficiency.

Vortex chamber
Y

Volute chamber

(b) Volute pump with vortex chamber
Fig. 8.5 : (a) Volute type casing
(b) Vortex type casing
In a diffuser type casing (turbine pump), guide vanes or diffusers are interposed between
the chamber and the impeller. The impeller is surrounded by a series of guide vanes mounted
on a ring called diffuser ring as shown in Fig. 8.6. The conversion of kinetic energy into
pressure energy is more efficient with this type compared to the volute type. There is a
gradual change in the direction of fluid so that the losses are kept minimum.
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Guide vanes

Fig. 8.6 : Diffuser type casing
Other component parts of the centrifugal pump are : shaft, bearing, stuffing box, or
mechanical seal, etc. Shaft must be of a corrosion resistant material and must have good
mechanical properties. The shaft transmits power from the drive unit to the impeller.
Sometimes, a shaft sleeve of corrosion resistant material is provided over the corrosive shaft
material from strength criteria.
Shaft is mounted on bearings which handle shaft load without excessive wear. Stuffing
box is a means of reducing/avoiding leakage which would otherwise occur at the point of
entry of the shaft into the casing. With this the maintenance costs are high. A considerable
reduction in expenditure on maintenance can be effected at the price of a small increase in
the initial cost by fitting the pump with a mechanical seal. For high pressures and corrosive
fluids, mechanical seals are used.
Working of a Centrifugal Pump
In the operation of a centrifugal pump before the pump is started, priming of the pump is
done. In the priming operation, the suction pipe, pump casing, and portion of the delivery
pipe upto a delivery valve are completely filled with the liquid to be pumped so that all the
air, gas or vapour from this portion of the pump is expelled out and no air pocket is left. In
presence of even very small air pocket in any of these portions, pump will not discharge the
liquid. The need to do priming of pump is due to the fact that the pressure generated by a
centrifugal pump impeller is directly proportional to the density of fluid that is in contact
with it. Therefore, if the impeller is rotated in the presence of air, only negligible pressure
would be produced and thus no liquid will be lifted by the pump.
After the pump is primed properly, the delivery valve is kept close and power from an
outside source (electric motor) is applied to the shaft. The delivery valve is kept close in
order to reduce the starting torque for the motor. The impeller then rotates within the
stationary casing. The rotation of the impeller produces a forced vortex which imparts a
centrifugal head to the liquid and thus results in an increase of pressure throughout the liquid
mass. As long as the delivery valve is closed and impeller is rotated, there will be just
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churning of the liquid within the casing. When the delivery valve is opened, the liquid is
made to flow in an outward radial direction thereby leaving the vanes of the impeller at the
outer circumference with high velocity and pressure. Due to centrifugal action, a partial
vacuum is created at the eye of the impeller. This causes the liquid from the sump/reservoir
(at atmospheric pressure) to flow through the suction pipe to the eye of the impeller thereby
replacing the liquid which is being discharged from the entire circumference of the impeller.
The high pressure of the liquid leaving the impeller is utilised in lifting the liquid to the
required height through the delivery pipe.
During the operation, liquid receives energy from the vanes which results in an increase
in both pressure and velocity energy. As such the liquid leaves the impeller with a high
absolute velocity. In order that the kinetic energy corresponding to the high velocity of liquid
leaving is not wasted in eddies and efficiency of the pump thereby lowered, it is essential that
the high velocity of the leaving liquid is gradually reduced to the lower velocity in the
delivery pipe, so that a large portion of the kinetic energy is converted into useful pressure
energy. This is usually achieved by shaping the casing such that the leaving liquid flows
through a passage of gradually expanded area. The gradual increase in the flow area of the
casing also helps in maintaining uniform flow velocity throughout.
Advantages of Centrifugal Pump :
1. It is simple in construction.
2. Due to its simplicity of construction, it can be made in a wide range of materials.
3. Low initial cost and simplicity of design.
4. It operates at high speed and hence, can be coupled directly to an electric motor. In
general, higher the speed, smaller the pump and motor required for a given duty.
5. It gives a steady delivery / discharge.
6. Lower maintenance (compared to other pumps) costs.
7. It does not get damaged even if the delivery line becomes blocked, or the delivery
valve is closed, provided the pump does not run in this condition for a prolonged
period.
8. It can handle readily liquids containing high proportions of suspended solids.
9. For equal capacity, the centrifugal pump is much smaller than any other type of
pump. Therefore, it can be made into a sealed unit with the driving motor and
immersed in the suction tank.
Disadvantages of Centrifugal Pump :
1.

It is not usually self-priming.

2.

It operates at low efficiencies (50 – 65%).

3.

It cannot handle very viscous liquids efficiently.
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It does not develop a high pressure. Multistage pumps will develop greater pressure
heads but they are much more expensive and cannot be made into corrosion resistant
materials because of their greater complex construction.

5.

If a non-return valve is not provided in the delivery or suction line, the liquid will
run back into the suction tank (reservoir) as soon as the pump stops.
HEAD OF A CENTRIFUGAL PUMP
A pump installed in a pipeline which draws a liquid from a reservoir and discharges it at
a constant volumetric flow rate at the exit of the pipeline (i.e., at point 2) is shown in
Fig. 8.7.
The suction line is that portion of the piping which carries a liquid to a pump and
discharge line is that portion of the piping which carries the liquid out of the pump.
2

Z2

1
Z1

Datum

Fig. 8.7 : Pump flow system
Total head developed by a pump is composed of the difference between static pressures
and velocity heads plus the frictional losses in the suction and discharge line of the pump.
Let Z1, Z2 be the elevations of stations 1 and 2 respectively above a certain datum level.
u1 and u2 be the velocities and P1 and P2 be the pressures at stations 1 and 2 respectively. Let
Wp be the pump work per unit mass of fluid and η be the (mechanical) efficiency of the
pump.
The Bernoulli's equation between stations 1 and 2 in terms of energy per unit mass of a
fluid is
2
2
P2
P1
u1
u2
+ 2 + g Z1 + ηWp =
+ 2 + g Z2 + hf
… (8.1)
ρ
ρ
1 2
1
2
ηWp = g (Z2 – Z1) + 2 (u2 – u1) + (P2 – P1) + hf
… (8.2)
ρ
Each term in Equation (8.2) has the units of energy per unit mass.
Let us check the units of the termed involved.
The unit of g (Z2 – Z1) is
m2
kg
kg.m m
(m/s2) × m = m2/s2 = s2 × kg = s2 . kg = N.m/kg = J/kg
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1
(P – P1) is :
ρ 2
N
1
×
3
m2 = N.m/kg = J/kg
kg/m
The unit of ηWp is : J/kg
4 f Lu2
m × m2/s2
The unit of hf is : hf = 2D =
= m2/s2 = J/kg
m
Equation (8.2) can also be written as
1
1
2
2
(P – P1) + (hf / g)
… (8.3)
ηWp/g = (Z2 – Z1) + 2g (u2 – u1) +
ρg 2
Each term in the above equation has the units of m of flowing fluid and thus are called as
heads. Therefore, Total head =
= difference in static head + difference in velocity head + difference in pressure
head + frictional losses in m of fluid – (frictional head)
Let us check the units of each term of Equation (8.3).
The unit of (Z2 – Z1) is : m
1
1
(kg.m/s2) × m2
2 =
The unit of
(P2 – P1) is = kg
×
N/m
= m
ρg
kg/m3 × m/s2
  × m
m3  s2 
kg.m
J/kg
1
1
The unit of ηWp/g is : m/s2 =  s2  × kg × m/s2 = m


4 fLu2
1
m × m2/s2
 1  = m
The unit of hf / g is : 2 D × g =
×
m
m/s2
The R.H.S. of Equation (8.3) represents the total head developed by the pump. Thus, the
pump work is equal to the total head developed by the pump.
2
2
P1 

  2 u1
u2 P2

ηWp/g = Z2 + 2g +
+ hf/g – Z1 + 2g +
… (8.4)
ρg
ρg

 
= H2 – H1 = ∆H = total developed head
where
H2 = total discharge head
H1 = total suction head
ηWp/g = ∆H
… (8.5)
∴
Wp = ∆H ⋅ g/η
… (8.6)
The power supplied to the pump or the power input to the pump (PB) from an external
source (e.g., an electric motor) is given by
·
· W = m ⋅ ∆H ⋅ g
PB = m
P
η
·m × total head × g
or
PB =
… (8.7)
η
· is the mass flow rate in kg/s, ∆H is the total head in m of the liquid to be pumped,
where m
The unit of

η is the efficiency of the pump and g is 9.81 m/s2.
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The S.I. unit is PB is J/s (= W).
· × unit of ∆H × unit of g, since η is dimensionless
Unit of PB ⇒ unit of m
kg
m
⇒ s × m × s2
kg
m
kg⋅m m
⇒ s × m × s2 ⇒ s2 × s
⇒

N⋅m
s ⇒ J/s ⇒ W

In the S.I. system, power is measured in joules per second, i.e., a unit called the watt (W).
The power delivered/supplied to the fluid by the pump (Pf) or theoretical power is given
by
· × ∆H × g = η ⋅ W
Pf = m
p
Combining Equations (8.7) and (8.8), we get
Pf
η = P
B

… (8.8)

… (8.9)

Sometimes the efficiency of pump is also denoted by ηp.
The mechanical efficiency or simply efficiency of a centrifugal pump is defined as the
ratio of the power delivered to the fluid by the pump to the power supplied to the pump from
an external source.
Pf
Power delivered to fluid
Power delivered to fluid
η = P = Power supplied to the pump = Power input to the pump
B
Theoretical power
= Actual power input to the pump

… (8.9)

If we use electric motor as an external source and if the efficiency of the motor is ηm,
then
Power supplied to the pump by the motor
ηm = Power taken by the motor from the power line
Pm = Power taken by the motor from the power line
= Power input to the motor from the power line
= Power requirement of the pump-motor set
Power supplied to the pump by the motor = Power output of the motor
PB
ηm = P
m

… (8.9 A)
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Combining Equations (8.9 A) and (8.9), we get
Pf
ηm =
ηPm
Pm =

Pf
η ⋅ ηm

… (8.9 B)

η = Efficiency of the pump, ηm = Efficiency of the motor
If ηo is the overall efficiency, i.e., the efficiency of the pump-motor set, then

and

ηo = η ⋅ ηm
Pf
Pm =
ηo

… (8.9 C)

PB is also called as shaft power or the power delivered by the motor to the pump and Pf is
also called as fluid power.
Case-I : If the stations 1 and 2 are at atmospheric pressure (i.e., are open to the
atmosphere), station 1 is arbitrarily chosen as a datum level, and the velocity at station 1 is
negligible in comparison with that at station 2, then Equation (8.2) reduces to
1 2
… (8.10)
ηWp = g Z2 + 2 u2 + hf , J/kg
1 2
or
∆H.g = g Z2 + 2 u2 + hf
1 2
∆H = Z2 + 2g u2 + hf /g , m
… (8.11)
(as P1 = P2 = Patm, Z1 = 0, and u1 ≈ 0).
Cavitation
The vapour pressure of a liquid is the pressure at which the liquid is converted into
vapour at a given temperature. If the pressure in the suction line is less than the vapour
pressure of the liquid, then some of the liquid flashes into vapour. This phenomenon is called
cavitation. When cavitation occurs the liquid will not be pumped.
In case of a centrifugal pump, the phenomenon of flashing of some of the liquid into
vapour when the suction pressure falls below the vapour pressure of the liquid is called
cavitation.
The occurrence of cavitation can be noted by a marked increase in noise and vibration
and the cavitation leads to the mechanical damage to the pump as the vapour bubbles
collapse.
As long as the pressure at the suction is more than the vapour pressure, the liquid is
pumped. Therefore, care must be taken so that the pressure in the suction line does not fall
below the vapour pressure of the liquid to be pumped. Cavitation will not take place when
the sum of the velocity and suction heads at the suction is sufficiently greater than the vapour
pressure of the liquid at the temperature of pumping.
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The cavitation can be eliminated by avoiding sharp bends in the suction line to reduce
loss of head, keeping velocity in the suction line low and using low pumping temperatures to
keep the vapour pressure low.
Net Positive Suction Head (NPSH)
It is necessary to specify the minimum value of the net positive suction head (NPSH)
which must exist at the suction point of the pump by the pump manufacturers.
•

In order to avoid cavitation, the pressure at the suction point of the pump must be
higher than the vapour pressure of the liquid by a certain value, which is called the
net positive suction head.

•

The NPSH is the amount by which the pressure at the suction point of the pump,
expressed as a head of the liquid to be pumped (i.e., the sum of the velocity and
pressure heads), is in excess of the vapour pressure of the liquid.

For any installation, NPSH must be calculated by taking into consideration the absolute
pressure of the liquid, the level of the pump, the velocity head in the suction line and friction
head in the suction line. If the required value of NPSH is not obtained, then partial
vaporisation is likely to take place and both suction and delivery heads get reduced. The
reduction in suction head may cause the pump to be starved of the liquid.
hD
Z2

2

Z1
hs

1

1'

Fig. 8.8 : System with suction lift (Negative suction)
Z1 is the static suction lift (also denoted by hs). It is the vertical height of the centre line
of the pump shaft above the liquid surface in the pump (reservoir) from which the liquid
being raised.
Z2 is the static delivery lift (also denoted by hD). It is the vertical height of the liquid
surface in the tank to which the liquid is delivered above the centre line of the pump shaft.
For the pumping system shown in Fig. 8.8, the NPSH in m of the flowing liquid is given
by
absolute pressure head
NPSH = available at suction point – 1 – (vapour pressure head)
2
P1
Pv
u1
= 2g +
–
… (8.12)
ρg ρg
where Pv = vapour pressure of the liquid at the pumping temperature.
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The Bernoulli equation in terms of m of the liquid between stations 1' and 1 is
2

2
P'1 u'1
P1
u1
'
+ 2g + Z1 = 2g + Z1 +
+ hfs
… (8.13)
ρg
ρg
Note that hfs in the above equation is to be expressed in m of the liquid to be pumped.
hfs is the head lost in friction in the suction line.
If Z' = 0 and u' = 0, then
1

1

2
P1'
P1
u1
= 2g + Z1 +
+ hfs
ρg
ρg
Rearranging Equation (8.14), we get
2
P'1
P1
u1
+ 2g =
– Z1 – hfs
ρg
ρg
From Equations (8.15) and (8.12), we get
P'1
Pv
NPSH =
–
– Z1 – hfs
ρg ρg

… (8.14)

… (8.15)

… (8.16)

P1

Z1

Delivery
Suction

Fig. 8.9 : Suction system of a centrifugal pump (Positive/flooded suction)
For the system shown in Fig. 8.9, in which the pump is taking liquid from a reservoir at
an absolute pressure P1 and in which the liquid level is at a height Z1 above the suction point
of the pump then NPSH is given by the difference between the total head at the suction inlet
and the head corresponding to the vapour pressure of the liquid at the pump inlet.
P1
Pv
NPSH =
–
– hfs + Z1
… (8.17)
ρg ρg
where hfs is the head lost in friction.
The cavitation may sometimes be rectified by closing the valve on the pump delivery or
by reducing the pump speed by a small amount. Usually, a small fast-running pump will
require a larger NPSH than a larger slow-running pump.
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If NPSH = 0, the cavitation will occur as at this value the suction pressure equals the
vapour pressure of the liquid.
P1
Pv
NPSH =
–
– hfs + Z1 = 0
ρg ρg
∴

Pv
P1
+ Z1 – hfs =
ρg
ρg

Total head at pump inlet (i.e., at suction) = Head corresponding to the vapour pressure
of the liquid at the pump inlet.
Thus, NPSH must be greater than zero. The required value of NPSH is usually 2 or 3 m
or more.
NPSH may also be defined as the head required to make the liquid flow through the
suction pipe to the impeller.

AIR BINDING AND PRIMING
The pressure developed by the pump impeller is proportional to the density of fluid in the
impeller. If air enters the impeller, the pressure developed is reduced by a factor equal to the
ratio of the density of air to the density of liquid and this head in meters of air represents a
very small pressure in terms of the liquid to be pumped. Hence, for all practical purposes, the
pump is not capable to force the liquid through the delivery pipe. This is called as air binding
of the pump.
If the pump is initially full of air, to avoid air binding it needs priming.
The removal of air from the suction line and pump casing is known as priming.
The priming should be done before the pump is started. Priming is done by first filling
the suction line and pump casing with liquid. Then pump is started with a delivery valve
closed so that rotating impeller pushes the liquid in the delivery pipe. Finally, the delivery
valve is opened so that air is displaced by the liquid to be pumped.
Priming may be done by providing a non-return valve in the suction line so that the
suction line and casing will be full of liquid to be pumped even though the pump is in a shut
down position. Small pumps are usually primed by pouring the liquid through a funnel into
the casing from some external source. An air vent provided on the casing is opened to exit of
the air. When all the air has been removed from the suction line and the pump casing, the air
vent is closed and the pump is said to be primed.
Large pumps are usually primed by evaluating the casing and the suction line with the aid
of an air pump or an ejector, the liquid is thus, sucked into the suction line from the sump.
In some pumps, their internal construction is such that special arrangements containing a
supply of liquid are provided in the suction line, which facilitate automatic priming of the
pump. These pumps are known as self-priming pumps.
The need for priming is eliminated by providing positive suction head.
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CENTRIFUGAL PUMP PERFORMANCE
Losses in a Centrifugal Pump :
The various losses occurring during the operation of a centrifugal pump are :
(A) Mechanical losses :
These losses occur because of :
(i) disc friction between the impeller and the liquid which fills the clearance spaces
between the impeller and the casing,
(ii) friction in bearings and stuffing box packings.
(B) Leakage losses :
These losses are caused by the leakage from the tip of the impeller to the impeller
suction. These losses are very high with open impellers.
(C) Recirculation losses :
These losses are caused by the circulation of the liquid within the space between the
vanes due to non-uniform velocity in the space between two adjacent vanes of the impeller.
(D) Hydraulic losses :
Hydraulic losses in pump are :
(i) Shock or eddy losses at the entrance to and the exit from the impeller.
(ii) Friction losses in the impeller.
(iii) Friction and eddy losses in the guide vanes (or diffuser) and casing.
Other hydraulic losses consist of friction in the suction and delivery line.
CHARACTERISTIC CURVES
A pump is usually designed for one particular speed, flow rate and head, but in actual
practice, it may be operated at some other conditions of head or flow rate. The behaviour of
the pump may be quite different for the changed conditions. In order to predict the behaviour
and performance of a pump under varying conditions, tests are performed, and the results of
such tests are plotted. The curves thus obtained, which are used to express the performance /
operating characteristics of any particular pump, are known as the characteristic curves of
the pump.
Head
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h-Q
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npu
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Pf - Q

PB - Q

Efficiency, Power output

Head, Power input

H-Q

Capacity / Discharge rate

Fig. 8.10 : Operating characteristic curves of a centrifugal pump

Unit Operations-I

8.20

Transportation of Fluids

Characteristic curves showing head, power input and efficiency as a function of
discharge rate (capacity) for a particular centrifugal pump at a particular speed are shown in
Fig. 8.10. Thus, the characteristic curves of a centrifugal pump are the graphical
relationships between head and discharge rate, efficiency and discharge rate and power
input and discharge rate at a given speed.
The H-Q curve shows the relationship between head and capacity/discharge rate. It is
clear from the curve that the head decreases continuously as the discharge rate/capacity is
increased. The optimum conditions for operation are those at which the ordinate through the
point of maximum efficiency cuts the head curve. The point A is called as the duty point.
The values of head and discharge rate corresponding to the maximum efficiency are known
as the normal or designed head and normal or designed discharge of the pump.
The head corresponding to zero or no discharge is known as the shut-off head of the
pump. From H-Q curve, it is possible to determine whether the pump will handle the
necessary quantity of liquid against a desired head or not and the effect of increase or
decrease of head. The PB – Q curve gives us an idea regarding the size of motor (power)
required to operate the pump at the required conditions and whether or not motor will be
overloaded under any other operating conditions. The η – Q curve shows the relationship
between pump efficiency and capacity. It is clear from η – Q curve that efficiency rises
rapidly with discharge at low discharge rate, reaches a maximum in the region of the rated
capacity and then falls.

Theoretical

H

Actual

Q

Fig. 8.11 : H v/s Q for a centrifugal pump
It is clear from Fig. 8.11 that the actual head is less than the theoretical head. The factors
responsible for the head loss are : circulatory flow, fluid friction in the passages and channels
of the pump and shock losses from the sudden change in the direction of the liquid leaving
the impeller and joining the stream of liquid travelling circumferentially around the casing.
The difference between power input and fluid power (power delivered to the fluid)
represents the power lost in the pump (Fig. 8.10). It is due to fluid friction and shock losses
(which are conversions of mechanical energy into heat), leakage, disk friction and bearing
losses.
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CENTRIFUGAL PUMP TROUBLES AND REMEDIES
Commonly experienced troubles during the operation of the centrifugal pump and
remedial measures to be taken for the same are given below :
(A) Pump fails to start pumping :
(i) The voltage may be low.
(ii) The pump may not be primed properly. Reprime the pump.
(iii) Total static head may be higher than that for which pump is designed. Check it by
measuring distance between the suction liquid level and pump discharge. Add to
this head loss due to friction (in pipe and pipe fittings).
(iv) Direction of rotation of the impeller may be wrong. Arrow on pump casing shows
the proper direction of rotation.
(v) Suction lift may be too high. Check with a vacuum gauge or by actual
measurement.
(vi) Strainer or suction line may be clogged. Check it.
(vii) Speed may be too low. Check speed with a techometer and compare with the
speed cited on the name plate of pump.
(viii) Impeller may be clogged. Check carefully for solids or foreign matter lodged in
the impeller.
Before starting the pump, check whether the pump shaft is free or not. Make it free.
(B) Pump is working but not upto the capacity and pressure :
(i) Air may be leaking into the pump (through suction line or stuffing box).
(ii) Speed may be too low.
(iii) Suction lift may be too high.
(iv) Discharge head may be higher than anticipated.
(v) Foot valve or end of suction pipe may not have sufficient submergence or it may be
partially clogged.
(vi) Impeller may be partially clogged.
(vii) Wearing rings may be worn.
(viii) Impeller may be damaged, shaft may be loose, stuffing box packing may be
defective.
(C) Pump starts and then stop pumping :
(i) Pump may be improperly primed or may be leaky suction line.
(ii) There may be air pockets in the suction line.
(iii) Suction lift may be too high.
(D) Pump takes too much power :
(i) Speed may be too high.
(ii) Head may be too low and pump delivers too much liquid.
(iii) Specific gravity of liquid may be too high.
(iv) Pump may be operating in wrong direction.
(v) Shaft may have bend, impeller may be rubbing on casing, stuffing box may be too
tight, wearing rings may be worn out.
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POSITIVE DISPLACEMENT PUMPS
RECIPROCATING PUMPS
Construction / Components of a Reciprocating Pump :
A reciprocating pump essentially consists of a piston or plunger which moves to and fro
i.e., reciprocates back and forth in a close fitting stationary cylinder. Fig. 8.12 shows a
reciprocating pump.
Delivery pipe
Connecting rod
Delivery valve
Suction valve
Piston or Plunger
Suction pipe

Cylinder

Rotating crank

Fig. 8.12 : Single acting reciprocating pump
The cylinder is connected to suction and delivery pipes. Each of these pipes are
provided with a non-return valve called suction valve and delivery valve respectively.
A non-return valve permits unidirectional flow. Thus, the suction valve allows the liquids
only to enter the cylinder and the delivery valve allows only its discharge from the cylinder.
A piston or plunger is connected to a crank by means of a connecting rod. The crank is
rotated by a driving engine or electric motor. When the crank is rotated by the drive, the
piston or plunger moves to and fro (forward and backward movement) in the cylinder. The
reciprocating pumps are provided with an air vessel at the discharge.
Working of a Reciprocating Pump :
Assume that the piston or plunger is initially at its extremely left position
(i.e., completely inside the cylinder). If the crank rotates through 180o, then the piston or
plunger moves to its extreme right position (i.e., moves outwardly from the cylinder). During
the outward movement of the piston or plunger, a partial vacuum is created in the cylinder,
which enables the atmospheric pressure acting on the liquid surface in the sump below to
force the liquid up the suction pipe and fill the cylinder by forcingly opening the suction
valve. As during this operation of the pump, the liquid is sucked from the sump, it is known
as a suction stroke. Hence, at the end of the suction stroke, the piston or plunger is at its
extreme right position, crank is at θ = 180o, the cylinder is full of liquid, the suction valve is
closed and the delivery valve is just at the point of opening.
When the crank rotates through further 180o (i.e., θ = 180o to 360o), the piston or
plunger moves inwardly from its extreme right position towards left. The inward movement
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of the piston or plunger causes the pressure of the liquid in the cylinder to rise above
atmospheric temperature, because of which the suction valve closes and delivery valve
opens. The liquid is then forced up the delivery pipe and raised to the required height. As
during this operation of the pump, the liquid is actually delivered to the required height, it is
known as a delivery stroke. At the end of the delivery stroke, the piston or plunger is at the
extreme position, crank has one complete revolution, and both the delivery and suction
valves are closed. The same cycle is repeated as the crank rotates. This is the working
principle of a reciprocating pump.
Types of Reciprocating Pumps
Based on the reciprocating member (pressure component) piston, plunger or diaphragm,
there are three types of reciprocating pumps :
1. Piston pumps
2. Plunger pumps
3. Diaphragm pumps
According to the liquid being in contact with one side or both the sides of a piston or
plunger, the reciprocating pumps may be classified as :
(i) Single acting pump and
(ii) Double acting pump.
(i) Single acting pump
It is the one in which the liquid is in contact with only one side of a piston or plunger
(in front of piston or plunger). This pump has one suction pipe and one delivery pipe and in
one complete revolution of the crank, there are two strokes - one suction stroke and one
delivery stroke.
(ii) Double acting pump
It is the one in which the liquid is in contact with both the sides of a piston or plunger.
This pump has two suction pipes and two delivery pipes. During each stroke, the suction
takes place on one side of the piston and other side delivers the liquid. So in case of double
acting pump in one complete revolution of the crank, there are two suction strokes and two
delivery strokes.
Most piston pumps are double acting, while plunger pumps are single acting.
According to the number of cylinders provided, reciprocating pumps may be classified
as :
1. Simplex – single cylinder pump.
2. Duplex – double cylinder pump
3. Triplex – triple cylinder pump.
A simplex pump is the one having only one cylinder. The single cylinder pump may be
single acting or double acting. A double cylinder pump or duplex pump is the one which has
two single acting cylinders, each may be equipped with one suction and one delivery pipe
with appropriate valves and a separate piston or plunger for each cylinder. In an alternate
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arrangement, there may be only one suction pipe, one delivery pipe and one piston for both
the cylinders. The working of a duplex pump is similar to that of a double acting single
cylinder pump.
Valve close

Valve open

Valve open

Valve close

Fig. 8.13 : Duplex pump
A triplex pump has three single acting cylinders, each equipped with one suction and
one delivery pipe and separate piston or plunger.
1. Piston pump
It consists of a cylinder with a reciprocating piston. It is equipped with valves at inlet
and discharge for the liquid being pumped. The liquid to be pumped enters from the suction
line via a suction valve and is discharged at high pressure through a delivery valve. This type
of pump may be single acting or double acting and may be direct acting, steam driven or
power driven with a crank and a flywheel.
In case of single acting pumps, the liquid is admitted only on one side of the piston
(in front of the piston) while in double acting pumps, the liquid is admitted on both sides of
the piston.
Both these types are shown in Fig. 8.14.
Delivery valve
Cylinder

3

Suction valve

2

Piston

(a) Single acting

(b) Double acting
Fig. 8.14 : Piston pumps

4

1
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In case of single acting pumps, as the piston moves backward from the suction port, the
liquid is drawn into the chamber through a suction valve which allows the liquid only to flow
into the chamber. As the piston moves forward, the liquid is pressed and liquid is pumped out
via a delivery valve through the delivery port. In case of double acting pumps, the liquid is
drawn into the pump and discharged from the pump during backward as well as forward
strokes. In the backward stroke, the liquid is drawn into the pump through the suction
port (1) and liquid is discharged through the delivery port (3) and in the forward stroke, the
liquid is drawn into the pump through suction port (2) and liquid is discharged through
delivery port (4). With single acting pumps, the delivery is zero during return stroke
(backward stroke) and with double acting pumps, the delivery is same in the forward and
return stroke.
The theoretical delivery of the piston pump is nothing but the total swept volume of the
cylinder (no. of strokes per second × area of piston × length of stroke). Due to leakages past
the piston, valves and inertia of the valves, the actual delivery may be less than the
theoretical delivery. The volumetric efficiency of piston pumps which is the ratio of the
actual discharge to the swept volume is normally greater than 90 per cent.
These type of pumps are provided with an air vessel at the pump discharge to make the
flow in the delivery line continuous and to reduce energy requirement at the beginning of
each stroke. During the forward stroke commencement, the liquid is pumped into the air
vessel and the air is compressed and at the end of stroke when discharge decreases, the
pressure in the air vessel is sufficiently high to expel some of the liquid in the delivery line.
The discharge of the liquid in the delivery line can be kept approximately constant by
incorporation of a large air vessel close to the pump. The air vessel fitted on the delivery line
also reduces the frictional losses.
This type of pump is comparatively simple in construction, operates at high mechanical
efficiencies over a wide range of operating conditions, does not require priming and can be
used to develop pressure upto 6 MPa. The load on a driving mechanism with this type is
uneven as the delivery is uneven. The piston pumps are well suited for pumping small
quantities of liquids to high pressures.
Fig. 8.15 shows discharge curves for reciprocating pumps.
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Single Acting
Delivery
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Discharge
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Double Acting
Suction

Time
(b)

Fig. 8.15 : Delivery from
(a) simplex and (b) duplex
2.

180º

0º

90º
180º
270º
Crank angle

360º

Fig. 8.16 : Delivery from single
acting and double acting pump

Plunger pumps

The principle of operation of a plunger pump is the same as that of the piston pump.
It consists of a heavy-walled cylinder of a small diameter that incorporates a close fitting
reciprocating plunger, which is merely an extension of a piston rod. This type of pump is
always single acting in the sense that only one end of the plunger is used to pump the liquid
and usually are motor driven. These are used for high pressure applications and can discharge
against a pressure of 150 MPa or more. It may be used for injecting small quantities of
inhibitors to high pressure systems and for feeding water to boilers.
3.

Metering pumps

Metering pumps are driven by a constant speed electric motor and maintain constant
delivery rates irrespective of changes in the pressure against which they operate. For low
discharge and high pressure services, they are of the plunger type and for high discharge and
low pressure services, they are of the piston type. During the pumping operation also, the
delivery rate from the pump can be controlled by controlling the displacement (stroke) of the
piston element by manually on the pump or remotely.
Metering pumps are used for constant and accurately controlled delivery rates. They
may be used for feeding of reactants and inhibitors to reactors at controlled rates and for the
dosing of water supplies.
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Diaphragm pumps

For handling of corrosive liquids, toxic liquids or liquids containing suspensions of
abrasive solids, diaphragm pumps are commonly used. This pump is divided into two
sections by a reciprocating driving member which is nothing but a flexible diaphragm. The
diaphragm can be fabricated out of metal, rubber or plastic material. In one section of the
pump, there is a liquid to be pumped and in the other section there is a piston or plunger
working in non-corrosive fluid (e.g., oil) which actuates the diaphragm to and fro. The fluid
movement is transmitted by means of the diaphragm (flexible) to the liquid being pumped
and hence with this arrangement packing and seals are not exposed to the liquid being
pumped. Valves at the suction and discharge are the only moving parts which are in contact
with the liquid.
Pneumatically actuated diaphragm pumps utilize compressed plant air for pumping.
These pumps must have a flooded suction. The pressure they develop is of course, is limited
to the available compressed plant air pressure. As they incorporate large valves and operate
with low speed, they are employed for handling slurries where the degradation of suspended
solids is undesirable. Fig. 8.17 shows a schematic diagram of pneumatically actuated
diaphragm pump.
Air

Diaphragm

Fig. 8.17 : Pneumatically operated diaphragm pump
POSITIVE DISPLACEMENT ROTARY PUMP
In rotary pump as the elements of the pump rotate in a casing, a reduced pressure is
created on the inlet side, the liquid is thus forced into the pump, it is then trapped between
the rotating elements and the casing and finally is forced out of the discharge side of the
pump. The rotary pumps can handle liquids of any viscosity. The discharge rate from this
pump is a function of its size and speed of rotation. Rotary pumps include gear pumps and
mono pumps.
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Stator

Fig. 8.18 : Mono pump
1.

Mono pump

This pump consists of a rotor that rotates in a stator made of rubber or other similar
material. The rotor is a true helical metal screw while the stator has a double helical thread
pitched opposite to the spiral on the rotor. The liquid to be pumped moves continuously
towards a discharge through the voids between the rotor and the stator. This pump is capable
of handling highly viscous materials, gritty liquids, etc. It is widely used in the chemical
industry for feeding slurries containing higher proportion of solids to filtration equipments.
Fig. 8.18 shows a schematic diagram of mono pump.
2.

Gear pump

It consists of two toothed gear wheels enclosed in a casing provided with inlet and outlet
connections for liquid to be pumped. Of the two gear wheels, one is driven by an electric
drive and other rotates in mesh with it. The clearance between the gear wheels as well as
between the surface of the gear wheels and the casing is very small. The pump has no valves.
For this pump, the delivery/discharge rate of liquid is independent of pressure. It does not
need priming. The liquid entering in the pump from the inlet due to creation of a reduced
pressure at the inlet is carried round in the space between the gear teeth and the casing during
the rotation of gear wheels and after further rotation the liquid is pumped out of the discharge
side as the teeth come into mesh. The gear pumps are commonly used in the chemical
industry for handling high viscosity liquids including molasses, paints and greases. The gear
pump is not suited for liquids that carry solids in suspension due to close clearance between
gear wheels and teeth. The number of teeth on each gear wheel varies from three or four to a
considerable number.
The spur gear pump contains two gear wheels in a casing and the internal gear pump
contains pinion and ring gear with internal teeth. Fig. 8.19 shows gear (spur) type rotary
pump.
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Gear

Suction

Discharge

Gear

Fig. 8.19 : Gear pump
COMPARISON OF CENTRIFUGAL PUMP WITH RECIPROCATING PUMP
Centrifugal Pump
Reciprocating Pump
1. The means of fluid transfer is a 1. The means of fluid transfer is a
centrifugal force.
displacement of volume by a piston
element.
2. Simple in construction and light in 2. Complex in construction and heavy
weight due to less number of parts.
construction due to more number of
parts.
3. It requires less floor space and simple 3. It requires more floor space and
foundation.
comparatively heavy foundation.
4. It needs priming.
4. It does not need priming.
5. It does not incorporate an air vessel.
5. It incorporates an air vessel.
6. Discharge is steady and even.
6. Discharge is not even, it is pulsating.
7. Used for large capacity and low heads. 7. Used for low capacity and high heads.
8. It is operated at high speed.
8. It is operated at low speed.
9. It can handle relatively viscous liquids 9. It cannot handle viscous liquids and
and liquids containing suspended
liquids containing suspended solids.
solids.
It can handle clear liquids.
10. They are coupled directly to an electric 10. They are belt driven.
motor.
11. They are operated against a closed 11. They are never operated against a
valve without danger.
closed valve.
12. Efficiencies are low.
12. Efficiencies are high.
13. Maintenance cost is low.
13. Maintenance cost is high.
14. Costwise they are cheaper.
14. Cost of the reciprocating pump is
higher than the centrifugal pump of the
same power.
15. Designed for high discharge.
15. Designed for high heads.
16. Cannot develop high pressures.
16. Can develop high pressures.
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Advantages of Centrifugal Pump over Reciprocating Pump :
1.
2.

Simple in construction, requires less floor space and relatively simple foundation.
Discharge capacity is very much greater than that of reciprocating pumps.

3.

Centrifugal pumps can be used for handling liquids containing large proportion of
suspended solids efficiently whereas reciprocating pump is used for low viscosity
liquids and liquids free from suspended solids otherwise its valves can cause
frequent trouble.

4.

It can be operated at very high speed without any danger of separation and
cavitation and can be coupled directly to an electric motor.

5.

The maintenance cost of the centrifugal pump is low and only periodical checkup
is sufficient.

6.
7.

Centrifugal pumps are relatively cheaper than reciprocating pumps.
For equal capacity, the centrifugal pump is much smaller than the reciprocating
pump.
8.
Centrifugal pumps can be built in a wide variety of corrosion-resistant materials.
9.
These pumps deliver liquid at uniform pressure without pulsations.
PUMPING DEVICES FOR GASES
Like liquids, gases must also be moved through pipelines and process equipments using
proper fluid moving devices. Fans, blowers, and compressors are used for transportation of
gases based upon the service conditions.
The pumping devices for gases can be operated at higher speeds as the density of gas is
considerably less than the density of liquid. As the viscosity of a gas is low, there is a greater
tendency for leakage to occur, thus, gas compressors are designed with small clearances
between the moving parts. In gas compression, a large proportion of energy of compression
appears as heat in the gas, thereby the temperature of the gas increases significantly. This
increased temperature of the gas may limit the operation of the compressor. Thus, we have to
make a provision for cooling of the gas in order to maintain reasonable temperatures. Thus,
the gas compression is often carried out in a number of stages with interstage cooling.
FANS
Fans are used for moving gases when the pressure heads of less than 30 kPa are
involved. They are either centrifugal type or axial flow type. The centrifugal type fans
depend on the centrifugal force for propelling the gas, while axial flow type fans impart
energy to the gas as it flows parallel to the central axis of the fan. The inlet and outlet
volumes of gases are essentially equal due to very low operating pressures and hence are
simply movers of gas.
Fans are employed industrially for ventilation works, supplying air to dryers, supplying
draft to boilers, removal of fumes, etc.
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CYCLOIDAL / LOBE / ROOTES BLOWER
It is a positive displacement blower. This type of blower is used for capacity upto 7 m3/s
and discharge pressure upto 90 kPa. Thus, it is a high volume, intermediate pressure device
for gases. Its working principle is the same as that of the gear pump. It is usually used for
services where very large volumes must be delivered against a pressure too high for fans.
Such a type of blower is shown in Fig. 8.20.

Fig. 8.20 : Two-impeller type of positive rotary blower/roote/lobe blower
It consists of two lobe rotors incorporated in a casing. The casing is provided with inlet
and outlet connections for the gas to be handled. One of the rotors is driven by an electric
motor and the other one rotates in mesh with it. (i.e., it is gear driven from the first). The
shape of the lobes is epicycloid or hypocycloid to ensure a seal between the high pressure
region and the low pressure region at all angular positions. The compression is achieved by
the rotation of two rotors. The rotors turn in opposite directions, each passes to the inlet,
takes in the gas, it is compressed between impeller and the wall (casing) and finally it is
discharged outward. Though the cycloidal blowers are simple in construction and have a
larger capacity, they are being replaced in many cases by centrifugal blowers.
NASH HYSTOR PUMP
It is a positive displacement blower (rotary) and is also known as liquid piston type of
rotary blower. This type of blower is shown in Fig. 8.21. It consists of a vaned impeller
incorporated centrally in a casing. The casing is approximately elliptical in shape. The inlet
and discharge ports are located in the impeller hub. A sealing liquid in sufficient amount is
filled inside the casing to seal the impeller at its points of least clearance from the casing
(i.e., at the minor axis).
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As the impeller rotates, the centrifugal force drives the sealing liquid against the walls of
the elliptical casing. The sealing liquid alternately moves towards and go back (away) from
the centre of the impeller, thus acting essentially as a series of liquid pistons. The gas is
sucked in from the inlet ports A as these recede from impeller and the gas is compressed into
the outlet ports B as they advance towards the impeller. In order to prevent over-heating,
constant replacement or recirculation of the sealing liquid is necessary. The sealing liquid is
supplied at a pressure equal to the discharge pressure of the gas. For minimising the
carry-over of the entrained liquid, a separator is usually used in the discharge line. These
units can be operated upto discharge pressure of 20 psi. These units are offered as
single-stage units for pressure differential upto about 75 psi in the smaller sizes.
Inlet port A

Inlet

Discharge port B

Discharge

Discharge port B

Inlet port A

Rotation is clockwise

Fig. 8.21 : Nash Hystor pump / Liquid piston type of rotary blower
CENTRIFUGAL BLOWERS
The principle of operation of a centrifugal blower is the same as that of the centrifugal
pump. The main difference in a centrifugal blower and a pump is that the liquid handled in
the pump is practically incompressible while the gas handled in the blower is compressible.
A single-stage centrifugal blower bears a superficial resemblance to a centrifugal pump.
It consists of a vaned impeller keyed to a shaft connected to a drive. A casing is narrower and
diameter of the casing, discharge scroll are relatively large than in the pump. These units
necessitate high speed of operation and large impeller diameter as very high heads in terms
of low density fluid are needed to generate moderate pressure ratios. When the shaft rotates,
the impeller blades are driven inside the casing. The impeller is surrounded by a diffuser.
The function of the diffuser is to convert the kinetic energy of the gas leaving the impeller
into pressure energy. The section of each impeller and its diffuser forms a stage. These units
can be made to develop pressures of 275 kPa to 700 kPa with a multistage construction. The
multistage construction is employed when high discharge pressure is required.
Most centrifugal blowers/turbo blowers operate at speed 3500 rpm or more and recently
some units are designed to operate at speeds in excess of 30,000 rpm. The centrifugal / turbo
blowers compress the gas upto a pressure of about 250 kPa.
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Centrifugal / turbo blowers are used for supplying air to furnaces, cooling and drying
purposes, for transporting materials, for ventilation purposes, etc. Fig. 8.22 shows a
centrifugal blower.
Discharge scroll
Rotor

Inlet

Fig. 8.22 : Centrifugal blower
CENTRIFUGAL COMPRESSORS
Centrifugal compressors are multistage units containing a series of impellers on a single
shaft which rotates at high speed in a massive (large and heavy) casing. In this machine, a
gas flows into the eye of impeller, where it is accelerated radially, leaving at high velocity at
the outer edge, and flowing into a diffuser which converts kinetic energy into the pressure
energy. The gas is then directed into the eye of the next impeller. Centrifugal compressors
compress very large volumes of air or process gas upto 5400 m3/min at inlet to an outlet
pressure of 2 MPa. The smaller capacity machines can produce discharge pressures upto
several hundred atmospheres. These machines usually include some provision for cooling.
Centrifugal compressors are widely used in petroleum refineries and chemical plants.
RECIPROCATING COMPRESSORS
Reciprocating compressors are available either as a single-stage or multistage units for
pressures as high as 240 MPa. A reciprocating compressor incorporates a piston, a cylinder
with intake and exhaust valves and a crank shaft with a drive. These units operate
mechanically in the same manner as the reciprocating pumps and are usually double acting.
The cylinder of the compressor is usually water jacketed to remove heat of compression. The
reciprocating compressors are usually belt driven from an electric motor.
When it is not possible to achieve the required compression ratio with single stage units,
multistage units are used. In case of multistage compressors, it is general practice to cool the
gas between the stages. For cooling purpose, coolers are employed between the stages, which
are heat exchangers using cooling water or refrigerant as a coolant. For cooling the gas
leaving the last stage, after-coolers are employed. The interstage cooling reduces the
temperature of gas to approximately the suction temperature. The interstage cooling leads to
reduction in the power required for compression and to safe operations as at high pressures it
keeps the temperature within the safe operating limits.
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COMPARISON OF RECIPROCATING AND CENTRIFUGAL COMPRESSORS
Reciprocating compressor
Centrifugal compressor
1. Reciprocating compressors are slow 1. Centrifugal compressors are higher
speed machines.
speed machines.
2. Reciprocating compressors cannot be 2. Centrifugal compressors can be directly
directly connected to a prime mover.
coupled to a prime mover.
3. Reciprocating
compressors
can 3. Centrifugal compressors can develop
pressures upto 10 kg f/cm2.
develop pressures upto 1000 kg f/cm2.
4. Reciprocating compressors are used 4. Centrifugal compressors are used when
when low rate of flow and high
high rate of flow and low pressure are
pressure are required.
required.
5. In case of reciprocating compressors, 5. In case of centrifugal compressors, the
the compression process may be
compression process may be achieved as
achieved as isothermal (theoretically)
adiabatic because of high speed of
by providing sufficient cooling and
operation.
because of low speed.
VACUUM SERVICE
A vacuum is any system pressure below that of atmospheric [760 mm Hg (torr)].
A vacuum pump is any compressor which takes the suction at a pressure below the
atmospheric and discharges at the atmospheric pressure. (Vacuum refers to subatmospheric
pressure). For carrying out operation under vacuum, the pumping device is required to create
a vacuum, and to maintain the low pressure. The compression ratios in vacuum producing
devices are very high as compared to those in compressors. The operations under vacuum are
very common in chemical industry, especially in the areas of distillation, evaporation, etc.
Every vacuum producing device takes in gas at low pressure where the volume is very
large and discharges at atmospheric pressure. Commonly used vacuum producing devices
are :
1. Rotary vacuum pumps (liquid ring type) and
2. Steam jet ejectors.
ROTARY VACUUM PUMPS (LIQUID RING TYPE)
This type of device usually makes use of water as a sealing liquid. It consists of an
eccentrically mounted impeller incorporated in a casing provided with inlet/outlet ports. The
sealing liquid is made to act as a piston. It circulates within the casing and part of it leaves
with the exist gas. The sealing liquid is fed in at a pressure equal to the discharge gas stream
pressure. The liquid leaving the gas stream is separated in a tank and is recirculated.
STEAM-JET EJECTORS
An ejector is a device in which the kinetic energy of one fluid (primary fluid) is utilised
to pump another fluid (secondary fluid). If steam is used as a secondary fluid, the ejector is
called a steam ejector. The steam-jet ejector is shown in Fig. 8.23. It consists of a steam
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nozzle which discharges a high velocity jet across a suction chamber. The suction chamber is
connected to the process equipment to be evacuated (i.e., to be operated at pressure well
below atmospheric). It has no pistons, valves or other moving parts.
The vapour from the process equipment is sucked, and entrained by steam, and then
carried into a venturi shaped diffuser which converts the kinetic energy of the steam into
pressure energy. The vapours along with steam are finally discharged through the ejector.
It handles large volumes of vapour at low pressures, can be constructed out of
corrosion resistant materials and has low maintenance cost but requires a large amount of
high pressure steam. It is especially suited for corrosive vapours or fumes.
Steam
Steam nozzle
Inlet
Entrained fluid
Mixing region

Combining tube
Mixed fluid

Fig. 8.23 : Steam-jet ejector
THEORY OF COMPRESSION
The relationship between absolute pressure and volume for any continuous compression
process is given by
PVn = C
For an isothermal compression, n = 1 and for an adiabatic compression (i.e., wherein
heat is neither added nor removed), n = γ = the ratio of the specific heat at constant pressure
to that at constant volume. [γ = Cp/Cv].
For an adiabatic and frictionless processes, the change in the pressure of an ideal gas is
given by

P2 V1γ/γ – 1
P  = V 
 1  2
P2 T2γ/γ – 1
P  = T 
 1  1

… (8.18)
… (8.19)
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T2 P2γ – 1/γ
… (8.20)
T  = P 
 1  1
where P2/P1 is known as the compression ratio. T1, P1, and V1 are the temperature, pressure
and volume of the gas at the inlet, respectively and T2, P2 and V2 are the corresponding
quantities at the outlet of the compressor.
From Equation (8.20), it is clear that for a given gas, the temperature ratio increases
with an increase in compression ratio. In case of blowers, this ratio is below 3, temperature
rise is not large and thus do not need cooling provisions.
In case of compressors, the compression ratio may be as high as 10 or more, the
temperature rise is very large and therefore, need a provision for cooling as high
temperatures create problems with lubricants, stuffing boxes, material of construction and
with the fluid itself (decomposition).
For ideal and frictionless compression, the work done in proceeding from P1 to P2 is
given by
P2

dP
W = ⌠
⌡ ρ

… (8.21)

P1

where ρ is density of the gas to be compressed, P1 and P2 are inlet and outlet absolute
pressures respectively.
For isothermal compression :
P1
P
=
… (8.22)
ρ1
ρ
Rearranging Equation (8.22), we get
ρ1
ρ = P P
… (8.23)
1
P2

dP
W = ⌠
⌡ ρ1
P1
P1 (P)
Integrating Equation (8.22), we get
P2
P1
ln P
W =
ρ1
1
For adiabatic compression :
P1
P1
= γ
γ
ρ
ρ1
P
γ
ργ = ρ1 P 
 1

… (8.24)

… (8.25)

… (8.26)
… (8.27)

Unit Operations-I

8.37

Transportation of Fluids

1
γ

ρ = ρ1 (P/P1)

… (8.28)

P2

dP
W = ⌠
⌡ ρ

…(8.29)

P1

Putting the value of ρ from Equation (8.27) into Equation (8.29), we get
P2

1/γ

P1
dP
⌠
W =
1/γ
⌡
P
ρ1

… (8.30)

P

1/γ  2
P1 
–1/γ . dp
⌠
P
W =

ρ1  ⌡
P1


… (8.31)

P1

Integrating Equation (8.29), we get
P1  P–1/γ + 1 P2
W =

ρ1 –1
 + 1
P
 γ
1/γ

…(8.32)

1

1/γ

W =
1 – 1/γ

Taking out P1

P1
–γ
–1/γ + 1
–1/γ + 1
[(P2
– P1
)]
ρ1 (γ – 1)

… (8.33)

common from the bracket of Equation (8.33), we get
1/γ

W =

1 – 1/γ

γ . P1 . P1
ρ1 (γ – 1)

P21 – 1/γ 
– 1
P 
 1


… (8.34)

1


P1 . γ P21 – γ
  – 1
W =
P
P1 (γ – 1)  1


… (8.35)

Thus, for a given compression ratio and suction condition, the work required in an
isothermal compression is less as compared to that in an adiabatic compression. This is one
reason for using cooling provisions in multistage compressors.

SOLVED EXAMPLES
Example 8.1 : Calculate the net positive suction head (NPSH) of a centrifugal pump
using the following data :
(i) Vapour pressure of the liquid = 26.66 kN/m2
(ii) Distance between the level of liquid in the reservoir and suction line = 1.2 m.
(iii) Density of the liquid = 865 kg/m3.
(iv) Friction in the suction line = 3.5 J/kg.
(v) Reservoir is open to atmosphere.

Unit Operations-I

8.38

Transportation of Fluids

Solution : NPSH in terms of J/kg, i.e., in energy units is given by the following equation:
Pa' – Pv
NPSH =
– hfs – g Za
ρ
where g = 9.81 m/s2
ρ = density of the liquid = 865 kg/m3
hfs = friction in the suction line = 3.6 J/kg
Za = distance between the level of liquid in the reservoir and
the suction line = 1.2 m
Pv = vapour pressure of the liquid = 26.66 kN/m2
Pa'

= 26660 N/m2
= pressure over the liquid surface

= 101325 N/m2
Substituting the values of various parameters in the above equation gives
101325 – 26660
– 3.5 – 9.81 × 1.2
NPSH = 
865


= 71.04 J/kg
= 71.04 /g = 71.04/9.81 = 7.24 m

… Ans.

Example 8.2 : Sulphuric acid is to be pumped at a rate of 3 kg/s through a 50 mm i.d.
pipe over a straight run of 800 m and is then raised vertically 15 m. If the pump is
electrically driven and has an efficiency of 50%, find the power required by the pump.
Density of the acid = 1650 kg/m3. Viscosity of the acid = 8.6 mPa·s.
Solution : Let us calculate u.
Mass flow rate of sulphuric acid = 3 kg/s
i.d. of pipe = D = 50 mm = 0.05 m
Cross-sectional area of pipe = A = π/4 D2
π
= 4 (0.05)2
= 1.963 × 10–3 m2
Density of the sulphuric acid = 1650 kg/m3

· = ρuA
Mass flow rate = m
3 = 1650 × u × 1.963 × 10–3
u = velocity of fluid through distance pipe = 0.926 m/s
Let us calculate NRe to get idea regarding the nature of flow.
NRe = Reynolds number =

Duρ
µ
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=
=
=
=
=

0.05 m
0.926 m/s
1650 kg/m3
8.6 mPa.s = 8.6 × 10–3 Pa.s
0.0086 kg/(m.s)
0.05 × 0.926 × 1650
=
0.0086
= 8883.14

NRe

Let us calculate f.
Since the Reynolds number is greater than 4000, the flow is turbulent. For turbulent flow,
the relation between f and NRe is
0.078
f = (N )0.25
Re
0.078
= (8883.14)0.25
f = 0.00803
Total length of piping = 800 + 15 = 815 m.
Let us calculate hf.
4 f.LV2
hf = frictional loss in flow system = head lost due to friction = 2 g D
4 × 0.00803 × (0.926)2 (815)
hf =
2 × 9.81 × 50 × 10–3
= 22.9 m
hf in energy units = hf in m × g
= 22.9 × 9.81 = 224.65 J/kg
2
15 m
1

Fig. Ex. 8.2
Let us calculate Wp.
The Bernoulli's equation in terms of energy units (i.e., in J/kg) between stations 1 and 2 is
2

2

P2
P1
u1
u2
+ g Z1 + 2 + ηWp =
+ g Z2 + 2 + hf
ρ
ρ
(α1 = α2 = 1.0)
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Stations 1 and 2 are open to atmosphere.
∴
P1 = P2
The velocity at station 1 (u1) is negligible in comparison with the discharge velocity.
Assume station 1 as a datum level.
∴
Z1 = 0 and Z2 = 15 m
Thus, the Bernoulli equation reduces to
2
u2
=
g
Z
+
ηWp
2
2 + hf
when η = 0.5 (efficiency = 50%)
hf = 224.65 J/kg
u = 0.926 m/s
Z2 = 15 m
(0.926)2
+ 224.65
0.5 Wp = 9.81 × 15 +
2
Wp = 744.46 J/kg

⋅

Mass flow rate = m = 3 kg/s
Let us calculate the power required by the pump. The power required by the pump/the
power input to the pump is given by
· × Wp
Power required by the pump = PB = m
= 3 × 744.46
= 2333 J/s = 2333 W
= 2.33 kW
… Ans.
Example 8.3 : Water is to be pumped at a rate of 8 m3/h from a large reservoir resting
on the floor to the open top of an experimental absorption tower through a 50 mm i.d. pipe.
The point of discharge is 5 metres above the floor and frictional losses in the entire flow
system amount to 2.5 J/kg. At what height in the reservior the water be kept if the pump can
develop a power of 94 W ?
Solution : Volumetric flow rate of water = Q = 8 m3/h = 0.00222 m3/s
A = Cross-sectional area of pipe = π/4 D2
where D = 50 mm = 0.05 m
π
A = 4 (0.05)2 = 1.963 × 10–3 m2
Let us calculate the velocity through the discharge pipe (u2),
u2 = Q/A = velocity through the discharge pipe
0.00222
=
1.963 × 10–3
u2 = 1.131 m/s
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2
Absorption tower

5 m Z2

1

Z1
Reservoir

Floor

Pump

Fig. Ex. 8.3
The Bernoulli's equation between stations 1 and 2 is
2
2
P1
P2
u1
u2
+ g Z1 + 2 + ηWp =
+ g Z2 + 2 + hf
ρ
ρ
where P1 and P2 are pressures at stations 1 and 2.
Each term in the above equation has the units of J/kg, i.e., energy per unit mass.
P1 = P2 = 101.325 kPa (as stations 1 and 2 are open to atmosphere)
ρ = density of water = 1000 kg/m3
u1 = velocity at station - 1 - very negligible in comparison with u2,
hence may be neglected.
u2 = velocity at discharge = 1.131 m/s
hf = frictional losses = 2.5 J/kg
Z1 = height of discharge point from the floor = 5m
· W = power developed by the pump
m
p

= 94 W = 94 J/s
·m = mass flow rate of water in kg/s
· = Q.ρ = 8 × 1000
Mass flow rate = m
8000
= 8000 kg/h = 3600 kg/s
· = 2.22 kg/s
m
· = 94/2.22 = 42.34 J/kg
Wp = 94/ m
∴
ηWp = 1 × 42.34 = 42.34 J/kg
The Bernoulli's equation after putting P1 = P2 and u1 = 0 reduces to
2
u2
g Z1 + ηWp = g Z2 + 2 + hf
Substituting the values of the terms involved in the above equation
(1.131)2
9.81 Z1 + 42.34 = 9.81 × 5 +
+ 2.5
2
Solving for Z1, we get
Z1 = 1.0 m
The height of water level in the reservoir from the floor is 1.0 m

… Ans.
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Example 8.4 : A liquid of density 1150 kg/m3 is flowing from point A to point B which is
5 metres above the point A. The frictional losses in a pipeline of internal diameter 40 mm are
1 J/kg for a volumetric flow rate of 500 cm3/s. If points A and B are at the atmospheric
pressure and the velocity at the point A is zero, calculate the pump work done.
Solution :
B (2)

5m

(1) A

Fig. Ex. 8.4
Pressure at A = Pressure at B = 101.325 kPa
Density of the liquid = ρ = 1150 kg/m3
hf = frictional losses = 1 J/kg
Volumetric flow rate = Q = 500 cm3/s
= 500 × 10–6 m3/s
π
Area of the pipe = A = 4 D2
where
D = 40 mm = 0.04 m
π
A = 4 (0.04)2 = 1.26 × 10–3 m2
Let us calculate u at B.
500 × 10–6
Velocity at point B = u2 = Q/A =
1.26 × 10–3
= 0.40 m/s
Given : Velocity at point A = u1 = 0
Pressure at point A = P1; Pressure at point B = P2
The Bernoulli's equation between stations A and B is
2
2
P1
P2
u1
u2
+ g Z1 + 2 + ηWp =
+ g Z2 + 2 + hf
ρ
ρ
Let the point A (station 1) be at a datum line, then
Z1 = 0, Z2 = 5 m, P1 = P2
With this the Bernoulli equation reduces to
2

ηWp = pump work = u2 / 2 + hf + g Z2
= (0.4)2/2 + 1 + 9.81 × 5
= 50.13 J/kg

… Ans.
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Example 8.5 : Water is to be pumped from a tank, located on the ground, to a cooling
tower. The tank is open to the atmosphere. The difference between the level of water in the
tank and discharge point is 15 metres. The velocity of water through a 40 mm internal
diameter discharge pipe is 3 m/s. In the pipe line there is a valve which is equivalent to
200 pipe diameters and a fitting equivalent to 150 pipe diameters. The length of the entire
piping is 30 metres. Calculate the power requirement of the pump.
Data :

Density of water = 1000 kg/m3
Viscosity of water = 0.0008 Pa.s
Friction factor 'f ' = 0.004

The pump efficiency is 60%.
Solution :
b
Cooling
tower

15 m
a

Fig. Ex. 8.5
Velocity through the discharge pipe = 3 m/s
I.D. of pipe = 40 mm
= 0.04 m
Equivalent length of the valve and pipe fitting = (1 × 200 × 0.04 + 1 × 150 × 04) = 14 m
Total length responsible for the friction loss = L = 30 + 14 = 44 m.
The friction loss is given by
4 f L u2
hf = 2g D
where

f = 0.004
L = 44 m
D = 0.04 m
g = 9.81 m/s2
u = 3 m/s
hf =

4 × 0.004 × 44 × (3)2
2 × 9.81 × 0.04

= 8.07 m
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hf in terms of energy per unit mass is
hf = 8.07 × 9.81
= 79.17 J/kg
The Bernoulli equation between stations a and b is
2
2
Pa
Pb
ua
ub
+ g Za + 2 + ηWp =
+ g Zb + 2 + hf
… (1)
ρ
ρ
Pa = Pb = 1 atmosphere as the stations a and b are open to the atmosphere
ua ≈ 0, negligible as compared to ub
ub = velocity at discharge = 3 m/s
If point a is assumed as a datum, then Za = 0, Zb = 15 metres, η = efficiency of the pump
= 0.60
Wp = pump work
With these values of ua, Za, Pa and Pb reduce to
2

ub
ηWp = g Zb + 2 + hf
Substituting the values gives
(3)2
0.6 Wp = 9.81 × 15 + 2 + 79.17
147.15 + 4.5 + 79.17
Wp =
= 384.7 J/kg
0.6
Mass flow rate of water
ρ
u = ub
A
2
A = π/4 (D ) = π/4 (0.04)2

=
=
=
=
=

⋅

m = ρ u.A.
1000 kg/m3
3 m/s
Area of the discharge pipe.
0.00126 m2

•

m = mass flow rate = ρuA = 1000 × 3 × 0.00126 = 3.78 kg/s
The power required by the pump, i.e., the power input to the pump is given by
Power required
·
by the pump = PB = m × Wp
kg
= 3.78 × 384.7  s  (J/kg)
 
= 1454 J/s
= 1454 W = 1.45 kW

… Ans.

Example 8.6 : Calculate the power required for a pump used to recirculate cooling
water from the following data :
(i) Water flow rate = 5000 l/h
(ii) Straight length of the pipe = 12 m
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Pipe line inside diameter = 25 mm
Equivalent length of the various pipe fittings = 1 m
The height difference between discharge at top of cooling and level in tank = 10 m
Viscosity of water = 0.8 mPa.s
Efficiency of the pump = 60%.

Solution :
2

10 m
1
Z1

Fig. Ex. 8.6
The Bernoulli equation in terms of energy per unit mass between stations (1) and (2) with
α1 = α2 = 1.0 is
2
2
P1
P2
u1
u2
+ g Z1 + 2 + η Wp =
+ g Z2 + 2 + hf
… (1)
ρ
ρ
P1 = P2 = 101325 N/m2 as both stations are open to atmosphere.
u1 = Negligible as compared to the velocity at station (2).
Z1 = 0, Assuming a datum line as the surface of liquid in the tank
(i.e., at station 1)
Z2 = 10 m
η = Efficiency of the pump = 60% = 0.6
Wp = Pump work in J/kg
With this Equation (1) becomes :
2
u2
… (2)
η Wp = g Z2 + 2 + hf
Volumetric flow rate = 5000 l/h
Q = 5000 × 10–3/3600 = 0.00139 m3/s
π
A = 4 D2 = Area of pipe in m2
D = 25 mm = 0.025 m
π
∴
A = 4 (0.025)2
= 4.909 × 10–4 m2
∴
u2 = Q/A = 0.00139 / 4.909 × 10–4
= 2.83 m/s
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Equivalent length of the piping system = Length of straight pipe + Equivalent length of
fitting
L = 12 + 1 = 13 m
hf = Friction loss in terms of m of liquid between stations (1)
and (2)
4 f L V2
hf = 2g D
f = Friction factor
L = 13 m
u = 2.83 m/s
D = 0.025 m
Du2 ρ
NRe =
µ
0.025 × 2.83 × 1000
=
0.0008
= 88437.5
Since NRe is greater than 4000, the flow is turbulent and thus f is given by
0.078
f = (N )0.25
Re
0.078
f = (88437.5)0.25
= 0.0045
4 × 0.0045 × 13 × (2.83)2
∴
hf =
2 × 9.81 × 0.025
= 3.82 m
hf in terms of energy per unit mass is
hf = hf in m × g
hf = 3.82 × 9.81
= 37.47 J/kg
Substituting the values of u2, hf, η in Equation (2) gives
(2.83)2
0.6 Wp = 9.81 × 10 +
+ 37.47
2
Wp = 233 J/kg
·
Mass flow rate,
m
= ρu A
2

= 1000 × 2.83 × 4.909 × 10–4
= 1.39 kg/s
The power required by the pump/supplied to the pump is given by
Power required
·
by the pump = PB = m Wp
= 1.39 × 233 (kg/s) (J/kg) = 324 J/s
= 324 W

… Ans.
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Example 8.7 : A pump pumps a solution having a specific gravity 1.84 from a storage
tank of large cross section through a 8 cm ID pipe. The velocity in the suction pipe is 1 m/s.
The pump discharges through a 5 cm ID pipe to an overhead tank. The end of the discharge
line is 15 metres above the level of the solution in the tank. Friction loss in the entire system
are 3 metres of the solution. Find the pressure developed by the pump and the theoretical
power required to do this pumping.
Solution : Let us calculate the velocity through the discharge pipe.
Mass flow rate through the suction pipe
= Mass flow rate through the discharge pipe
∴
ρ u1 A1 = ρ u2 A2
where D1 = 8 cm = 0.08 m, D2 = 5 cm = 0.05 m and u1 = 1 m/s
π/4 × (0.08)2
Velocity through the discharge pipe = u2 = u1 (A1/A2) = 1 

π/4 × (0.05)2
∴
u2 = 2.56 m/s
Given : Z = 15 m and hf = 3 m.
Head developed by the pump in terms of m of solution = ∆H = η Wp
2
u2
= 2g + Z + hf
(2.56)2
=
+ 15 + 3
2 × 9.81
∆H = 18.334 m
… Ans. (1)
·m = mass flow of rate of the solution = ρ u A
2

2

= 1840 × (2.56) × π/4 × (0.05)2
= 9.25 kg/s
The theoretical power required/power delivered to the fluid/fluid power is given by
· ∆H g
Theoretical power required = P = m
f

= 9.25 × 18.334 × 9.81
= 1664 J/s = 1664 W = 1.66 kW
… Ans. (2)
Example 8.8 : Water at 203 K (20oC) is pumped at a rate of 1.0 kg/s from a storage tank
through a pipe line of internal diameter 30 mm and 100 m long. The pipeline consists of two
fully open globe valves and three 90o elbows. Water is discharged into an overhead tank
through spray nozzles. The discharge is at a height of 20 m above the level of water in the
storage tank. The required pressure at the nozzle entrance is 300 kPa gauge. Calculate the
theoretical power requirement for the pump.
Equivalent lengths in terms of pipe diameters :
Fully open globe valve = 300 D,
90o elbow = 30 D
Friction factor, f = 0.078 / (NRe)0.25
ρ of water = 996 kg/m3 ,
µ of water = 0.975 mPa.s
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Solution :
· = 1.0 kg/s
Mass flow rate of water = m
D = 30 mm = 0.03 m
Cross-sectional area of the pipe = A = π/4 × (0.03)2 = 7.07 × 10–4 m2
ρ = 996 kg/m3, µ = 0.975 mPa.s = 0.975 × 10–3 Pa.s
Let us calculate u, NRe, f, total length, head and then Pf.
· = ρuA
We have : m
· / ρA = 1.0 / 996 × 7.07 × 10–4 = 1.42 m/s
Velocity of water = u = m
Duρ
0.03 × 1.42 × 996
=
= 45317
NRe =
µ
0.975 × 10–3
Since NRe > 4000, the flow is turbulent and thus f is given by
f = 0.078 / (NRe)0.25
= 0.078 / (45317)0.25 = 0.0054
Le of 2 globe valves = 2 × 300 D
= 2 × 300 × 0.03 = 18 m
Le of 3, 90o elbows = 3 × 30 D
= 3 × 30 × 0.03 = 2.7 m
Equivalent length of the entire piping = L = L of straight pipe + globe valves + elbow
= 100 + 18 + 2.7
= 120.7 m
The frictional head loss is given by
4 f L u2
Frictional head loss = 2g D
=
=
Pressure head =
Total head =
=
=
Theoretical power required
= Pf =
by the pump
=
=

4 × 0.0054 × 120.7 × (1.42)2
2 × 9.81 × 0.03
8.9 m
300 × 103
= 30.7 m
996 × 9.81
∆H = Z + hf + Pressure head
20 + 8.9 + 30.7
59.6 m
· × head × g
m
1.0 × 59.6 × 9.81
585 J/s = 585 W

… Ans.
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Example 8.9 : A pump delivers water from a holding tank at atmospheric pressure
(101.325 kPa) to a process equipment at 450 kPa at a flow rate of 6.2 l/s. The process
equipment is located 10 m higher than the holding tank. Calculate the power requirement of
the pump if the fluid friction and changes in kinetic energy are negligible.
Data :
Density of water = 995 kg/m3
Efficiency of the pump = 70%
Solution : P2 = 450 kPa = 450 × 103 Pa or N/m2
P1 = 101.325 kPa = 101325 Pa or N/m2
Volumetric flow rate = Q = 6.2 l/s = 6.2 × 10–3 m3/s
Density of water = ρ = 995 kg/m3

⋅

Mass flow rate of water = m = 6.2 × 10–3 × 995
= 6.17 kg/s
Pressure head =

∆P
450 × 10–3 – 101325
=
ρg
995 × 9.81

= 35.72 m
Potential head = ∆Z = 10 m
Neglecting changes in the kinetic energy and fluid friction, we get
Total head = Pressure head + Potential head
= 35.72 + 10 = 45.72 m
The efficiency of the pump is 70%.
The power required by the pump is given by
Power required
by the pump = PB = (mass flow rate × head × g)/η
= (6.17 × 45.72 × 9.81) / 0.70
= 3953 J/s = 3953 W
= 3.953 kW ~
– 4 kW

… Ans.

Example 8.10 : Water is to be pumped at a rate of 55.5 l/s from a river to an overhead
tank of a chemical factory situated at a height of 25 m from the river bed. The total length of
pipeline is 1500 m and a mild steel pipe of 300 mm inside diameter to be used for the said
purpose. Calculate the head loss due to friction and power required by the pump neglecting
fitting losses.
Data : ρ of water = 992 kg/m3 and µ of water = 0.8 mPa.s
Efficiency of the pump = 60%.
Take a vertical distance of 25 m for the calculation purpose.
Use the relation

f = 0.0014 + 0.125 / (NRe)0.32
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Solution : D = 300 mm = 0.30 m, L = 1500 m
ρ = 992 kg/m3, µ = 0.8 m Pa.s = 0.8 × 10–3 Pa.s
Cross-sectional area of the pipe = A = π/4 (0.30)2 = 0.0707 m2
Volumetric flow rate of water = Q = 55.5 l/s = 55.5 × 10–3 m3/s
Let us calculate u.
Velocity of water through the pipe = u = Q/A = 55.5 × 10–3/0.0707 = 0.785 m/s
Let us calculate NRe.
Duρ
NRe =
µ
=

0.3 × 0.785 × 992
= 292020
0.8 × 10–3

Let us calculate f and hf.
Given :

0.125
f = 0.0014 + (N )0.32
Re
0.125
= 0.0014 + (292020)0.32 = 0.00363

The head loss due to friction is given by
4 f L u2
hf = 2g D
=

4 × 0.00363 × 1500 × (0.785)2
2 × 9.81 × 0.30

= 2.28 m of H2O

… Ans.

Let us calculate the total head.
Total head = Z + hf = 25 + 2.28 = 27.28 m
· = 55.5 × 10–3 × 992 = 55.056 kg/s
Mass flow rate = m
Let us calculate PB.
For the efficiency of 60%, the power required by the pump is given by
· × head × g) / η
P = (m
B

= 55.056 × 27.28 × 9.81 / 0.6
= 24566 J/s = 24566 W
= 24.56 kW

… Ans.

Example 8.11 : A mild steel pipeline of 200 mm inside diameter is to be installed for
transporting 16.7 kg/s of molasses. The pipeline is 1000 m long and the delivery end is to be
5 m higher than the intake. Calculate the power requirement for the pump if the efficiency of
the pump is 60%.
Data : ρ of molasses = 1600 kg/m3 and µ of molasses = 0.5 Pa.s
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Solution : D = 200 mm = 0.20 m , L = 1000 m, ρ = 1600 kg/m3, µ = 0.5 Pa.s
· = 16.7 kg/s
Mass flow rate of molasses = m
Cross-sectional area of the pipeline = A = π/4 (0.2)2 = 0.0314 m2
· = ρuA
We have,
m
Let us calculate u, NRe, f, hf, ∆H and then PB.
· /ρA
Velocity of molasses through the pipeline = u = m
= 16.7 / 1600 × 0.0314
= 0.332 m/s
NRe = Duρ/µ
= 0.20 × 0.332 × 1600 / 0.5 = 212.48
Since NRe is less than 2100, the flow is laminar.
For laminar flow, f and NRe are related by
f = 16 / NRe
= 16 / 212.48 = 0.0753
The head loss due to friction is given by
∆P
32 µ u L
hf =
=
ρg
D2. ρ g
32 × 0.5 × 0.332 × 1000
hf =
= 8.46 m
(0.2)2 × 1600 × 9.81
Total head loss = Z + hf = 5 + 8.46 = 13.46 m
Pump efficiency = η = 60% or 0.60

⋅

Power required by the pump = PB = (m × head × g)/η = 16.7 × 13.46 × 9.81 / 0.60
= 3675 J/s = 3675 W
= 3.675 kW = 3.7 kW
… Ans.
Example 8.12 : A centrifugal pump with an efficiency of 65% is driven by an electric
motor having an efficiency of 90%. The pump delivers water at a rate of 4 kg/s against the
total head of 25 m. Calculate the power required by the motor and the power delivered by
the motor to the pump.
Solution :
Mass flow rate of water
Total head
Efficiency of the pump
Efficiency of the motor
Power delivered to the fluid
= Pf

=
=
=
=
=
=
=
=

⋅

m = 4 kg/s
∆H = 25 m
η = 0.65
ηm = 0.95
Theoretical power = Fluid power
mass flow rate × head × g
4 × 25 × 9.81
981 J/s = 981 W
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Power input to the pump by the motor = Power supplied to the pump by the motor
Power delivered by the motor to the pump = PB = Pf/η = 981/0.65 = 1509 W
Pm = Power taken by the motor from the power line
= Power requirement of the pump-motor set
= Power required by the motor
The motor efficiency is given by

… Ans.

ηm = PB/Pm
Pm = PB/ηm
= 1509/0.90 = 1677 W

… Ans.

Example 8.13 : Crude oil is to be transported at a rate of 7500 m3/day from an oil field
to a refinery which is located at 750 km away from the oil field through a 400 mm i.d. mild
steel pipe.
(a) Calculate the theoretical power requirement for the pump.
(b) Since the maximum allowable pressure at any section of the pipeline is 2.94 MPa,
it will be required to install pumping stations at suitable intervals/distances along the
pipeline. Each station increases the pressure which drops to 165 kPa at the inlet of the next
pumping station. Find the minimum number of pumping stations required.
Data :

Density of oil = 870 kg/m3
Viscosity of oil = 48 mPa.s

Solution :
Volumetric flow rate = Q = 7500 m3/day
7500
= 0.087 m3/s
=
24 × 3600
ρ = 870 kg/m3, µ = 48 mPa.s = 48 × 10–3 Pa.s
D = 400 mm = 0.40 m
· = 0.087 × 870 = 75.69 kg/s
Mass flow rate = m
L = 750 km = 750000 m
Cross-sectional area of the pipe = A = π/4 (0.40)2 = 0.126 m2
Velocity of crude oil = u = Q/A = 0.087 / 0.126 = 0.69 m/s
NRe =

Duρ
0.40 × 0.69 × 870
=
= 5002.5
µ
48 × 10–3

Since NRe > 4000, the flow is turbulent. For this flow, f may be calculated by
f = 0.078 / (NRe)0.25
= 0.078 / (5002.5)0.25 = 0.0093
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The frictional head loss is given by
4 f L u2
hf = 2g D
= 4 × 0.0093 × 750000 × (0.69)2 / 2 × 9.81 × 0.40
= 1692.6 m
· × head × g
Theoretical power required = fluid power = P = m
f

Theoretical power required = 75.69 × 1692.6 × 9.81
= 1256787 J/s = 1256787 W
= 1256.8 kW
… Ans.
Maximum allowable pressure at any section = 2.94 MPa
= 2.94 × 106 Pa
Let the pressure increased by one station be the maximum allowable pressure
which is 2.94 × 106 Pa
Pressure at the inlet of the next station = 165 kPa
= 165 × 103 Pa
Pressure drop between two stations = 2.94 × 106 – 165 × 103
= 2775000 Pa
∆P
Frictional head loss between two stations =
ρg
2775000
=
870 × 9.81
= 325.14 m
Total frictional head loss from the oil field to the refinery = 1692.6 m
Number of pumping stations required = 1692.6 / 325.14
= 5.2
~
– 5
… Ans.
Example 8.14 : It is required to install a pipeline of 200 mm inside diameter to transport
3900 m3 of oil per day. The pipeline is 32 km long and the delivery end is 30 m higher than
the intake. The pressure drop due to friction (i.e., frictional pressure drop) in the pipeline is
estimated to be 5.3 MPa. Determine the power requirement of the pump-motor set.
Data : ρ of oil = 897 kg/m3 and µ of oil = 50 mPa.s
Overall efficiency of the pump-motor set = 60%.
Solution :
Volumetric flow rate of oil = Q = 3800 m3 / day
3800
=
= 0.044 m3/s
24 × 3600
D = 200 mm = 0.2 m, L = 2 km = 2000 m
ρ = 897 kg/m3, µ = 50 mPa.s = 50 × 10–3 Pa.s
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Cross-sectional area of the pipeline = A = π/4 (0.2)2 = 0.0314 m2
Velocity of oil through the pipeline = u = Q/A = 0.044 / 0.0314 = 1.40 m/s
∆P
Frictional head loss = hf =
ρg
where ∆P = 5.3 MPa = 5.3 × 106 Pa (i.e., N/m2)
hf = 5.3 × 106 / 897 × 9.81 = 602.3 m
Therefore, total head is
Total head = ∆H = Z + hf
= 602.3 + 30 = 632.3 m
· = 0.044 × 897 = 39.47 kg/s
Mass flow rate of oil = m
ηo = pump-motor efficiency = 60% or 0.60
The power requirement of the pump-motor set of 60% overall efficiency is
Power requirement = Pm = Pf/ηo = (mass flow rate × head × g) / ηo
= 39.47 × 632.3 × 9.81 / 0.6
= 408045 J/s = 408045 W
= 408 kW

… Ans.

Example 8.15 : Benzene is pumped at a rate of 9.09 m3/h from a reservoir at
atmospheric pressure. The gauge pressure at the end of discharge line is 345 kN/m2.g. The
discharge is 3.5 m and the pump suction is 1.3 m above the level in the reservoir. The
diameter of the discharge line is 40 mm. The friction in the suction line is 3.45 kN/m2 and
that in the discharge line is 37.9 kN/m2. The efficiency of the pump is 60%. The density of
benzene is 865 kg/m3 and its vapour pressure at the temperature of pumping [310 K (37oC)]
is 26.2 kN/m2. Calculate :
(i) The developed head of the pump,
(ii) The power input to the pump and
(iii) The net positive suction head.
Solution :
2

a

hs

Z2

Pump
Za

1

Fig. Ex. 8.15

b
Zb
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Volumetric flow rate = Q = 9.09 m3/h = 0.002525 m3/s
D = diameter of discharge pipe = 40 mm = 0.04 m
Cross-sectional area of the pipe = A = π/4 × (0.04)2 = 0.00126 m2
Velocity of benzene through the discharge pipe
Q 0.002525
u2 = A = 0.00126 = 2 m/s
Assume station 1 to be at the level of benzene in the reservoir and station 2 to be at the
end of the discharge line.
Assume the benzene level in the reservoir as a datum line. Then,
Z1 = 0 and u1 = 0.
The Bernoulli's equation between stations 1 and 2 is
2

2

P1
P2
u1
u2
+ g Z1 + 2 + η Wp =
+ g Z2 + 2 + hf
ρ
ρ
Each term in the above equation has the units of J/kg (i.e., of energy)
Therefore, let us find hf in J/kg.
hf = total friction loss
= hf + hf = 3.45 + 37.9
s

d

= 41.35 kN/m2 = 41350 N/m2
41350
= 865 = 47.8 J/kg
[ρ of benzene = 865 kg/m3]
Given : P1 = 345 kN/m2.g. Convert it into absolute pressure.
∴

P2 = 345 + 101.325 = 446.325 kN/m2
= 446325 N/m2
P1 = 101.325 kN/m2 = 101325 N/m2

Z2 = 3.5 m, η = 0.60
Let us find the developed head.
Thus, the developed head in J/kg by the pump with Z1 = 0 and u1 = 0 becomes
2

η Wp =
=

P2
P1
u2
+ g Z2 + 2 + hf –
ρ
ρ
446325
(2)2
101325
+
9.81
×
3.3
+
+
47.8
–
865
2
865

= 481 J/kg

… Ans. (i)
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481 481
= 0.60 = 801.67 J/kg
η

· = mass flow rate of benzene = 0.002525 × 865 = 2.18 kg/s
m
Let us find the power input to the pump.

⋅

Power input to the pump = PB = m Wp = 2.18 × 801.67
= 1747 J/s = 1747 W = 1.747 kW
≈ 1.75 kW

… Ans. (ii)

Let us find NPSH.
Friction in the suction line = hfs = 3.45 kN/m2
= 3450 N/m2
3450
=
865 × 9.81
= 0.41 m
Pv = vapour pressure of benzene = 26.2 kN/m2
= 26200 N/m2
26200
=
= 3.1 m
865 × 9.81
P1 = pressure at the surface of reservoir = 101325 N/m2
101325
=
= 11.94 m
865 × 9.81
Za = 1.3 m
Available NPSH in terms of m of the flowing fluid is given by
NPSH = P1 – Pv – Za – hf
s

= 11.34 – 3.1 – 1.3 – 0.41
= 6.53 m

… Ans. (iii)

Example 8.16 : A centrifugal pump pumps brine from the bottom of the supply tank and
delivers it into the bottom of another tank. The level of the brine in the receiving tank is 50 m
above that in the supply tank. The tanks are connected by a 180 mm pipe of length 200 m.
The flow rate of brine is 0.05 m3/s. The pipeline between the tank has two gate valves, and
8 other pipe fittings. What is the energy cost for running this pump for a 24-h day ?
Data : Density of brine = 1180 kg/m3, viscosity of brine = 1.2 mPa.s, one gate valve is
equivalent to 7 pipe diameters and each of the fittings is equivalent to 60 pipe diameters.
Energy costs Rs. 0.80 per kW.h and the overall efficiency of the pump-motor set is 60%.
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Solution : Consider stations 1 and 2 at the brine surfaces in the supply and delivery tanks
respectively.
∴

P1 = P2 and u1 = u2 , Z1 = 0 and Z2 = 50 m

D = 180 mm = 0.18 m, L = 200 m, ρ = 1180 kg/m3, µ = 1.2 mPa.s = 1.2 × 10–3 Pa.s
Le = equivalent length of the piping system
= 200 + 2 × 7 × 0.18 + 8 × 60 × 0.18 = 288.92 m
Volumetric flow rate = Q = 0.05 m3/s
Cross-sectional area of the pipe = A = π/4 (0.18)2 = 0.02545 m2
Velocity of brine through the pipe = u = Q/A = 0.05 / 0.02545
= 1.965 m/s
Let us calculate NRe.
NRe = Duρ/µ
= 0.18 × 1.965 × 1180/1.2 × 10–3 = 347805
Since NRe > 4000, the flow is turbulent.
For turbulent flow, f may be related to NRe by
f = 0.078 / (NRe)0.25
= 0.078 / (347805)0.25 = 0.0032
The head loss due to friction is
hf = 4 f L u2 / 2g D
=

4 × 0.0032 × 288.92 × (1.965)2
=4m
2 × 9.81 × 0.18

Total head = Z + hf = 50 + 4 = 54 m

⋅

Mass flow rate m = 0.05 × 1180 = 59 kg/s
Overall efficiency of the pump-motor set = η0 = 0.60.
Power requirement for the pump-motor set is
Pm = Pf/ηo = (mass flow rate × head × g) / ηo
= 59 × 54 × 9.81 / 0.6
= 52091 W = 52.1 kW
Energy required per day = 52.1 × 24 = 1250.4 kWh
0.8
Energy cost per day = 1250.4 × 1 = Rs. 1000.32

… Ans.
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Example 8.17 : 600 cm3/s of water at 320 K (47oC) is pumped through a 40 mm internal
diameter pipe over a length of 150 m in a horizontal direction and up through a vertical
height of 10 m. In the piping system there is a one control valve which may be taken as
equivalent to 200 pipe diameters and other pipe fittings equivalent to 60 pipe diameters. Also
in the system there is a heat exchanger across which there is a loss in head of 1.5 m of water.
What power must be delivered to the pump, if the pump efficiency is 60% ?
Data :

ρ of water = 1000 kg/m3
µ of water = 1.0 (mN.s)/m2

Solution :
D = 40 mm = 0.04 m,
Volumetric flow rate = Q = 600 cm3/s = 6.0 × 10–4 m3/s
Cross-sectional area of the pipe = A = π/4 × (0.04)2 = 1.26 × 10–3 m2
Velocity of water, u = Q/A = 6.0 × 10–4/1.26 × 10–3 = 0.476 m/s
µ = 1 (mN.s)/m2 = 1 × 10–3 (N.s)/m2 ≡ kg/(m.s)
Let us calculate NRe.
Reynolds number, NRe = Duρ/µ = 0.04 × 0.476 × 1000 / 1 × 10–3
= 19046
Let us calculate f. Since NRe > 4000, the flow is turbulent and for this type of flow,
we have
f = 0.078 / (NRe)0.25 = 0.078 / (19046)0.25 = 0.0066
Equivalent length of valve = 200 D = 200 × 0.04 = 8 m
Equivalent length of fittings = 60 D = 60 × 0.04 = 2.4 m
Equivalent length of entire piping = L = 150 + 10 + 8 + 2.4 = 170.4 m
The head loss due to friction, hf is given by
hf = 4 f L u2/2 g D =
=
Head load across exchanger =
Total head = Z + hf + hex =

4 × 0.0066 × 170.4 × (0.476)2 / (2 × 9.81 × 0.04)
1.3 m
hex = 1.5 m
10 + 1.3 + 1.5 = 12.8 m

.
Mass flow rate = m = Q × ρ
.
Mass flow rate = m = 6.0 × 10–4 × 1000 = 0.60 kg/s
Efficiency of the pump = 60% or 0.60
∴ Actual power delivered to the pump = PB = Pf/η
= (mass flow rate × head × g)/η
= (0.6 × 12.8 × 9.81) / 0.60
= 126 W

… Ans.
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Example 8.18 : Calculate the power required to pump oil at a rate of 4000 cm3/s
through a 50 mm pipeline 100 m long. The outlet of the pipeline is 15 m higher than the inlet.
Data : Specific gravity of oil = 0.85
Viscosity of oil = 3 (mN.s)/m2
The efficiency of the pump is 50%.
Solution : D = 50 mm = 0.05 m, L = 100 m (total), Q = 4000 cm3/s = 4000 × 10–6 m3/s
ρ of oil = specific gravity of oil × ρ of water
= 0.85 × 1000 = 850 kg/m3
Cross-sectional area of the pipe = A = π/4 × (0.05)2 = 1.96 × 10–3 m2
Velocity of oil, u = Q/A =

4000 × 10–6
= 2.04 m/s
1.96 × 10–3

µ of oil = 3 (mN.s)/m2 = 3 × 10–3 (N.s)/m2 = kg/(m.s)
Reynolds number, NRe = Duρ/µ =

0.05 × 2.04 × 850
= 28900
3 × 10–3

Since NRe > 4000, the flow is turbulent.
For turbulent flow, we have
f = 0.078/(NRe)0.25
– 0.006
= 0.078/(28900)0.25 = 0.00598 ~
The head loss due to friction hf is
hf = 4 f L u2/2gD =
=
Total head =
.
Mass flow rate = m =
Power required by the pump =
=
=
=
=

4 × 0.006 × 100 × (2.04)2 / (2 × 9.81 × 0.05)
10.2 m
Z + hf = 15 + 10.2 = 25.2 m
4000 × 10–6 × 850 = 3.4 kg/s
PB = Pf/η
.
(m × head × g)/η
(3.4 × 25.2 × 9.81) / 0.5
1681 W
1.68 kW

… Ans.

Example 8.19 : Dilute sulphuric acid is to be pumped through a 25 mm lead pipe at a
rate of 4000 cm3/s. It is desired to raise it to a height of 25 m. The pipe is 30 m long and
includes two right angled bends. Calculate the theoretical power required.
Data : Specific gravity of acid = 1.531, Kinematic viscosity of acid = 0.425 cm2/s,
Density of water = 1000 kg/m3.
Assume that 0.8 velocity heads are lost through each 90o bend.
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Solution :
D = 25 mm = 0.025 m
L = 30 m (total)
Volumetric flow rate = Q = 4000 cm3/s = 4 × 10–3 m3/s
Cross-sectional area = A = π/4 × (0.025)2 = 4.909 × 10–4 m2
Velocity, u = Q/A =

4.0 × 10–3
= 8.15 m/s
4.909 × 10–4

ρ = 1531 kg/m3 , [as ρ = specific gravity × density of water]
υ = 0.425 × 10–4 m2/s
µ = 0.425 × 10–4 × 1531 = 0.065 (N.s)/m2 = kg/(m.s)
[As υ = µ/ρ]
NRe =

Duρ
0.025 × 8.15 × 1531
=
= 4799
0.065
µ

Since NRe > 4000, the flow is turbulent. For turbulent flow, the Fanning friction factor f,
may be calculated by
f = 0.078 / (NRe)0.25
= 0.078 / (4799)0.25 = 0.0094
Head loss due to friction is given by
4 f L u2
hf = 2 g D
4 × 0.0094 × 30 × (8.15)2
= 152.75 m
=
2 × 9.81 × 0.025
Given : Head loss in each bend = 0.80 u2/2g
Head loss in the bends = hff = 2 [0.8 u2 / 2g]
= 2 × 0.8 × (8.15)2 / (2 × 9.81)
= 5.42 m
Total head = Z + hf + hff = 25 + 152.75 + 5.42
= 183.17 m
Theoretical power required = Power delivered to fluid = Pf
= mass flow rate × head × g
.
Mass flow rate = m = Q × ρ = 4.0 × 10–3 × 1531
= 6.124 kg/s
.
Theoretical power required = m × head × g = 6.124 × 183.17 × 9.81
= 11004 W
= 11 kW

… Ans.
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Example 8.20 : 4.5 m3/h of water is to be pumped through a 25 mm i.d. pipe, 30 m long,
to a tank 12 m higher than its reservoir. Calculate the power required. Also find the pump
rating if the efficiency of the pump is 60%.
Data : Viscosity of water = 1.30 (mN.s)/m2
Density of water = 1000 kg/m3
Solution : Volumetric flow rate = Q = 4.5 m3/h = 1.25 × 10–3 m3/s,
D = 25 mm = 0.025m , L = 30 m (total) , ρ = 1000 kg/m2
µ = 1.30 (mN.s)/m2 = 1.30 × 10–3 (N.s)/m2
= 1.30 × 10–3 Pa.s ≡ kg/(m.s)
Cross-sectional area = A = π/4 (0.025)2 = 4.909 × 10–4 m2
Velocity, u = Q/A =

1.25 × 10–3
= 2.55 m/s
4.909 × 10–4
NRe = Duρ/µ
= 0.025 × 2.55 × 1000 / 1.30 × 10–3 = 49038

Since NRe > 4000, the flow is turbulent. For turbulent flow, the Fanning friction factor, 'f '
may be calculated by
0.078
0.078
f = (N )0.25 = (49038)0.25 = 0.0052
Re
The head loss due to friction is given by
4 f L u2
hf = 2 g D
4 × 0.0052 × 30 × (2.55)2
hf =
= 8.3 m of H2O
2 × 9.81 × 0.025
Total head = Z + hf = 12 + 8.3 = 20.3 m
Mass flow rate = Volumetric flow rate × density
Mass flow rate = (1.25 × 10–3) × 1000 = 1.25 kg/s
Theoretical power required = Pf = Mass flow rate × head × g
= 1.25 × 20.3 × 9.81 = 249 W
… Ans.
Pump rating i.e. power supplied to the pump
PB = Pf/η = 249 / 0.6 = 415 W
… Ans.
Example 8.21 : Sulphuric acid of strength 75% is to be pumped for a distance of 0.8 km
through a 50 mm i.d. pipe at a rate of 3.0 kg/s and then raised vertically 15 m by the pump.
The efficiency of the pump is 50%. Find the power will be required for this duty.
Data :
Density of acid = 1650 kg/m3
Viscosity of acid = 8.6 (mN.s)/m2
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Solution :
D = 50 mm = 0.05 m, L = 0.80 km = 800 m (total)
ρ = 1650 kg/m3, µ = 8.6 (mN.s)/m2 = 8.6 × 10–3 (N.s)/m2
Cross-sectional area of the pipe = π/4 × (0.05)2 = 1.963 × 10–3 m2
.
Velocity, u = m/(ρA) = 3 / (1650 × 1.963 × 10–3) = 0.93 m/s
Duρ
0.05 × 0.93 × 1650
Reynolds number, NRe =
=
= 8921.5
µ
8.6 × 10–3
As NRe is greater than 4000, the flow is turbulent.
For turbulent flow, Fanning friction factor 'f' can be calculated as :
f = 0.078 / (NRe)0.25 = 0.078 / (8291.5)0.25 = 0.008
Head loss due to friction is given by :
hf = ∆P/ρ.g = 4 f L u2 / (2 g D)
hf = 4 × 0.008 × 800 × (0.93)2 / (2 × 9.81 × 0.05) = 22.6 m
Total head = 22.6 + 15 = 37.6 m
Power delivered to fluid = Pf = mass flow rate × head × g
= 3.0 × 37.6 × 9.81 = 1106 (N.m)/s = J/s = W
Theoretical power required = 1106 W
Pump has an efficiency of 50%, i.e., η = 0.6
∴ Power required by the pump or power input to the pump = PB = Pf/η
= 1106/0.50 = 2212 W
= 2.212 kW
… Ans.
Example 8.22 : 1.3 kg/s of commercial grade sulphuric acid is to be pumped through a
25 mm diameter pipe, 30 m long, to a tank which is 12 m higher than the acid reservoir.
Calculate the actual power required by the pump if the efficiency of the pump is 55%.
Data :
Density of acid = 1840 kg/m3
Viscosity of acid = 0.025 (N.s)/m2
Solution :
.
Acid flow rate = m = 1.3 kg/s
D = 25 mm = 0.025 m, L = 30 m (total)
ρ = 1840 kg/m3, µ = 0.025 (N.s)/m2
π
Cross-sectional area = A = 4 (0.025)2
= 4.909 × 10–4 m2
Let us calculate u.
1.3
.
Velocity u = m /ρ A =
1840 × 4.909 × 10–4
= 1.44 m/s
Let us calculate NRe to get idea of the nature of flow.
Duρ
0.025 × 1.44 × 1840
NRe =
=
0.025
µ
= 2650
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Since NRe > 2100 and < 4000, the flow is in a transition region and for practical purpose
it is treated as turbulent.
The Fanning friction factor, 'f', may be calculated by
f = 0.078/(NRe)0.25
= 0.078/(2650)0.25 = 0.0109
The head loss due to friction is given by
hf = ∆P / ρ.g = 4 f L u2 / 2 g D
= 4 × 0.0109 × 30 × (3.32)2 / (2 × 9.81 × 0.025)
= 29.4 m
Total head = Potential head + Frictional head
= Z + hf
= 12 + 29.4 = 41.4 m
Power delivered
= mass flow rate × head × g
to fluid
= 1.3 × 41.4 × 9.81
= 528 W
Pump has an efficiency of 55%. Therefore, η = 0.55.
Power required by the pump = PB = Pf/η = 528/0.55 = 960 W = 0.96 kW
… Ans.
Example 8.23 : A single acting reciprocating pump has a stroke of 300 mm length and a
piston diameter of 150 mm. The delivery and suction heads are 20 m and 4 m respectively.
The pump works at 60 r.p.m. Find the horse power required to drive the pump if the
efficiency of the pump is 90%.
Solution :

Stroke length = L = 300 mm = 0.30 m

Diameter of piston = d = 150 mm = 0.15 m
π
Area = A = 4 d2
π
= 4 (0.15)2 = 0.0177 m2
Delivery head = Hd = 20 m
Suction head = Hs = 4 m
Speed = N = 60 rpm
Theoretical discharge of the pump is
LAN
Qth = 60 m3/s
=

0.3 × 0.0177 × 60
60

= 5.31 × 10–3 m3/s
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The theoretical power required by the pump is
P =

ρ Qth H
ρ Qth [Hs + Hd]
=
75
75 , h.p.

1000 × 5.31 × 10–3 × [20 + 4]
75
= 1.6992 ≈ 1.7 hp

=
Ptheoretical

Efficiency of the pump = 90% or 0.90
The actual power required by the pump is
1.7
Pactual = 0.9 = 1.888 ≈ 1.89 hp

Pact

… Ans. ... ρp = P 
th 

Example 8.24 : A single acting reciprocating pump having a cylinder diameter of
150 mm and a stroke of 300 mm delivers water through a height of 25 m at a speed of
60 rpm. Find the theoretical power required and the theoretical discharge of the pump, if the
actual discharge is 4.8 l/s. Calculate the percentage slip.
Solution : Diameter of cylinder or bore = 150 mm = 0.15 m
π
π
Area of cylinder = A = 4 d2 = 4 (0.15)2
A = 0.0177 m2
Length of stroke = L = 300 mm = 0.3 m
Actual discharge = Qact = 4 l/s
Speed = N = 60 rpm
Theoretical discharge of the pump,
LAN
Qth = 60 , m3/s
0.3 × 0.0177 × 60
=
60
= 5.31 × 10–3 m3/s
= 5.31 l/s
Qact
Coefficient of discharge = Cd = Q
th

… Ans.
… Ans.

4
= 5.31 = 0.753
Slip of the pump = Qth – Qact = 5.31 – 4 = 1.31 l/s
Qth – Qact
The percentage slip of the pump =
× 100
Qth
=

5.31 – 4
5.31 × 100 = 24.67%

… Ans.
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Total head of the pump = H = Hs + Hd = 25 m
Theoretical discharge = 5.31 l/s = 5.31 × 10–3 m3/s
Theoretical power required to drive the pump = ρg Qth [H]
= 1000 × 9.81 × 5.31 × 10–3 × 25

OR :

= 1302 J/s = 1302 W

… Ans.

= 1.302 kW

… Ans.

P =
=

ρQthH
75 hp
1000 × 5.31 × 10–3 × 25
75

= 1.77 hp

… Ans.

Power = ρ · g · Qth · H
kg m
m3
Unit of power ⇒ m3 × s2 × s × m
We know that :

N.m = J

∴

m = J/N

and

N ⇒ (kg.m)/s2

∴

J.s2
m = kg.m
kg m m3 J.s2
J
Unit of power ⇒ m3 · s2 · s · kg.m ⇒ s = W

Example 8.25 : A single acting reciprocating pump having a cylinder diameter of
150 mm and a stroke of 300 mm length discharges 200 l/min of water at 40 r.p.m. Find the
theoretical discharge in l/min and the percentage slip of the pump.
Solution : Diameter of cylinder or bore = d = 150 mm = 0.15 m
Length of stroke = L = 300 mm = 0.30 m
π
Area of cylinder/bore = 4 d2
π
= 4 (0.15)2 = 0.0177 m2
Speed = N = 40 r.p.m.
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LAN
3
60 , m /s

0.3 × 0.0177 × 40
60

= 3.54 × 10–3 m3/s
= 3.54 l/s
Qth = 3.54 × 60 = 212.4 l/min

… Ans.

Actual discharge = Qact = 200 l/s
Actual discharge
Coefficient of discharge = Cd = Theoretical discharge
200
= 212.4 = 0.9416
The slip of the pump is,

slip = Qth – Qact

= 212.4 – 200 = 12.4 l/min
Qth – Qact
% slip of the pump =  Q
 × 100
th


212.4 – 200
=  212.4  × 100


= 5.838 ≈ 5.84

… Ans.

Example 8.26 : A double acting reciprocating pump has a stroke length of 400 mm and
a piston of diameter 150 mm. The delivery and suction heads are 26 m and 4 m respectively.
Find the theoretical power required if the pump is working with 50 r.p.m. and pumping
water.
Solution :

Stroke length = L = 400 mm = 0.40 m
Diameter of piston = d = 150 mm = 0.15 m
π
Area = A = 4 · d2
π
= 4 (0.15)2 = 0.0177 m2
Delivery head = Hd = 26 m
Suction head = Hs = 4 m
Total head = H = Hd + Hs
= 26 + 4 = 30 m
Speed = N = 50 r.p.m.
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Theoretical discharge from the double acting pump = Qth
Qth =
=

2LAN
3
60 , m /s
2 × 0.40 × 0.0177 × 50
60

= 0.0118 m3/s
= 11.8 l/s
Theoretical power required to drive the pump = P
P =
=

ρ Qth [Hs + Hd]
ρ Qth H
=
75
75
1000 × 0.0118 × 30
75

= 4.72 hp
OR :

… Ans.

P = ρgQthH
= 1000 × 9.81 × 0.0118 × 30
= 3472.7 J/s = 3472.7 W
= 3.4727 ≈ 3.47 kW

… Ans.

Example 8.27 : A single acting reciprocating pump has a plunger diameter of 15 cm and
a stroke length of 22.5 cm. The pump delivers 115 l of water per minute at 30 r.p.m. Find the
theoretical discharge of the pump and slip of the pump.
Solution :
Diameter of plunger = d = 15 cm = 0.15 m
π
Area = A = 4 · d2
π
= 4 (0.15)2 = 0.0177 m2
Stroke length = L = 22.5 cm = 0.225 m
Actual discharge = Qactual = 115 l/min
Speed = N = 30 r.p.m.
LAN
Theoretical discharge = 60 , m3/s
=

0.225 × 0.0177 × 30
60

= 1.991 × 10–3 m3/s
= 1.991 l/s

… Ans.

Qth = 119.5 l/min

… Ans.
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Slip of the pump = Qth – Qactual
= 119.5 – 115 = 4.5 l/min
% slip of the pump =

Qth – Qactual
× 100
Qth

119.5 – 115
=  119.5  × 100


= 3.76

… Ans.

Example 8.28 : A double acting reciprocating pump has a cylinder diameter of 15 cm
and stroke of 30 cm. It is used to raise water through a total height of 30 m. Calculate the
theoretical power required to drive the pump if the crank rotates at 60 r.p.m.
Solution :

Cylinder diameter = d = 15 cm = 0.15 m
π
A = 4 · d2
π
= 4 × (0.15)2 = 0.0177 m2
Stroke length = L = 30 cm = 0.30 m
Speed = N = 60 r.p.m.

Theoretical discharge from the double acting pump = Qth
Qth =
=

2LAN
3
60 , m /s
2 × 0.30 × 0.0177 × 60
60

= 0.01062 m3/s
Total head = H = 30 m
ρ of water = 1000 kg/m3
Theoretical power required to drive the pump = P
P =
=

ρ · Qth N
75
1000 × 0.01062 × 30
75

= 4.248 ≈ 4.25 hp

… Ans.
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P = ρ · g Qth H
= 1000 × 9.81 × 0.01062 × 30
= 3125.47 ≈ 3125 J/s = 3125 W
= 3.125 kW

… Ans.

Important Points
1. Fittings are used for : joining two pipe pieces, changing the diameter of the pipeline,
changing the direction of the pipe line, branching the pipeline, controlling the flow
through a pipeline and terminating the pipeline.
2. Valves used in the chemical process industries include gate value, ball valve, globe
valve, plug valve, bufferfly valve, safety valve, check valve, diaphragm valve and
control valve.
3. Positive displacement pumps are classified as reciprocating pumps such as piston
pumps and plunger pumps and rotary pumps such as gear pumps and screw pumps.
4. Open impeller, semiopen impeller and closed impeller are types of impellers used in
centrifugal pumps depending upon requirements.
5. The mechanical efficiency or simply efficiency of a centrifugal pump is defined as
the ratio of the power delivered to the fluid by the pump to the power supplied to the
pump from an external source.
6. The efficiency of a pump is given by : η = Pf/PB.

⋅

7. The power delivered to the liquid is given by : Pf = m × head × g.

⋅

8. The power input to the pump is given by : PB = (m × head × g)/η.
9. The power taken by the electric motor is given by : Pm = PB/ηm or Pm = Pf/η ⋅ ηm,
η ⋅ ηm = ηo, where ηo is the overall efficiency of the pump-motor set.
10. Advantages of centrifugal pump include : simple in construction, relatively cheap,
easy to install, require less floor space, constant discharge, can be directly coupled to
an electric drive etc.
11. Gear pumps are used in process industries for handling viscous liquids.
12. Diaphragm pumps are used in process industries for handling corrosive liquid, toxic
liquids and liquids containing abrasive solids.
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Practice Questions
1.
2.
3.
4.
5.

Explain briefly – (i) Cavitation, (ii) NPSH and (iii) Priming of pump.
State the advantages of a centrifugal pump.
Compare centrifugal pump with reciprocating pump.
Draw a sketch and explain briefly the construction of (i) piston pump,
(ii) centrifugal pump, (iii) gear pump and (iv) cycloidal blower.
Explain briefly the characteristic curves of a centrifugal pump.

❐❐❐

APPENDIX

TRY YOURSELF
1.

Why the faces of the jaws are corrugated ?

2.

The crushers operate by
(a) impact

3.

(b) compression

(c) attrition

If the movable jaw is pivoted at top, the maximum movement is at the bottom. This
is a case with
(a) Blake crusher

(b) Dodge crusher

(c) Gyratory crusher

4.

How the Blake jaw crusher is usually protected against damage due to tramps, etc ?

5.

How smooth roll crusher is protected against damage due to tramps, etc. ?

6.

Why the Dodge crusher is less widely used ?

7.

If the particle is to be drawn between the rolls and crushed, the coefficient of
friction, µ should be
(a) Less than tan α

(b) Greater than tan α

(c) Smaller than tan α

8.

Grinding means subdividing the solids to a finer product than crushing. State
whether the statement is true or false.

9.

The centrifuging in a ball mill occurs at a speed called as
(a) normal speed

(b) critical speed

(c) operating speed.

10. When the mill is centrifuging –
(a) maximum grinding takes place
(b) little or no grinding takes place
(c) normal grinding takes place.
11. The operating speed of a ball mill must be less than ………………… speed.
12. To avoid centrifuging in the ball mill, the operating speed of the mill should be
(a)

equal to critical speed.

(b)

more than critical speed.

(c)

less than critical speed.
(A.1)
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13. In case of ball mill, the solid particles are reduced in size by
(a)

compression

(b) attrition

(c) impact

14. The work required for crushing the material is proportional to the logarithm of the
ratio between the initial and final diameters. This is the statement of
(a)

Rittinger's law

(b) Kick's law

(c) Bond's law

15. In which one of the following machines, the particles are broken by sets of swing
hammers ?
(a)

Ball mill

(b) Hammer mill

(c) Rod mill

16. Which one of the following sentences is true in case of grinding machines ?
(a)

Residence time is larger and throughput is smaller.

(b)

Residence time is less and throughput is larger.

17. What do you mean by open circuit grinding ?
18. Partially ground material is sent to a size separation unit from where the oversize is
returned to the machine for reground. State, is this the case with open or closed
circuit grinding ?
19. The screening method depends primarily on
(a)

the size of particles.

(b)

specific gravity of the particles.

(c)

magnetic properties of the particles.

20. Which one of the following machines make use of differences in the electrical
properties of materials to effect a separation ?
(a)

Magnetic separator (b) Electrostatic separator (c) Froth floatation machine

21. The Tyler standard screen series is based on
(a)

240 mesh screen

(b) 200 mesh screen

(c) 150 mesh screen

22. State only the two methods of reporting the screen analysis of a sample.
23. What do you understand by the term mesh number ?
24. In case of screen analysis, the notation 10/14 means through …… mesh and on
……… mesh.
25. The method of separating the particles according to ………… alone is called
screening.
26. Which of the following is a revolving screen ?
(a)

trommel

(b) grizzly

(c) shaking screen
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27. Rapid vibrations with a small amplitude keep the material moving and prevent
binding. State true or false.
28. Which of the following are two fractions obtained from a screen ?
(a)

cross flow

(b) over flow

(c)

parallel flow

(d) underflow

29. Which of the following are opposing factors in a screening operation ?
(a)

capacity

(b) density

(c)

sharpness

(d) effectiveness

30. The moisture content of a feed material adversely affects the screening operation.
State true or false and justify.
31. What the pulsation of liquid causes in case of a jig ?
32. Generally with a hydraulic jig, the original feed material is divided into
(a) two separate fractions
(b) three separate fractions
(c) four separate fractions.
33. ………………… solids are unfloatable.
(a) Hydrophobic
(b) Hydrophilic.
34. In the early stage of filtration, the rate of filtration is –
(a) high
(b) low
(c) medium.
35. In constant rate filtration :
(a)
(b)
(c)

∆P is minimum at start and maximum at the end of filtration run.
∆P is constant throughout the run.
∆P is maximum at start and minimum at the end.

36. A slurry no. 1 composed of solid A and liquid B. A slurry no. 2 composed of solid A
and liquid 'C'. The viscosity of B is greater than that of 'C'. All other conditions
being same in both the cases. State in which case, time of filtration will be more ?
37. Pressure filters operate with –
(a)

super atmospheric pressure on the upstream side of filter medium.

(b)

atmospheric pressure on the upstream side of filter medium.

(c)

subatmospheric pressure on the upstream side of filter medium.

38. The vacuum filters are limited to a maximum filtering pressure of ………………
atmosphere. (one, five, more than one).
39. Addition of filter aids to the slurry before filtration is done to –
(a)

increase the porosity of cake.

(b)

decrease the porosity of cake.

(c)

increase the mass of cake.
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40. Which one of the following is the most effective washing technique in filter
presses ?
(a)

simple washing

(b) thorough washing

(c)

partial washing

41. What is the purpose of casting buttons on the sides of plates and frames in washing
press ?
42. Which one of the following filters is entirely automatic in action ?
(a)

leaf filter

(b) rotary drum filter

(c) plate and frame filter press

43. What is the purpose of gently agitating the slurry in a trough in a rotary drum filter ?
44. Which one of the following filters is used for filtration of large quantities of a free
filtering material ?
(a)

leaf filter

(b) rotary drum filter

(c) filter press

45. In centrifuge machines, the filtration operation is carried by using –
(a)

a centrifugal force (b) a gravity force

(c) a pressure force

46. …………… is any rotating machine in which a centrifugal force is utilized for the
phase separation.
47. In centrifugal filtration, which one of the following operations is done at high
speed ?
(a)

loading

(b) unloading

(c) spinning to dryness

48. The separation of solids from a suspension in a liquid by gravity alone is called
…………… .
49. The sedimentation operations may be carried out batchwise or continuously on
industrial scale in an equipment called …………… .
50. State the two functions of a thickener.
51. State the two main types of impellers.
52. A propeller is an ……… .
(a) axial flow, low speed impeller.
(b) radial flow, high speed impeller.
(c) axial flow, high speed impeller.
53. ……………… are very effective impellers over a wide range of viscosities
(upto 104 cP).
(a) Propellers (b) Turbines
(c) Paddles
54. To improve the rate of mixing and minimise vortex formation, ……………… are
usually incorporated in vertical vessels.
55. Addition of …………… in vertical vessels considerably increase the power
requirement.
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56. State the reasons for incorporation of baffles in vertical vessels.
57. If solids are to be kept in suspension, a gap of about 25 mm is kept between the
baffle and tank ? Why ?
58. Which one of the following is the power number ?
2

(a)

NDa P
µ

2

N Da
(b)
ρ

(c)

P gc
3 5
N Da ρ

State whether it is a dimensionless number or not.
59. Generally, in a mechanically agitated vessel for gas-liquid system, the relation
between the turbine diameter and tank diameter is –
(a)

diameter of turbine is one-third the tank diameter.

(b)

diameter of turbine is two-third the tank diameter.

(c)

diameter of turbine is three-fourth the tank diameter.

60. Name the three blades used for double arm kneaders.
61. A ribbon blender mix solids by mechanical shuffling. State true or false.
62. A tumbling mixer mix solids by repeatedly lifting and dropping the material and
rolling it over. State true or false.
63. …………… are very effective for thin pastes and for powders that do not flow
readily.
64. State the function of plows in Muller mixer.
65. Which one of the following blades is most widely used ?
66.
67.
68.
69.

70.
71.

(a) dispersion
(b) sigma
(c) double-naben blade
A fluid includes liquids, gases and vapours. State true or false.
When the density of a fluid is not appreciably affected by moderate changes in
pressure and temperature, the fluid is said to be ……………… .
In case of compressible fluids, ………… is sensitive to changes in temperature and
pressure.
The most important physical property of a fluid which affects the stress distribution
is the …………… of the fluid.
(a) density
(b) viscosity
(c) thermal conductivity.
For Newtonian fluids, the ratio of the shear stress to the shear rate is constant and is
equal to the ………… of the fluid.
Of the following, state which are Newtonian and non-Newtonian fluids.
(a) Gases
(b) Sewage sludge
(c) Sand-filled emulsions
(d) True solutions.
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72. Manometer is a simple device used for measuring ……………… differences.
(a) force
(b) density
(c) pressure
(d) temperature
73. The density of a manometric fluid should be ………… than that of flowing fluid.
(greater/lower/smaller)
74. Which one of the following is the equation of continuity ? The terms involved are
having their usual meaning.
(a)
(b)

· = ρ u A = constant.
m
u2
P
+ gZ + 2g = constant.
ρ

75. Methanol is flowing through a certain pipeline for which the Reynolds number is
15,000. State whether the flow is laminar or turbulent.
76. The flow with the unchanging velocity distribution is called ………… .
(a)

potential flow.

(b)

unsteady flow.

(c)

fully developed flow.

77. The Bernoulli's equation relates –
(a)

pressure at a point in the fluid to its position and velocity.

(b)

pressure at a point in the fluid to its position and viscosity.

(c)

pressure at a point in the fluid to its state and velocity.

78. Match correctly from rows A and B.
A → Pressure energy, kinetic energy, potential energy.
B → gZ, P/ρ, u2/2
79. Which are the four variables grouped by Reynolds into a dimensionless group /
number ?
80. The ratio of inertia force to viscous force is called ……… .
(a) Nusselt number
(b) Reynolds number
(c) Prandtl number.
81. The relationship between the maximum local velocity and the average velocity is
given by
(a) u = 0.75 umax
(b) u = 0.50 umax
(c) u = 0.25 umax
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82. The Hagen–Poiseuille equation is useful for the determination of
(a)

viscosity

(b)

density

(c) heat capacity of the fluid.

83. State the relationship between 'f' (friction factor) and NRe (Reynolds number) for
laminar flow.
84. A log-log plot of f v/s 16/NRe results in a straight line with a slope equal to ……… .
(a)

minus 16

(b) plus 16

(c) minus one

(d) one

85. The equivalent length of pipe fittings is usually expressed as a certain number of
pipe ……… .
(a)

threads

(b) diameters

(c)

joints

(d) lengths

86. What do you understand by the term vena-contracta ?
87. In the orifice meter, the …………… of fluid increases and the ……………
therefore decreases.
(a)

potential energy

(b) pressure energy

(c)

kinetic energy

(d) heat energy

88. Which one of the following is a variable area meter ?
(a)

venturi meter

(b)

rotameter

(c) orifice meter

89. In case of …………… meter, pressure drop over the meter is constant.
(a)

venturi

(b)

rota

(c)

orifice

90. The pitot tube is used to measure a local or point …………… .
91. In venturi meter, the converging cone angle is of the order of ………… degrees.
(a)

15 - 20

(b)

5-7

(c)

7 - 10

92. In the diverging section of a venturi meter, a large proportion of kinetic energy is
converted back to …………… energy.
93. Which one of the following devices (flow measuring) can be used for exploring the
velocity distribution across the pipe section ?
(a)

rotameter

(b)

pitot-tube

(c) current meter.

94. State various means of fluid transport.
95. BWG number for tubing ranges from 24 to 7. State which of these numbers
represent a very heavy tubing ?
96. The pressure drop through a globe valve is much ………… than through a gate
valve of the same size.
(a) greater
(b) lesser
(c) lower
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97. In ………… pumps, kinetic energy is imparted to the liquid which is then converted
efficiently into the pressure energy.
98. The conversion of kinetic energy into pressure energy is more efficient with
………… .
(a) volute type casing
(b) diffuser type casing
99. What phenomenon occurs when the pressure in the suction line of a centrifugal
pump is less than the vapour pressure of the liquid ?
100. The ………… is the amount by which the pressure at a suction point of the pump
is in excess of the vapour pressure of the liquid.
101. The centrifugal pump depends upon the ………… of a fluid to develop pressure.
102. If NPSH is equal to ………… cavitation will occur. Thus, NPSH must be greater
than ……… .
103. The head of centrifugal pump …………… continuously as the capacity is
decreased.
(a) decreases
(b) increases
(c) becomes less
104. In rotary pumps, the chamber moves from …………… to …………… and back to
the inlet.
105. The need to priming is eliminated by providing –
(a) negative suction head.
(b) positive suction head.
(c) positive discharge head.
106. If air enters an impeller, the pump is not capable to drive the liquid through the
delivery pipe – why ?
107. What is the purpose of providing an air vessel at the discharge of a reciprocating
pump ?
108. Which of the following pumps is used for boiler feed water applications ?
(a) gear pump
(b) plunger pump
(c) metering pump
109. Which of the following pumps may be used for feeding reactants, catalysts,
inhibitors to reactors at controlled rates ?
(a) plunger pump
(b) metering pump
(c) centrifugal pump
110. …………… pumps are commonly employed in the chemical industry for handling
high viscosity liquids.
111. Gear pump is not suited for liquids that carry solids in suspension. State true or
false.
112. Gear pumps are not suited for liquids that carry solids in suspension due to ………
(Complete the sentence.)
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113. Name the pump which is commonly used for corrosive liquids, toxic liquids or
those containing suspensions of abrasive solids or those containing suspensions of
abrasive solids.
114. Pneumatically actuated diaphragm pumps utilise a compressed plant ………… for
pumping.
115. Gas compressors are designed with small clearances between the moving parts.
Why ?
116. Gas compression is often carried out in a number of stages with interstage cooling.
Why ?
117. In the Nash Hystor pump, the sealing ……… is supplied at a pressure equal to the
discharge pressure of the gas.
(a) gas

(b)

vapour

(c) liquid.

118. Reciprocating compressors are ………… speed machines.
(a) slow

(b)

high

(c) critical.

119. In case of reciprocating compressors, the compression process may be achieved as
isothermal (theoretically). How it is achieved ?
120. …………… is any system pressure below that of the atmospheric pressure
(101.325 kPa).
121. The vacuum pump is any compressor which takes suction at pressure …………
atmospheric and discharges at atmospheric pressure.
(a) equal to

(b)

above

(c) below

122. State two commonly employed vacuum producing devices.
123. In case of blower, the ………… is below 3 and in case of compressors, it may be as
high as 10 or more.
124. The blowers do not need cooling provisions. State true or false and explain.
125. Centrifugal pumps are equally suitable for handling suspensions with high solids
content. State true or false. State also the type of impeller used for the same case.
ANSWERS
1.

The faces of the crushing jaw are usually corrugated for concentrating the pressure
on relatively small areas.

2.

Compression.

3.

Blake jaw crusher.

4.

The crusher is protected against damage by making one of the toggles in the driving
mechanism relatively weak (i.e., toggle is made in two pieces).
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5.

The smooth roll crusher is protected by spring loading, i.e., by mounting the
bearings of one roll shaft against coiled springs.

6.

The Dodge crusher is less widely used because of its tendency to choke due to
minimum movement of the jaw at the bottom.

7.

Greater than tan (α).

8.

True.

9.

Critical speed.

10. Little or no grinding takes place.
11. Critical speed.
12. Less than the critical speed.
13. Impact.
14. Kick's law.
15. Hammer mill.
16. Residence time is larger and throughput is smaller.
17. Open-circuit grinding is the one in which the material is passed only once through
the machine and no attempt is made to return the oversize material to it for further
reduction.
18. Closed-circuit grinding.
19. Size of particles.
20. Electrostatic separator.
21. 240 mesh screen.
22. (i)

Differential screen analysis.

(ii)

Cumulative screen analysis.

23. It is the number of openings per linear inch counting from the centre of any wire to a
point exactly one inch distant.
24. 10, 14.
25. Size.
26. Trommel.
27. True.
28. Overflow and underflow.
29. Capacity and effectiveness.
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30. True. The moisture content of a feed adversely affects the screening operation as the
damp particles are prone to stick to the screen surface and to each other.
31. The pulsation or jigging up and down of liquid causes the heavy material to work
down to the bottom of the bed and the lighter material to rise to the top.
32. Four separate fractions.
33. Hydrophilic.
34. High.
35. ∆P is minimum at start and maximum at the end of filtration run.
36. The slurry no. 1.
37. Super atmospheric pressure on the upstream side of filter medium.
38. One.
39. Increases the porosity of the cake.
40. Thorough washing.
41. For ease in identification and quick proper assembling the press.
42. Rotary drum filter.
43. The slurry is gently agitated to prevent the setting of solids.
44. Rotary drum.
45. Centrifugal force.
46. A centrifuge or centrifugal.
47. Spinning to dryness.
48. Sedimentation.
49. Thickeners.
50. (a)
(b)

To produce a clear liquid.
To produce the given degree of thickening of the suspension.

51. Axial flow impellers and radial flow impellers.
52. Axial flow, high speed impeller.
53. Turbines.
54. Baffles.
55. Baffles.
56. To improve the rates of mixing and to minimise vortex formation, baffles are usually
incorporated in vertical vessels.
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57. To minimise accumulation of solids on or behind baffles, a gap of about 1 inch
should be kept between the baffle and the tank.
P
58. 3 5
N Da ρ
59. Diameter of turbine is one-third the tank diameter.
60. (i)
(ii)

Sigma.
Dispersion.

(iii) Double.
61. True.
62. True.
63. Ribbon blenders.
64. Flow guide the solids under the muller wheels during mixing or to an opening in the
pan floor for discharge of the mixer at the end of cycle.
65. Sigma blade.
66. True.
67. Incompressible.
68. Density.
69. Viscosity.
70. Viscosity.
71. Newtonian fluids – gases and true solutions.
Non-Newtonian fluids – sewage sludge and sand filled emulsions.
72. Pressure.
73. Greater.
· = ρ u A = constant.
74. m
75. Turbulent.
76. Fully developed flow.
77. Pressure at a point in the fluid to its position and velocity.
78. Pressure energy – P/ρ.
Kinetic energy – u2/2
Potential energy – g Z
79. Diameter of the pipe, density of the fluid, viscosity of the fluid, and average velocity
of the fluid.
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80. Reynolds number.
81. u = 0.50 umax
82. Viscosity.
83. f = 16/NRe
84. Minus one
85. Diameters
86. Vena-contracta : The cross-section of minimum area at which jet changes from a
contraction to an expansion located at a short distance from the sudden contraction.
87. (i) Kinetic energy.
(ii) Pressure energy.
88. Rotameter.
89. Rota.
90. Velocity.
91. 15 – 20.
92. Pressure.
93. Pitot tube.
94. (i) Centrifugal force.
(ii) Displacement.
(iii) Mechanical impulse.
(iv) Transfer of momentum from another fluid and
(v)

Gravity.

95. 7 – very heavy.
96. Greater.
97. Centrifugal.
98. Diffuser type casing.
99. Cavitation.
100. N.P.S.H. (Net positive suction head).
101. Inertia.
102. Zero, Zero.
103. Increases.
104. Inlet, Outlet.
105. Positive suction head.
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106. If air enters the impeller, the pressure developed is reduced by a factor equal to the
ratio of density of air to the density of liquid, i.e., this head in meters of air
represents a very small pressure in terms of liquid.
107. The purpose of providing an air vessel at the discharge of a reciprocating pump is to
even out the flow in the delivery line and to reduce the energy requirement at the
beginning of each stroke.
108. Plunger pump.
109. Metering pump.
110. Gear pumps.
111. True.
112. Close clearance between gear-wheels and teeth.
113. Diaphragm pump.
114. Air.
115. As the velocity of a gas is lower, there is greater tendency for leakage to occur, thus,
the gas compressors are designed with small clearances between the moving parts.
116. In case of gas compression, a large proportion of energy of compression appears as
heat in the gas, thereby the temperature of gas increases considerably. This increased
temperature of a gas may limit the operation of compressor unless provision is made
for cooling of the gas to maintain a reasonable temperature.
117. Liquid.
118. Slow.
119. By providing sufficient cooling and because of low speed.
120. Vacuum.
121. Below.
122. (a) Rotary vacuum pumps (liquid ring type)
(b) Steam jet ejectors.
123. Compression ratio.
124. True. In case of blower, the compression ratio is below 3, the temperature rise is not
large and thus, do not need cooling provisions.
125. True. Open or semi-open impeller.
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